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In the present study the free vibration analysis of the functionally graded rectangular nanoplates
is investigated. The nonlocal elasticity theory based on the exponential shear deformation theory
has been used to obtain the natural frequencies of the nanoplate. In exponential shear defor-
mation theory an exponential functions are used in terms of thickness coordinate to include the
effect of transverse shear deformation and rotary inertia. The nonlocal elasticity theory is em-
ployed to investigate the effect of the small scale on the natural frequency of the functionally
graded rectangular nanoplate. The govering equations and the corresponding boundary condi-
tions are derived by implementing Hamilton’s principle. To show the accuracy of the formula-
tions, the present results in specific cases are compared with available results in the literature
and a good agreement is seen. Finally, the effect of the various parameters such as the nonlocal
parameter, the power law indexes, the aspect ratio 77, and the thickness to lenghth ratio & on the

theory natural frequencies of the rectangular FG nanoplates is presented and discussed in detail.
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1. Introduction

The invention of carbon nanotubes (CNTSs) initi-
ated a new era in the nano world [1]. Since then,
many studies have been performed in the field of
the mechanical, electrical, physical and chemical
behaviors of the nanostructures. The primary stud-
ies show that the mechanical properties of the
nanostructures are different from other well-known
materials [2]. The superior properties of these
structures have led to their applications in many
fields such as nanodevices, nanooscillators, nano-
bearings, hydrogen storage, and electrical batteries.
The plate-like nanostructures such as nanoplates or
nano-scale sheets are very important types of the
nanostructures with two-dimensional shapes. They
possess extraordinary mechanical properties[1-6]
and these unique properties make them ideal candi-
dates for multifarious field of nanotechnology indus-
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try including energy storage[7], nano electrome-
chanical systems [8], strain, mass and pressure sen-
sors [9, 10], solar cells [11], photo-catalytic degrada-
tion of organic dye [12], composite materials [13]
and ect. The continuum modeling of the nano-
materials has received a great deal of attention of
the scientific community because the controlled ex-
periments in nanoscale are difficult and molecular
dynamic simulations are highly expensive computa-
tionally. There are various size dependent continu-
um theories such as couple stress theory [14], strain
gradient elasticity theory [15], modified couple
stress theory [16] and nonlocal elasticity theory
[17]. Among these theories, the nonlocal elasticity
theory has been widely applied [18-24]. To over-
come the shortcomings of the classical elasticity
theory, Eringen and Edelen[17] introduced the non-
local elasticity theory in 1972. They modified the
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classical continuum mechanics for taking into ac-
count the small scale effects. According to the non-
local elasticity theory, the stress tensor at an arbi-
trary point in the domain of nanomaterial depends
not only on the strain tensor at that point but also
on the strain tensor at all other points in the do-
main. Both the atomistic simulation results and the
experimental observations on phonon dispersion
have shown the accuracy of this observation [25,
26]. The Functionally Graded Materials (FGMs) are
the new generation of novel composite materials in
the family of engineering composites, whose prop-
erties are varied smoothly in the spatial direction
microscopically to improve the overall structural
performance. These materials offer a great promise
in high temperature environments, for example,
wear-resistant linings for handling large heavy
abrasive ore particles, rocket heat shields, heat ex-
changer tubes, thermo-electric generators, heat heat
engine components, plasma facings for fusion reac-
tors, and electrically insulating metal/ceramic
joints, and also these are widely used in many struc-
tural applications such as mechanics, civil engineer-
ing, optical, electronic, chemical, biomedical, energy
sources, nuclear, automotive fields, and ship build-
ing industries to minimize the thermomechanical
mismatch in metal-ceramic bonding. Most struc-
tures, irrespective of their use, are subjected to dy-
namic loads during their operational life. Increased
use of nano-FGMs in various structures such as
thermo-nanoactuators, thermo-nanosensors,
thermao-pressure sensors andetcapplications ne-
cessitates the development of accurate theoretical
models to predict their response.In past decades,
the free vibration of functionally graded materials
has been studied extensively. Malekzadeh and Hey-
darpour [27] investigated the free vibration analysis
of rotating functionally graded cylindrical shells
subjected to thermal environment based on the
First-order Shear Deformation Theory (FSDT) of
shells. The formulation included the centrifugal and
coriolis forces due to the rotation of the shell. The
differential quadrature method was adopted to dis-
cretise the thermoelastic equilibrium equations and
the equations of motion. Ungbhakorn and wat-
tanasakulpong[28]presented thermo-elastic vibra-
tion response of functionally graded plates carring
distributed patch mass based on third-order shear
deformation theory. The solutions were obtained
using the energy method. In addition, the forced
vibration analysis with external dynamic load acting
on the sub-domain of the patch mass was also dis-
cussed. Kumar and Lal [29] predicted the first three
natural frequencies of the free axisymmetric vibra-
tion of the two-directional functionally graded an-
nulr plates resting upon winkler foundation using

differential quadrature method and Chabyshev col-
location technique. Frequency equations for a plate
clamped at both the edges and another plate simply
supported at both the edges were obtained. Based
on the three-dimensional theory of elasticity and
assuming that the mechanical properties of the ma-
terials varied continuously in the thickness direc-
tion and had the same exponent-law variations, the
three-dimensional free and forced vibration analysis
of functionally graded circular plate with various
boundary conditions was achieved by Nie and
Zhong[30]. Hung et al [31] investigated the free vi-
brations of rectangular FGM plates through internal
cracks using the Ritz method. Three-dimensional
elasticity theory was employed, and new sets of ad-
missible functions for the displacement fields were
proposed to enhance the effectiveness of the Ritz
method in modelling the behaviors of the cracked
plates. Matsunaga [32] analysed the natural fre-
quencies and buckling stresses of plates made of
functionally graded materials by taking into account
the effects of transverse shear and normal defor-
mations and rotatory inertia. By using the method of
power series expansion of displacement compo-
nents, a set of functionally graded (FG) plates was
derived using Hamilton’s principle. Malekzadeh and
Alibeygi[33] presented the free vibration of func-
tionally graded arbitrary straight-sided quadrilat-
eral plates under the thermal environment and
based on the first-order shear deformation theory.
The differential quadrature method was adopted to
discretise the equilibrium equations. The free vibra-
tion of functionally graded micro/nano plates was
also considered in recent years.Ke et al [34] devel-
oped a non-classical microplate model for the ax-
isymmetric nonlinear free vibration analysis of an-
nular microplates made of functionally graded ma-
terials based on the modified couple stress theory,
Mindlin plate theory and von-Karman geometric
nonlinearity theory. The non-classical model was
capable of shear deformation and rotary inertia.Ke
et al [35] also studied the bendig, buckling and free
vibration of annular microplates made of functional-
ly graded materials based on the modified couple
stress theory and Mindlin plate theory. The material
properties of the FGM microplates were assumed to
vary in the thickness direction and were estimated
using the Mori-Tanaka homogenization technique.
Asghari and Taati[36] presented a size-dependent
formulation for mechanical analyses of inhomoge-
neous micro-plates based on the modified couple
stress theory. The govering differential equations of
the motion were derived for functionally graded
plates with arbitrary shapes utilizing a variational
approach. Utilizing the derived formulation, the
free-vibration behaviour as well as the static re-
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sponse of a rectangular FG micro-plate was pro-
posed. Nataraja et al [37] investigated the size-
dependent linear free flexural vibration behaviour
of functionally graded nanoplates using the iso-
geometric based finite element method. The field
variables were approximated by non-uniform ra-
tional B-splines. The nonlocal constitutive relation
was based on the Eringen’s differential form of the
nonlocal elasticity theory.

In the present study, as a first endeavor, the free
vibration of functionally graded nanoplates is inves-
tigated based on the exponential shear deformation
theory and using the nonlocal elasticity theory. The
Navier solution is used to study the free vibration of
the functionally graded nanoplates. It is assumed
that the material properties are varying through the
thickness according to the power law distribution.
The results of the present work may be used as
bench marks for future studies.

2. Theoretical formulations

Consider a rectangular nanoplate of lengtha,
widthb, and total thickness h and composed of
functionally graded materials through the thickness
as shown in Figure 1. The properties of the nano-
plate are assumed to vary through the thickness of
the nanoplate with a power-law distribution of the
volume fractions of the two materials between the
two surfaces. In fact, the top surface (z=h/2) of
the nanoplate is ceramic-rich whereas the bottom
surface (z =—h/2)is metal-rich.

Young’s modulus and mass density are assumed
to vary continuously through the thickness as what
follows [38]

E(z) =(E. -E,V; (9) + E, (1)
P(2) = (p. = PV (D) + p, (2)
where the subscripts m and c represent the me-
tallic and ceramic constituents, respectively, and
V, (z) is the volume fraction that may be given by

the following equation:
v.@)=[2+1 g 3)
' h 2

where ( is the power-law index and takes only
posetive values. Poisson’s ratio v is the same for all
the metal/ceramic materials that are used here, so it
is assumed to be constant and is taken to be 0.3
throughout the analysis[39]. The typical values for

metals and ceramics used in the FG nanoplate are
listed in Table 1.

Material 1

‘ b
Figure 1. The geometry of a FGM plate

Table 1. The material properties of the used FG plate

Properties
Material E (GPa) v (kg / m®)
Aluminum (Al) 70 0.3 2702
Alumina ( Al,0,) 380 0.3 3800
Zirconia ( ZrO,) 200 0.3 5700

2.1. The nonlocal elasticity theory

In nonlocal theory stress field at each body point
body is a function of the strain field. So stress plays
a major role in the theory which is defined as what
follows [40]:

t; = |, @ (|X = X]Joy (X )V’ ()
where X is a point on the body that the stress
tensor on its efficacy, X' can be any point else in the
body, Vis the volume of a region of the body that
integral is taken on it,g;; is the local stress tensor,
a(|X' — X]) is the nonlocal kernel function related
to the internal characteristic length. With respect to
properties of nonlocal kernel function a(|X' — X|)
that are discussed by Eringen[41], taking in a
Greens function of a linear differential operator, £,
can be defined as following,
La(X' = X]) = da(IX' — X, (5)
Substituting Eq. (5) into Eq. (4), the primary re-
lation (1) form of the following differential equation
is obtained as
Lt = oy, (6)
For the nonlocal linear elastic solids, the equa-
tions of motion have the following form [42]:
tij; + fi = p(@iy, (7)
Where p is the mass density, f; body forces and
u; is the displacement vector. Substituting Eq. (7)
into Eq. (6) yields to what follows:
oij + L(fi —p(2)i) = 0, (8)
The nonlocal model with the linear differential
operator L for the two-dimensional case is defined
by the following equation [9]:
L=1-—u?v? 9
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where V2 is the Laplace operator, which in carte-
sian  coordinates is = V?=0?%/9x% + 0%/0y?
and u = ega,a is the internal characteristic length
and e, is the material constant which is specified by
the experiment. The value of the small-scale param-
eter is dependent on the boundary condition, the
chirality, the mode shapes, the number of walls, and
the nature of motions [43]. There is no accurate way
to calculate this factor, but it is suggested that the
coefficient be determined by conducting a compari-
son of dispersion curves from nonlocal continuum
mechanics and lattice dynamics of nano-material
crystal structure [43].

2.2. The assumptions made in the proposed theory

1. The displacement components u and v are the
in-plane displacements of the middle surface in x
and y directions respectively, and w is the deflection
of the middle surface in z direction. The magnitude
of the deflection w is not of the same order as the
thickness h of the plate and is small with respect to
the plate thickness.

2. The in-plane displacements, u and v, include
three parts:

a) A displacement component equivalent to the dis-
placement in the classical plate theory.

b) A displacement component owing to the shear
deformation which is assumed to be harmonic in
nature with respect to the thickness coordinate.

c) The shear strains in z direction are zero in the top
and bottom surfaces of the plates.

3. The deflection w in z direction is assumed to
be a function of x and y coordinates.

4. The plate is subjected to the transverse load
only.

The displacement field of the exponential shear
deformation theory is given as below [44]:
ulx,y,z,t) =u,(x,y,z1t) —

ow(x,y, 10a
225D 4 £ p(x,y,8), (10)
v(x,y,z,t) =v,(x,y,2t) —

w(x,y, 10b
7220 4 (2 (x,y, ), (185)
W,y zt) =wxy,t), (10c)

212

Where f(z) = z (e_z(ﬁ) ) and u, v and w are dis-
placements in the x, y and z directions respectively,
and u,and v, are the mid-plane displacements and

¢ and 1 are the rotation functions. With the linear
assumption of von-Karman strain, the displacement
strain field will be as what follows:

1 ..
& =§(ui,j +uj_i),1,]=x,y,z (11

Considering Hooke's Law for stress field, the
normal stress g,, is assumed to be negligible in
comparison with the plane stresses o, ando,,,.Thus
stress-strain relationship will be as what follows:

E(z)
Oxx = 1_22 (Exx + ngy)' (12a)
E(2)
0y = 1—12)2 (&yy + ver), (12b)
Oxy = 2G(2)Eyy, (12¢)
Oxz = 2G(2)€xz, (12d)
Oyz = 2G(2)&y,, (12¢)

Substuting Egs. (11) into Eq. (12), the displace-
ment stress field will be as what follows:

O-XX
O-W
E(z2)
Ty [T,
O-XZ
Oy
t2)] 224 v 2¥
oX oy
) ¥ 122
oy OX
(—1_Ujf(z) 9, ,
2 oy ox
1-0)\df (2)
( 2 j dz ¢
1-0)df (2)
( 2 j dz v
X y pYe oy?
oV, ou, ) )
oy U CALNCALL
oy® ox?
Q-v)(ou, v, X
Lt -z o’w
2 Loy ox (1—u)aay
X
_(1_'))% 0
2 oz
(1-v) ov,
2 @ 0

(13)
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Using Eq. (6) the stress-displacement constitu-
tive relation of a nonlocal FG plate can be written as:

NL

T Pw  o*w
aXZ ayz
Oy o’w  o°w
2 8_2
(1—/,[V2) O_NL - _ E(Z) 7 ay aZW +
v 1-v? |1-v)
OXoy
O_NL O
Oy 0
f(z)[a“’ a"’]
oy
f(z)[a—‘”w@—“’J
oy OX
E@ 11104 22, , 9%
12| 2 oy ox
1-v df (2)
2 dz
1-0 df (2)
2 dz
&, o,
OX oy
o, o,
oy OX
LJ@-o)fou v,
2 oy ox
(L-v) Uy
2 oz
(1-0) Ny
2 oy

(14)

where E(z) is the Young's modulus, v is the Pois-

son's ratio, and G(z) = E(z)/2(1 + v) is the shear
modulus of the plate.

The Hamilton’s principle is employed to extract
the equation of motion. The Hamilton’s principle in
case of local form is obtained as what follows [44]:
[} (8U + 8W — 8T)dt = 0, (15)

where § is the variation operator, U is the strain

energy, W is the work done by external forces,and T
is the kinetic energy.

h
F[LE 0 vy, -
2

20,06,y + 20,,06,, +20,,0%,, ) dxdydz

_gjijob J':‘p(z)(uz + V2 + W )dxdydszt -0
2

(16)

where the dot-top index contract indicates the

differentiation with respect to the time variable.

Exertion of variation operator on Eq. 16 should be
as follows:

di 9 . o
5(a_jZ=a—j§(12,L—¢,1/),]—x,y (17a)
02i ] o (17b)
6<aj6k> aaks(l) i=w,j=xy,
k=xy
ai\? di (17¢)
6(§> 2< ) 6@),i=u,v,w

Using Egs. (17a) (17c¢) and substituting Eq. (10)
and (11) into Eq. (14), the following equations are
obtained as follows,

T % b ra 0 o°
.[o [J.zhj-o J.O [o-xx (&(&Jo) - Zy(é'w)
o (z)%(é@j o, (%(5%) .

zjy—i(éwn f(z)i(aw)J

‘o, [—22 aeay +f (z)[—(dqﬁ) + —(54//)]

0
+5(5u0) +&(5vo)j
+O—xz (2 (Suo) df (Z) 5¢)

+o, ( (Suy) + ———= df (Z) j} dxdydz

63u
AL <>[
22| T Vs 21 (2)° °5¢—
oxot?
2 3
2f(2);—?5u0—26—vz°5v0+226\;°§w+

2z[68y(;’tvj _2t ()2 05(// 21 (2) V’av
ow) o

MR

—zf(z)(%jg(aw)+(f(z)) [ ¢j5¢

o*w ) & o*w
[@aja(éw) —zf (z)(ayatj&//
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—zf (z)(%’”)% (SW) +

(f(z)) [ j&//eréw}dxdydzjdt

(18)

Using integration by parts and lemma of calculus
of variations can be derived the equations of motion

and boundary conditions from Eq. (16).

The relations between stress resultants in local
and nonlocal theories can be find in Eq. (18), by cal-
culating the coefficients of su,, dv,, éw, 8¢, 6, in

Eqg. (16), the nonlocal equations of motion may be

expressed as Egs. (19a)-(19e).
oN, ON, o%u, o*w 0%
+ =1

+ 1
ox oy ° a2 toxot? P oot?

ey Oy ow 3
Ml aad  toyora | P ottox
o*u, o°w o'¢
I0 22 I 1 P |3 2 A2
ooy oxot2oy oty

Ny Ny | %, ow Oy

+ = -1 + 1, —
oy  ox  Coat? toyat? G at?

L [I v, o°w o'y

| + 1 +
®ot2ox®  toyet?ox?  °otPox?

o*v, o°w o'y
I0 22 I1 2~2 T |3 2 A2
otoy oyot oy otoy
M M, a M, = &w
S+ 2 =ly—
ox axay ay? at

+

63u0 o'w o'w
I1 2 2 I 22 + 2 2 +
axét 6'y6t ot oyPet

I 65 5V0
' oxat? 6x ayat x>

(
(
|
Iz(axa6 o ay?aivtax j
[
(
(o

ot?

o°¢ R4 o'w

4 2 2 +|0 2,2
OXOt2ox ayat ox ot2oy

Il

65 5V0
oo’ ay T yaey?

o°w ‘o, o'
ox2ot2oy? ay ot2oy? oxot*oy?

33/@“3)’}

(19a)

(19b)

(19¢)

R 8RX 2 3
6_xx+_y_Qx = |3a_uzo_|4 0 W2 N
oy OX ot oxot
¢, o'u o°w
L2222 o _| +
sz Y\ P atad T axetton
o o'u o°w
|5 z¢z+|3 202_|4 a2+
ot ox ot oy oxot oy
4
|5 %J
at2oy
(19d)
oR, @R o%v o*w
o e ST w et
oy, o'y, o°w
[t A o _j| +
s M o T ayarad
4 4 5
Is azwz_’_|3 a2\/02_|4 a2W 2 T
At?ox at2oy ayot’ay
4
I5 a2 WZJ
at2oy
(19¢)
where
(1 £V )RM =R i = xx, yy, xy (20a)
(1- V2 )Q™ =Qhi=xy
(l—yZVZ)MiNL =M},i = xx, yy, xy
(l—y VZ)NNL =N",i=xx,yy,xy
h 20b
(10,11,12) = f_zhp(l,z,zz)dz, (20b)
2
(13,14,15) (ZOC)
3

j 0@ (f@.2£ @), (F@))") dz,
(Rxx, vy Riy) = (20d)

_g(o-xx» O'yy, O'xy)f(Z)dZ,
5 z
(Q’lf" QJI}) = f_zﬁ(o-xm Uyz) d];(z ) dz,
2

h
(Nalc“x» vy’ Ly) = fzle(axx' Oyy; ny)dz'
(Mﬁéx' yy’ y) = (20g)

_7(0,‘,‘, Oyy, axy)zdz,
2

N and R are the force and M is the moment that is
acting on the body. The following sets of boundary
conditions at the edges of the plate are obtained as a
result of the application of the Hamilton’s principle:

(20e)

(20f)

Either R,,, = 0 or ¢ prescribed at

x=0a 21
Either R, = 0 or i prescribed at (21a)
y=0,b



K. Khorshidi et al. / Mechanics of Advanced Composite Structures 2 (2015) 79-93

Either R,,, = 0 or i prescribed at
x = 0, a Either R,, = 0 or ¢ prescribed

aty =0,b

Either M,, = 0 or Z—: prescribed at

x=0,a

. ow .
Either M,, = 0 or ™ prescribed at

y=0,b

6Mx

Either — + 2 —=

atx = 0 a
Elther
aty = 0 b

6Mxy

Either N, =0 oratx = 0,a
EitherN, = O oraty = 0,b

Introducing the nonlocal stress resultants:

R |92, ,%%
OX oy
Ryy =D a_l//+0%
oy OX
R 1-vfop oy
LW | 2 \oy ox)]
ow ow] [ au, oy,
—2+U—2 — 40—
OX oy OX oy
2 2
—A 8_\2/ a_\;V +C %4_0%
oy OX oy OX
2
(1_0)6W _1_U %4_%
| oXoy | | 2 oy ox
M., 9, v
OX oy
M, [=A a—v/+u% -
oy Ox
M, 1—_0(%+5_‘/’)
2 oy ox )|
[o°w  o%w | I au, v,
2 TV -, Tuv——
ox oy ox oy
2 2
B 6\2/ Ua\;v +G % u%
oy OX oX
2
(1-0) 2V 1-v( o, Vo
i oxoy | 2 Loy  ox )|

X2 =2 aMxy = 0 or prescribed

(21b)

(21¢c)

= 0 or w prescribed

(21d)

(21e)

)

(22a)

(22b)

85

N, |92,
16 oy
N, [=C oy 9 _
6y ax
N, 1- u(@qﬁ ay/j
c T oy OX
o*w azw_ oo, v, |
=2 V=7 - tuv—
X oy x oy
G az—\iv+062—\2v +S %+U%
oy OX oy oX
(1-0) 2" 1_[8_1]
L oxoy || 2 \oy ox )|
(22¢)
Qx ¢ (22d)
L)
Qy ¥
where
(S,G,B) = fz E(i) (1zz )zdz, (23a)
(4,C,D) = (23b)
f ’ —2(2f(2).f (2), (f (2))*)dz,
(23¢)

Y E@  (af@)\?
f 2(1+u)( )dz,

Substltutlng Egs. (22a)-(22d) into Egs. (19a)-
(19e), yields to the following equations:

1— 2 2 2 2
( u)satjzo+8v0 +C %jt—al//
2 oy~ oxoy oy~ oxoy
3 2 2
-2G 6W2 +S (;‘uzo 0y +C a—f+
oxoy X 6x6y X
2 3 3 2
U@gy -G 8_\2/+08_\;v :Ioﬁ—uzo
Xy od oy ot
3 2 4 5
_Ila_wz""sa_?_/’z lg azuoz —h 82W 2
oxot ot ot ox OXOt“oxX
o'e o o'V, N o°w o'¢
Sottox? 0 otloy? 16‘y6t28y2 * ot?oy?

(24a)
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It can be seen that Egs. (24a)-(24e) are coupled
functions of displacements. The permissible dis-
placement and rotation functions that can be satis-
fied with the simply supported boundary conditions
at all edges of the plate are trigonometric series.
Using Navier's solution, the explanation of the dis-
placement and rotations is as what follows:

u, = Umn c0S(yx) sin(By) sin(A,,t) (25a)
%1 % (25b)

Ve = Uy Sin(yx) cos(By) sin(Amnt)
w = Wi sin(yx) sin(By) sin(A,,t) (25¢)
%1 ; (25d)

¢ = Z Z Dy cos(yx) sin(By) sin(Aypnt)
m;l n0=01 (256)

= Z Z Wnn sin(yx) cos(By) sin(Amnt)

m=1n=1
Where y = nn/a and f = mn/b are the num-
bers of half wave correlation to x and y directions.
Umn, Vmnand W, are the amplitudes of translation
and @, and ¥,,are the amplitudes of rotations.
Amn is the frequency of the linear free vibration. a is
the width of the edge and b is the length of the edge.

Substituting Egs. (25a)-(25e) into Egs. (24a)-
(24e)yields to what follows:
([K] = Amn[MD{A} = {03, (26)

The requisite for answering equation (26) except
the obvious answer is that the determinant of coeffi-
cients matrix must be zero. Using this principle can
be derived the characteristic equation.
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3. Numerical example

Since the results of nanoplate made of FGM are
not available in the open literature, to validate the
results, in this paper have used two separate
parts;in the first part, have been validated Isotropic
rectangular nanoplate, and in the second part, it
does for FGM one.

3.1. Isotropic rectangular nanoplate

Only homogeneous plate (g =0) is used herein
for the verification. Tables 2-4 list the first three
non-dimensional frequency and Frequency Ratios
(FR) for simply supported boundary condition with
various values of aspect ratio (7=b/a), specified

values of non-dimensional nonlocal parameter
(¢ =upula) and the thickness to lenghth ratio

h/a=0.1 on rectangular nanoplates. The natural
frequency parameters expressed in dimensionless

form g = aw?\[ph/D, D=Eh®/12(1—v?) are the
flexural rigidity. The nanoplate is made of the fol-
lowing material properties: E = 210Gpa, v = 0.3and
p=7800(kg/m®). The calculated frequencies
based on the nonlocal exponential shear defor-
mation theory are compared with those reported by
Hosseini-Hashemi et al. [40] based on Mindlin Plate
Theory (MPT). Also, the Frequency Ratio (FR) rela-
tion between the nonlocal and local dimensionless
frequencies is expressed as what follows:

g (27)
ﬁL

where A" is the non-dimensianal nonlocal fre-

FR =

quency parameter, and A" is the non-dimensional
local frequency parameter.

Table 2. The variations of the non-dimensional frequency ( g = aa)zi/ph / D ) and the frequency ratio (FR) for the nonlocal plate(m=1, n=1)

=0 ¢ =02 ¢ =04 ¢ =0.6 {=08
Method NL

p FR FR FR FR FR
n=06 Present 35.015 1.0000 0.6335 0.3789 0.2633 0.2005
Exact [40] 35.0643 1.0000 0.6335 0.3789 0.2633 0.2005
n=08 Present 24.2084 1.0000 0.7051 0.4451 0.1346 0.2412
Exact [40] 24.2330 1.0000 0.7050 0.4451 0.3146 0.2412
n=1 Present 19.0684 1.0000 0.7475 0.4904 0.3512 0.2708
Exact [40] 19.0840 1.0000 0.7475 0.4904 0.3512 0.2708

Table 3. The variations of the non-dimensional frequency ( g = aa)zi/ph / D ) and the frequency ratio (FR) for the nonlocal plate(m=2, n=1)

=0 ¢ =0.2 ¢ =04 ¢ =0.6 =08
Method NL

y/j FR FR FR FR FR
n=06 Present 60.1556 1.0000 0.5216 0.2923 0.1997 0.1511
Exact [40] 60.2869 1.0000 0.5216 0.2923 0.1997 0.1511
n=08 Present 50.2147 1.0000 0.5594 0.3197 0.2194 0.1663
Exact [40] 50.3100 1.0000 0.5594 0.3197 0.2194 0.1664
_ Present 45.5048 1.0000 0.5799 0.3353 0.2308 0.1752
7= Exact [40] 45.5845 1.0000 0.5799 0.3353 0.2308 0.1752

Table 4. The variations of the non-dimensional frequency ( 8 = a(oza/ph / D ) and the frequency ratio (FR) for the nonlocal plate(m=2, n=2)

£=0 =02 (=04 £=06 £=08
Method NL

p FR FR FR FR FR
n=06 Present 121.356 1.0000 0.3789 0.2005 0.1352 0.1018
Exact [40] 121.7700 1.0000 0.3789 0.2006 0.1352 0.1018
n=08 Present 86.9898 1.0000 0.4451 0.2412 0.1635 0.1233
Exact [40] 87.2357 1.0000 0.4451 0.2412 0.1635 0.1233
_ Present 69.8517 1.0000 0.4904 0.2708 0.1843 0.1393
7= Exact [40] 70.0219 1.0000 0.4904 0.2708 0.1844 0.1393
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According to the Egs. (1) and (2),when the pow-
er law index { approaches zero or infinity,the plate
is isotropic composed of fully ceramic or metal, re-
spectively.Three fundamental frequency parameters
S of SSSS AL/ AL,0, square plate (77 =1) are pre-
sented in Table 5 for 0 =0.1and 0.2.The results are
compared with those obtained by Shufrin and Ei-
senberger[45] based on the HSDT. It is found that
when gradient index approaches zero or infinity the
frequency parameters of FG plate converge to rele-
vant isotropic one. The excellent agreement among
the reults confirms the high accuracy of the current
analytical approach.

3.2. FGM square plate

Table 6 shows a comparison of the frequency pa-
rameters 3 =wh,[p, /E,  for AL/ALo, square

moderately thick plates with those obtained by Hos-
seini-Hashemi et al. [46], Zhao et al. [47] and
Masunaga [32] when g =0, 0.5, 1, 4 and 10. In addi-
tion, the corresponding mode shapes m and n, de-
noting the number of half-waves in the x and y di-
rections, respectively, are present for any of the fre-

quency parameters ,B . Also, in Table 7,a comparison

of the frequency parameters s — »h./5, /E, fora
simply supported AL /ZrO, square plates with

those of two-dimensional higher-order theory [32],
three-dimensional theory by employing the power
series method [48], finite element HSDT method
[49], finite element FSDT method[49] and an analyt-
ical FSDT solution [46] is shown. From Tables 6 and
7, it is evident that there is a very good agreement
among the results confirming the high accuracy of
the current analytical approach.

Table 5. The comparison of the fundamental frequency

parameters ( S = a)ﬁﬂpC I E, /h)for AL/ AL,0, square
plates (7 =1)

h/a
0.1 0.2
1073 5.7681 5.2826
107 5.7701 5.2843
10°° 5.7703  5.2845
10°° 5.7703  5.2845
HSDT[45] 0 57694 52813
10?2 2.8235 2.8235
103 2.7051  2.7051

Material Method g

Fully Present
ceramic

Fully Present .
metallic 10 29389  2.6913
10° 29372  2.6900
HSDT[45] ) 29376  2.6891

As it is seen, the present solution reports a good
agreement with those obtained by the HSDT [32]for
the thicker FG square plates (5:0.1,0.2,1/\/26)
particularly at the higher modes of vibration. The
difference between the present natural frequencies
from those obtained by the 3-D method [48] may be
due to the estimation of the material properties at a
point where expressed by the local volume fractions
and the material properties of the phases using two
methods: Mori-Tanaka [50, 51]and the self-
consistent scheme [52], whereas, in the present
analysis, Material properties of the FGM layer are
assumed to vary in the thickness direction accord-
ing to a power law distribution. The difference be-
tween the present solutions from those obtained by
the analytical FSDT solutions [46] is caused by van-
ishing of the in-plane displacement components of
FG plate in Ref [46]. In fact, as the present proce-
dure provided, the in-plane displacement compo-
nents u and v should be taken into account and are
coupled with the transverse displacement compo-
nents w, ¢, ¥ and m and n are wave numbers in

directions x and y, respectively.

4. Results and discussion

The vibration modes of FG plate may be divided
into two main categories: the out-of-plane (trans-
verese) modes and the in-plane modes. For the in-
plane modes, the magnitude of the transverse dis-
placement is very smaller than the magnitude of the
in-plane displacements, u and v. There is a main dif-
ference between in-plane modes of isotropic plates
and FG ones. When an isotropic plate has in-plane
mode, there is no transverse displacement and the
plate can only move along the in-plane directions
but due to the existing coupling between in-plane
and out-of-plane vibration in FG plate, in-plane
mode includes two kinds of motion whereas in-
plane vibration is dominant. InTabel 8, based on the
present navier solutions and finite element method,
the numerical results have been performed for
Al / Al,O,square plates (77=1) when p=1. The
lenghth of square plates is 1 m. Three different
thicknesses 0.05 m (corresponding to thin plates),
0.1 m and 0.2 m (corresponding to moderately thick
plate) and 0.3 m (corresponding to thick plates)
have been used. All of the calculations are obtained
for the first four natural frequencies.

The percentage difference given in Table 8 is de-
fined as what follows:

|FEM — Navier|
FEM

%Diff = %100
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Table 6. The comparison of the natural frequency parameter ( [? = a)h‘/pC [ E, ) for AL/ AL,0, square plates (77 =1)
G
, Method
hia — (mn)  Metho 0 0.5 1 4 10
(1,1) Present 0.0148 0.0125 0.0113 0.0098 0.0094
0.05 FSDT[46] 0.0148 0.0128 0.0115 0.0101 0.0096
FSDT[47] 0.0146 0.0124 0.0112 0.0097 0.0093
(1,1) Present 0.0577 0.0490 0.0442 0.0381 0.0364
01 HSDT[32] 0.0577 0.0492 0.0443 0.0381 0.0364
' FSDT[46] 0.0577 0.0492 0.0445 0.0383 0.0363
FSDT[47] 0.0568 0.0482 0.0435 0.0376 0.3592
(1,2) Present 0.1377 0.1174 0.1059 0.0902 0.0856
HSDT[32] 0.1381 0.1180 0.1063 0.0904 0.0859
FSDT[47] 0.1354 0.1154 0.1042 - 0.085
(2,2) Present 0.2114 0.1808 0.1632 0.1377 0.1300
HSDT[32] 0.2121 0.1819 0.1640 0.1383 0.1306
FSDT[47] 0.2063 0.1764 0.1594 - 0.1289
0.2 (1,1) Present 0.2114 0.1808 0.1632 0.1377 0.1300
HSDT[32] 0.2121 0.1819 0.1640 0.1383 0.1306
FSDT[46] 0.2112 0.1806 0.1650 0.1371 0.1304
FSDT[47] 0.2055 0.1757 0.1587 0.1356 0.1284
(1,2) Present 0.4629 0.3993 0.3611 0.2976 0.2772
HSDT[32] 0.4658 0.4040 0.3644 0.3000 0.2790
(2,2) Present 0.6691 0.5807 0.5254 0.4280 0.3947
HSDT[32] 0.6753 0.5891 0.5444 0.4362 0.3981
Table 7. The comparison of the fundamental frequency parameter ( ,B = whafpm /E, ) for AL/ZrO, square plates (7=1)
g=0 g=1 5=02
Method 1
6=% 6=01 5=0.05 5=01 6=02 g=2 g=3 g=5
Present 0.4629 0.0577 0.0158 0.0619  0.2278 0.2288 0.2301 0.2327
HSDT[32] 0.4658 0.0577 0.0158 0.0619  0.2285 0.2264  0.2270 0.2281
3-D[48] 0.4658 0.0577 0.0153 0.0596  0.2192 0.2197 0.2211 0.2225
HSDT[49] 0.4658 0.0578 0.0157 0.0613 0.2257 0.2237 0.2243 0.2253
FSDT[49] 0.4619 0.0577 0.0162 0.0633 0.2323 0.2325 0.2334 0.2334
FSDT[46] 0.4618 0.0576 0.0158 0.0611 0.2270 0.2249 0.2254 0.2265

An excellent agreement is observed between the

present Navier solution and the FEM. The frequen-
cies rise with an increase in the thickness of the
plate due to an increase in the stiffiness of the plate.
This phenomenon originates from increasing the
rigidity of the plate. Although it is observed that the
present solution can be predicts the in-plane modes
of the plate. From the results are presented in this
study one can be find that the natural frequencies
are increased by increasing the thickness of the
plate. This feature is due to the fact that the strain
energy of the plate has significant sensibility with
respect to the thickness. It is to be reminded that the

out-of-plane modes depend on the bending energy,
directly. Then, the number of the out-of-plane
modes is increased. The influence of the aspect ratio
n=al/b on the frequency parameters f of a rec-

tangular Al /ZrO,plate (0 =0.2, g=1) is shown in

Table 9. From Table 9, it can be inferred that with a
decrease in the aspect ratio, the frequency parame-
ter increases, whereas the plate considering here is
assumed to be simply supported in all edges, with
decrease in length in a constant width, the degree of
freedom (DOF) of the plate decreases, and it causes
to increase the stiffness and the frequency parame-
ter. In Table 10, the effects of different parameters
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on the non-dimensional frequencies of the rectangu-
lar FG nanoplate are shown.From this Table, it is
found that by increasing the nonlocal parameter, the
rate of variation of non-dimensional frequencies
decreases, because by increasing the nonlocal pa-
rameter, the strain energy decreases, and it causes a
decrease in the plates rigidity. In Fig. 3, the effects of
the aspect ratio and the nonlocal parameter on the
nondimensional frequancy of the rectangular nano-
plates are shown. It is shown that with an increase
in the aspect ratio, the nondimensional frequancy
increases.

Table 8. The first four natural frequency (Hz) for Al/ Al,O,
square plates (7 =1, g=1)

Method Mode

h
a 1 2 3 4
.05 Present 359.92 889.33 1406.9 1745.7
FEM[53] 357.37 883.58 1398.6 1736.2
Diff(%) 0.7130 0.6500 0.5930 0.5470
0.1 Present 703.44 1686.0 2597.5 2597.5
FEM[53] 699.30 1679.7 2578.7 2592.5
Diff(%) 0.5920 0.3750 0.7290 0.1930
0.2 Present 1298.8 2575.5 2873.5 3635.2
FEM[53] 1296.3 2574.6 2883.0 3633.3
Diff(%) 0.1930 0.0350 0.3230 0.0520
0.3 Present 1755.2 2569.7 3618.8 3607.4
FEM[53] 1759.8 2567.7 3613.3 3613.3
Diff(%) 0.2610 0.0780 0.1520 0.1630

0

Table 9. The frequency parameter ( 3 = a)azml h) for
AL/ ZrO, square plates (0 = 0.2, g=1)

a
E 2 1.5 1 2/3 0.5

Mode 3.1198 3.3720 49325 6.9551 9.9853

Table 10. The effect of the non-dimensional nonlocal parameter
¢ and the power law index g on the non-dimensional frequencies

of the rectangular FG nanoplate

a h Power low index

4 b a 0 5 10
05 0.2 0.2114 0.1357 0.0856
0.0 0.1 0.0365 0.0239 0.0231
1.0 0.2 0.2310 0.1356 0.1300
0.1 0.0577 0.0377 0.0364
05 0.2 0.1299 0.1239 0.0808
01 0.1 0.0345 0.0226 0.0218
1.0 0.2 0.1932 0.1239 0.1188
) 0.1 0.0527 0.0344 0.0332
05 0.2 0.1127 0.0728 0.0700
0.2 0.1 0.0299 0.0196 0.0189
1.0 0.2 0.1580 0.1014 0.0972
0.1 0.0431 0.0282 0.0272
05 0.2 0.0948 0.0613 0.0589
03 ' 0.1 0.0251 0.0165 0.0159
’ 1.0 0.2 0.1269 0.0814 0.0780
) 0.1 0.0346 0.0226 0.0218
05 0.2 0.0798 0.0516 0.0496
04 ' 0.1 0.0212 0.0139 0.0134
’ 1.0 0.2 0.1037 0.0665 0.0638

0.1 0.0283 0.0185 0.0178

It is illustrated that for the lower aspect ratios,
the influence of the nonlocal parameters decreases.
Also in Fig. 4, the effects of the aspect ratio and the
nonlocal parameter on the frequancy ratio of the
rectangular nanoplates are shown for different
modes of vibration. From this figure, it seems that
the frequancy ratios for the lower modes are more
than those for the upper modes.

From Fig. 5, it is found that for lowerpower low
index, the rate of The nondimensional frequencies
are higher,and The effect of non-dimensional non-
local parameter on The non-dimensional frequen-
cies are significant, and diminishes with increase in
that.Because by increase in the power low index,
property of plate approaches to metal, and it’s stiff-
ness decreases, thus itcauses to decrease non-
dimentionalfrequencuy.

From this figure, it is shown that in investigating
the FG nanoplates, the effects of nonlocal parameter
cannot be ignored so the theories for macro plates
arenot suitable for nanoplates.
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0.6
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0.1

Nondimensional Frequancy

u=0.7 e 11=0.9
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02 04 06 08 1 12 14 16 18 2
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Figure 3. The effects of the aspect ratio and the nonlocal
parameter on the nondimensional frequancy
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Figure 4. The effects of the aspect ratio and the nonlocal
parameter on the nondimensional frequancy
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Figure 5.The effects of the nonlocal parameter 4 and the

power law index on the non-dimensional frequency of the square
nanoplate (mode (1,1),h/a=0.1)

5. Conclusion

A Navier method was applied to the free vibration of
the functionally graded rectangular nanoplates. The
formulations were based on the exponential shear
deformation theory using the nonlocal elasticity
theory, and Hamilton’s principle was used to derive
the equations of motion and associated boundary
conditions. Comparing the cases with those report-
ed in the literature for simply supported rectangular
FG nano-plates demonstrates a high stability and
accuracy of the present solution. What presented
herein shows the effects of the variations of the non-
local parameter, the ratio of the thickness to the
length, the power law indexes and the aspect ratio
on the frequency values of a FG nano-plate. It’s
shown that the frequency ratio decreases with in-
creasing the mode number and the value of the non-
local parameter, and also increasing the power law
index causes the non-dimensional frequencies to
decrease. All analytical results presented here can
provide other research groups with a reliable source
to check out their analytical and numerical solu-
tions.
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