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Abstract

Using a generalized spherical mean operator, we obtain the generalization of Titchmarsh’s theorem
for the Dunkl transform for functions satisfying the Lipschitz condition in L2(R%, wy), where wy, is a
weight function invariant under the action of an associated reflection groups.
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1. Introduction

Titchmarsh ([9], Theorem 85) characterized the set of functions in L*(R) satisfying the cauchy
Lipschitz condition by means of an asymptotic estimate growth of the norm of their Fourier transform,
namely we have

Theorem 1.1. [J] Let a € (0,1) and assume that f € L*(R). Then the following are equivalents:
(1) [[f(t+h) = f(O)ll2@) = O(h*) as h — 0
(2) f\/\lzr |F(FYN) PN = O(r=2*) as r — o0

where F(f) stands for the Fourier transform of f.

In this paper, we prove the generalization of Theorem in the Dunkl transform setting by
means of the generalized spherical mean operator.
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2. Preliminaries

In order to confirm the basic and standard notation, we briefly overview the theory of Dunkl
operators and related harmonic analysis. Main references are [I], 2, [3] [4, 7], ], O].

Let R? be the Euclidean space equipped with a scalar product (,) and let |z| = \/(z, z). For a in
R\ {0}, let o, be the reflection in the hyperplane H, C R? orthogonal to a.. A finite set R ¢ R%\{0}
is called a root system if R N Ra = {«, —a} and ¢R = R for all « € R. For a given root system R,
reflections o, a € R, generate a finite group W C O(d), called the reflection group associated with
R. We fix a 8 € RY\ Uuer H, and define a positive root system R, = {a € R/{a, ) > 0}.

A function k : R — C on R is called a multiplicity function if it is invariant under the action of W.
Throughout this paper, we will assume that k(a) > 0 for all o € R.

We consider the weight function
w(w) = [T e a)*@),
acR ¢
where wy, is W-invariant and homogeneous of degree 2y where
v = Z k(o).
acR

We let 1 be the normalized surface measure on the unit sphere S9! in R? and set

dni(y) = we(y)dn(y).

Then 7, is a W-invariant measure on S, we let dj, = n,(S?1).

The Dunkl operators T;, 1 < j < d, on R? associated with the reflection group W and the
multiplicity function k£ are the first-order differential-difference operators given by

T, f(z) = j—gfj(z) £ ka)ay 1D I0@) ey,

acRy <OK7 I>

where a; = (a, e;); (eq,....,eq) being the canonical basis of R? and C'(R?) is the space of functions
of class C! on R%.

The Dunkl kernel E;, on R? x R? has been introduced by C.F. Dunkl in [2]. For y € R? the
function & — Ei(x,y) can be viewed as the solution on R? of the following initial problem

Tiu(x,y) = yju(z,y) for 1<j5<d
u(0,y) =1 for all y € R?

This kernel has unique holomorphic extension to C? x C.
M. Réler has proved in [6] the following integral representation for the Dunkl kernel
Er(z, 2) = / e du,(y), r €RY, 2 e C? (2.1)
Rd

where y, is a probability measure on R? with support in the closed ball B(0, |z|) of center 0 and
raduis |z].
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Proposition 2.1. [J] Let z,w € C* and A € C. Then

2 Ek( ) = Ex(w, 2)
3. Ex(A\z,w) = Ex(z, Aw)
4. For allv = (vy,....,vq) €N, z € RY, 2 € C¢, we have

IDYE(x, 2)| < o] exp(|z]| Rez])

where

ol
D! = o Ava vl =+ ... + vy
V4

In particulier
DYEx(iz, 2)| < |z]
for all x,z € R?

We denote by L2(R?) = L?(R? wy(z)dz) the space of measurable functions on R? such that
1/2
I£lha = ( [ 1500 Pun(o)a
Rd
The Dunkl transform is defined for f € L}(RY) = LY(R?, wy(x)dz) by

fl&) =¢! [ (@B, z)wg(a)dz.

where the constant c¢; is given by

ck:/ e 2 w(z)dz.
Rd

According to [3, 4] we have the following results:

1. When both f and f are in L1 (R%), we have the inversion formula
fe)= | FOFx(iz, un(€)de, =R
R
2. (Plancherel’s theorem) The Dunkl transform on S(R?), the space of Schwartz functions, extends

uniquely to an isometric isomorphism on L2 (R%).

K. Trimeche has introduced [§] the Dunkl translation operators 7,, * € RY. For f € L2(R?) and
we have

— o~

7(f)(§) = Ex(iz, ) f(£)

and

() = / F(&)Ex (i, €) By, €)wn(€)de.
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Applealing to Parseval theorem and Proposition we see that
7o fllkz < [l fllee Vo€ RY

The generalized spherical mean operator for f € L2(R?) is defined by

1

Mif(e) = o

/ 7.(hy)dni(y), =€ R h >0
Sdfl

From [5], we have M, f € L2(R?) whenever f € L2(R?) and

M fllk2 < ([ fllk2

for all h > 0.

For p > —%, we introduce the normalized Bessel functuion j, defined by

B(2)=Thr+1)Y n('r(ln :ﬁ n) zeC (2.2)

n=

where I' is the gamma-function.

From [3] we have

1

. By (1, w)dni(y) = Jy g 1 (2]) (2:3)
k Jsd—1

for all z € R?. This shows in particular that  — j_ | g _4(|z]) is a smooth bounded function with
|jy+g_1(!fl?|)| <1 (2.4)
From ([2.2)) we obtain

Jogd_1(2) =1
lim LA

z—0 22

# 0
by consequence, there exist ¢ > 0 and 1 > 0 such that
2] <n =i, a_1(2) = 1| = 2 (2.5)
The integral representation of the Dunkl kernel and yield
Jyda ([2)] < J]. (2.6)

Proposition 2.2. Let f € L2(R?). Then

~

Mo/ (&) = a1 (RIEDF(E)

Proof .(See [5]).00
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3. Generalization of Titchmarsh’s Theorem

In this section we give the main result of this paper. We need first to define the ¢)-Dunkl Lipschitz
class.

Definition 3.1. A function f € L2(RY) is said to be in the 1-Dunkl Lipschitz class, denoted by
Lip(, 2, k) if:

IMnf() = FOllk2 = OW(h))

as h — 0.
where Y(t) is a continuous increasing function on [0,00), ¥(0) = 0 and ¥(ts) = Y(t)Y(s) for all

t,s € [0,00) and this function verify fol/h s(s72)ds = O(35¢(h?)) as h — 0
Theorem 3.2. Let f € LZ(R%). Then the following are equivalents

L. f € Lip(t).2.k)
2. Jusr f ()| 2wi(z)dz = O(p(r2)) as r — oo

Proof . 1) = 2) Suppose that f € Lip(y, 2, k). Then we have
IMpf — fllke = O(¥(h)) as h — 0.

Parseval Theorem and Proposition [2.2], we obtain
IMAS = Tl = [ 1= dyeg a(hle)PI @) P (o)
Formula gives
/ g 1 Frsg D) P > en T @) Pur(e)ds

There exists then a positive constant C' such that

/ F)Pus(@)dz < € / 1= oo (Bla) 217 @) P (2) da
% <lal

n
<n

< COyp(h?).

For all h > 0, we obtain
[ If@)Pusla)ds < Coz- )
r<|z|<2r
Thus there exists K > 0 such that
[ e < ko)
r<|z|<2r

So that
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o) dr = o ()2 d
/ﬂclzr o) usdz)de |:/T<:v|<2r 2r<|m|<4r+/47'§|x§87' } @) wr(w)de

O(b(r=2) +(27%r %))
= O )+ ?) + ... )
= O(Y(r™)).

This proves that
[ @ Pust)ir = 0wi)
2) = 1) Suppose now that
[ @ Puute)ie = 0w ) as r — o
We have to show that
/000 Ay - jy+g_1(hx)|2go(x)dx = O(w(h?)) as h — 0,
where we have set
o@) = [ |FanPutniy
we write
/000 AR jw%fl(hx)ﬁp(w)d:ﬂ =L+

where

%
I, = /0 x2y+d—1‘1 - j7+%—1(hx)|2g0(x)dx'
and

I, = / PN = (ha) P(a)da.

h

From ([2.4)), we have

I, < 4/ 2P p(2)dr = O(y(h?)) as h — 0

h

Set

o) = [l
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From (2.6 , with an integration by parts yields

[un

I, < —h2/h s/ (s)ds
0

1 L, [h
—g(ﬁ) + 2h sg(s)ds
0

<

< Ch? ; “2)d

< /0 st(s~)ds
1

< Ch?ﬁfﬂ(fﬁ)

< Cyp(h?).

and this ends the proof. [J
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