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Abstract

The main purpose of the paper is to extend some results of the coupled fixed point theorems, based
on some previous works [15, [16], by using C-class functions. First part of the paper is related to
some fixed point theorems, the second part presents the uniqueness and existence for the solution of
the coupled fixed point problem and in the third part we discuss data dependence, well-posedness,
Ulam-Hyers stability and limit shadowing property of the coupled fixed point set.
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1. Introduction

In this presented work, we consider both of the above research directions (b-metric spaces and coupled
fixed point problem ([7, 6], 10, 3], 14} 12])), and many other results related to this kind of problem
( see [3, B, 12, [15], [16]). More precisely, by using C-class functions, we will prove some fixed point
theorems for monotone rational contractions in ordered b-metric spaces. Also, some coupled fixed
point theorems for operators T : X x X — X satisfying some rational type assumptions on com-
parable elements. Finally, data dependence, well-posedness, Ulam- Hyers stability, limit shadowing
properties for the coupled fixed point problem are presented.

We shall recall some well known notions and definition of the b-metric spaces.
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Definition 1.1. Let X be a set and let s > 1 be a given real number. A functional d : X x X — R*
1s said to be a b-metric if the following axioms are satisfied:

(i) if x,y € X, then d(z,y) = 0 if and only if v = y;

(i1) d(z,y) = d(y,z) for all z,y € X;

(111) d(z, z) < sld(z,y) + d(y, z)] for all z,y,z € X.

A pair (X, d) with the above properties is called a b-metric space.

Let (X, <) be a partially ordered set and d a metric on X. Notice that we can endow the product
space X x X with the following partial order:

for (z,y),(u,v) € X x X, wewrite (z,y) <, (u,v) &z <u,y>w.

Definition 1.2. Let (X, <) be an partially ordered set and A, B be two nonempty subsets of X.
Then we will wrote A <4 B if and only for all a € A exists b € B satisfying a < b.

Definition 1.3. Let (X, <) be a partially ordered set and let T : X x X — X. We say that T has
the mized monotone property if T'(-,y) is monotone increasing for anyy € X and T(z,-) is monotone
decreasing for any x € X.

Lemma 1.4. Let (X, d) be a b-metric space. Then the sequence {z,} € X is called:
(i) convergent if and only if there exists © € X such that d(z,,z) — 0 as n — oo. In this case

we write lim x, = x;
n—oo

(ii) Cauchy if and only if d(z,, z,,) — 0 as n,m — oo.

Let (X, <) be a partially ordered set and (z,y), (u,v) € X x X. We have the partial order
(z,y) <p (u,v) if and only if x < wu,y > v.

If (X,d) is a metric space and T : X x X — X is an operator, then by definition, a coupled fixed
point for T"is a pair (z*,y*) € X x X satisfying

*

y =Ty ")
We will denote by C'Fiz(T') the coupled fixed point set for T

Definition 1.5. ([2/) A mapping F : [0,00)* — R is called a C-class function if it is continuous
and satisfies the following axioms:

(i) F(s,t) < s for all s,t € [0,00);

(i1) F(s,t) = s implies that either s =0 ort = 0.

Mention that some C-class function F' verifies F(0,0) = 0. We denote by C the set of C-class
functions.

Remark 1.6. ([2]) Let @, denote the class of the functions ¢ : [0,00) — [0,00) which satisfy the
following conditions:

(a) ¢ is continuous;
(b) p(t) > 0,t >0 and ¢(0) > 0.
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Definition 1.7. ([11]) A function ¢ : [0,00) — [0,00) is called an altering distance function if the
following properties are satisfied:
(i) ¥ is non-decreasing and continuous,

(1) ¥ (t) = 0 if and only if t = 0.
We let ¥ denote the class of the altering distance functions.

Definition 1.8. A function : R — R is called an infinite altering distance function if the following
properties are satisfied:
(i) ¥ is non-decreasing and continuous,

(1i) ¥ (t) = 0 if and only if t = 0.
We let ;¢ denote the class of the infinite altering distance functions.

Definition 1.9. A tripled (¢, p, F') where ¢p € ¥, ¢ € &, and F € C is say to be monotone if for
any x,y € [0, 00)
<y = F(Y(x), o(zx) < F(y), o(y))-

Example 1.10. Let F(s,t) = s —t,¢(z) = /x

{\/E if0<z<I1,

22, ifz>1
then (¢, ¢, F') is monotone.

Example 1.11. Let F(s,t) = s —t,¢(x) = 2*

1/;(;5)—{\/5 ifo<z<l,

22, ifr>1
then (1, ¢, F') is not monotone.

Lemma 1.12. ([1]) Let (X, d) be a b-metric space with s > 1, and suppose that {x,} and {y,} are
b-convergent to x,y, respectively. Then we have

1
Zd(@,y) <liminfd(z,, yn) < limsup d(an, yn) < s*d(z,y).
n—oo

n—oo

In particular, if x =y, then we have lim,_,, d(z,,y,) = 0. Moreover, for each z € X, we have,

1
gd(a:,z) < liminfd(x,, z) < limsupd(z,, z) < sd(z, 2).

n—oo n—o00
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2. Fixed point theorems via C-class functions

In this section, we will present fixed point theorems in ordered b-metric spaces, under a rational type
contraction condition and using C-class functions.

Theorem 2.1. Let (X, <) be a partially ordered set and d : X x X — X be a complete b-metric with
constant s > 1. Let f : X — X be an operator which has closed graph (in particular, it is continuous)
with respect to d and increasing with respect to” < 7. Suppose that there exists 1 € Wiy, p € P,
and F € C such that (¢, p, F) is monotone and o, B > 0 with o + > 0 satisfying

v 10) < F(opg TR O g ey,
Lo dy, S+ de, f(2)]
ol Lt o] + 8- d(x,y)). (2.1

for x,y € X with x <y . If there exists xo € X such that xo < f(xg), there exists z* € X such that
z* = f(z*) and f"(xy) — x*, as n — 0.

Proof . We have two cases:

Case 1. If f(zo) = zo, then Fiz(f) # 0.

Case 2. Suppose that zq < f(zy). Using that f is an increasing operator and by mathematical
induction, we have

Ty < flwo) < f2(wo) < ..o < fM(wo) < (o) < .. (2.2)
Using (12.2), we define the sequence (z,) € X by

Tns1 = [ (@) = [(f(@n1)) = [ (@01) = . = [M(@1) = [ (w0)

for each n € N. If x,,,; = x,, for some n € N, then f has a fixed point. In particular z,, is a fixed
point of f, that is Fiz(f) # 0.
Let 41 # x,, for n > 0. Since z, < z,,41 for any n € N, from ([2.1)) we have

1/}<d(xm xn—&-l)) = w(d<f(xn—1>a f(xn)))
1 a - d(xn, f(xn))[l + d(xn—la f(xn—l))]
§F<w(a+5s[ 1+d(l’n_17$n>
1 [oz cd(zp, f(zn))[1 + d(zp-1, f(Xn-1))]
a+ (s 1+ d(zp_1,zn)
B 1 a-d(wy, vp)[l +d(wp_1, )]
_F@}(oﬁ—ﬂs[ 1+ d(zp_1, )
1 [oz cd(Tp, Tpyr) [+ d(xn_1, 2,)]
a+ fBs 1+ d(z,_1,2,)

- F(w( o+ d(2n, 1) + B d(@n1,20)]),
1
o+ Bs

1
Sw(a%—ﬁs

+ B ’ d<xn*17 x")])7

o + 8- d(wa-1, 7))

+ 5 ' d(‘TN—lv xn)]),

o + - d(wp, )

o+ fBs
[ d(xp, Xps1) + 5 - d(xy_1,2,)]))

o

[ d(xp, xpi1) + 8- d(x,_1, xn)}> (2.3)



Coupled fixed point theorems for rational type contractions via .. (10) No. 1, 77-98 81

Therefore ]
d(fl?n, xn+1) S m[a . d(l’n, anrl) + ﬁ : d(Sﬂn,l, xn)]v (24)
and ([2.4) implies that
1
d(l’n, xn—i—l) S g : d(xn—hxn) S d(xn—lyxn)y

for any n € N.
Suppose that
d(xp, Tpi1) = 17 >0,

then, with n — oo in ([2.3) we get

() < F((r), ¢(r)) = ¢(r) =0 or ¢(r) =0

that is,
lim d(z,,x,+1) = 0. (2.5)

n—oo

Now, we will prove that z,, = f"(x) is a b-Cauchy sequence. Suppose the contrary, i.e., that {x,,}
is not a b-Cauchy sequence. Then there exists € > 0 for which we can find two subsequences {x,,, }
and {z,,} of {x,} such that n; is the smallest index for which

n; >m; > and d(x,,,, T,,) > €. (2.6)
This means that
d(Tpm;, Tny—1) < €. (2.7)
From ([2.6) and using the triangular inequality, we get
e < d(Tm;, ;) < AT,y Trmyy1) + SA(Tiny 41, Ty )-

By taking the upper limit as ¢ — oo, we get

E é lim sSup d(ajmz‘-i-laxni)' (28)

S 1—00

Using the triangular inequality, we have
A(XTpmy;, Ty) < SA(Tpny, Tpy—1) + Sd(Tp,—1, Tn,).
Taking the upper limit as ¢ — oo in the above inequality and using (2.7)) we get

limsup d(zp,,, z,,) < €s. (2.9)
1—00

Now, from ([2.1)) we have

w(d(mmi+1’ Tn;)) = VA(fTm, o))

1 - d(Tn,_, frn, )1+ d(@m,, frm,)]
F<w<04—|—55[ 1 +d<xmi7xni71)
_'_6 ' d(xmzv xnifl)]%

1 - d<xni,17 fxnlfl)[l + d(xmm fxmz)]
90(0(4‘55[ 1 +d(l‘mwl‘m71)

8- d(wm,s w0, ,))).

IA
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Again, if i — oo by (2.5), (2.7) and (2.8)), we obtain

Wt < )
< Ylimsup d(@m,,, Ty,)) = lmsup P(d(Tm,,,, Tn,))
. 8 a- d(‘rni—17 fxni—l)[l + d(‘xmw fxmz)]
= hriis;lpF<¢(a + Bs[ L+ d(xm,, T, ,)

"’B ' d<xmz" xm;l)])v
1 a - d('xni717 f’xnz—l)[]‘ + d(wmi’ fxml)]

T ps L+ dwn @)

+0 - d(zpm,, In_l)])>
_ . ﬂ Q- d<mm‘—17 fxm—1)[1 + d(xm“ fxml)]
_ F(llgilp¢(a+ﬁs[ 1+ d(xp,, 20 )

+ﬁ ' d(xmw x”i—l)])’
1—00 v o+ 68 1 + d(ﬂ?mi, x”i—l)

8- d(wms )

which implies that

B €
a+ Bs

P €
a+ fBs

JolL o) <wi—L e,

¥ a—i—ﬂsg oz—i—ﬁsg

) < F(u(

So, w(afﬁsa) =0 or go(%ﬁss) = 0, that is, € which is a contradiction. Thus, {f"(x¢)} is a b-Cauchy
sequence. Completeness of X yields that {f™(x¢)} converges to a point z* € X, that is, f™(xo) — «*
as n — oo.

Because [ has closed graph, then z* € Fix(f), which implies Fixz(f) # 0. Or f is continuous,
we have

f(z*) = f(lim z,) = lim f(z,) = lim 2,41 = 2",
n—oo n—oo n—oo
This ends the proof. [

Next, we extended the previous result to a global version:

Theorem 2.2. Suppose that all the hypotheses of Theorem are satisfied. Additionally, suppose
that for all z,y € X there exists z € X such that z < x and z <vy. Then Fiz(f) = {z*}.

Proof . Let 2*,y* € X be two fixed points of f. We have two cases:
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i) We suppose that z* and y* are comparable. That is z* < y* (or y* < z* is the same)

W(

~d(@%,y7) < (d(, YY)

(
= Pd(f(z"), f(y)))
1 a-dy*, f(y")[1 +d(z*, f(z*))]
< F<¢(a+ﬁs[ e
+8 - d(z",y")]),
1 [oz ~d(y*, fy")[L +d(z*, f(z¥))]
Oé‘i‘ﬁs 1—|—d<l‘*,y*)

+8-d(@", )
= P0G ).

< ~d(a”, ")),

o+ (s

o

s
a+ Bs

d(a*, "))

a+ fBs

S0, w(afﬁs ~d(z*,y*)) =0or 90(a+,85 -d(z*,y*)) = 0, that is, d(2*,y*) = 0. This implies that 2* = y*,
so Fiz(f) = {x*}.

ii) Now, we suppose that =* and y* are not comparable. From the hypotheses of theorem, we
have that there exists z € X with z < 2" and z < y*.

Since z < x*, then f"(z) < f*(a*) = 2* for any n € N. Therefore,

A (2),57)) = ), )
L e d(fl @), )L+ d( ), )
< F(u( L) (@)
8- d(f ), f )
U0 ), P ), )
a+ s L+d(fr1(2), fr-t(a*))

(7
+B (=), S )

o

— (v f G2 AU @l A @ @)
< A T ) S U ), )

which implies that

A=), %) < AR, < (O () o) < < () d(z )
Since (1) <1, (3)" =0,
Jim d(f"(2),4%) = 0.

This implies lim f"(z) = z*. In the same manner, we get that lim f"(z) = y*. Then z* = y*. O
n—oo n—oo
Next, we extended the previous result to a global version:
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Theorem 2.3. Let (X, d) be a complete b-metric space with constant s > 1, f : X — X be an
operator of X with the following condition:

Suppose that there exists ¥ € Vi, ¢ € &, and F € C such that (1, p, F) is monotone and
a, 8 >0 with o+ B > 0 satisfying

1 a-dy, f(y)L+d(z, f(z))]
F(w(oz—i-ﬁs[ 1 +d(z,y)

1 o d(y, f(y)[1 +d(z, f(z))]
o+ (s 1+d(z,y)

Pd(f(x), f(y) <

o + 8- d(z.y).

(2.10)

forx,y € X. Then f has a unique fixed point.

Proof . For an arbitrary point xy € X, we define the sequence (z,) by z,+1 = f(x,) using the same
method as in previous proof. We know that it is a Cauchy sequence.

Since (X, d) is a complete b-metric space, there exists * € X such that lim z, = z*. Using
n—oo

(2.10) with = z,, and y = =*, we get
d(a*, f(z7) — s - d(z”, f(zn))

U( . ) < (d(f(zn), f(27)))
Pl f§+)c)i[(1+d(;vf( D4 5. dlan 2.
AL o). )

Taking the limit as n — oo in (2.11]), and since F' is monotone, we obtain

W@ LED) o p(y L 56 ). ol f@)D)
L NN
< @I,

(2.12)

From (2.12)), w(w) =0 or @(w) = 0, that is, d(z*, f(2*)) = 0. So f(z*) = z*, ie.
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Now, we prove that z* is the unique fixed point of f. Let y* be another fixed point of f, i.e.
fy*) =y*. Thus

w(afﬁs-d(y*,w*)) Y(d(y*, 2")) = P(d(f(y"), f(z7)))
§F<¢(&+5S[a-d($*7f1(+>c>i£x*,y()y*af(y*>>] +6 ( )])’
1 a-d@®, f(z*)[1 +dy, f(y*))] -
o 5! o) +ﬁ~«ywﬂ0
= P (UL Al a ) o dl )
< w(a_’_ﬂs d(y*,$*>>
Hence,
B gy B gy
¢(a+6s-d(’y7x))—0 or ¢(a+ﬁs d(y*,z*)) = 0.

So, d(y*,z*) = 0, that is y* = x*.Therefore z* is the unique fixed point of f. [J

3. C-class functions for coupled fixed point theorems

In this part of the paper our results obtained in Section 2 are applied to coupled fixed point problem,
in order to obtain new theorems.

Theorem 3.1. Let (X, <) be a partially ordered set and d : X x X — Rt be a complete b-metric
on X with constant s > 1. Let T : X x X — X be an operator with closed graph (or in particular,
it is continuous) which has the mized monotone property on X x X . Assume that the following
conditions are satisfied:

i) Suppose that there exists 1 € Wiy, ¢ € &, and F € C such that (1, o, F) is monotone and
a, >0 with o+ B > 0 such that

(d(T'(z, y), T (u, )) +d(T(y, x), T(v,u))) (3.1)
(w - [d(u, T(u, 0)) + d(v, T(v, W)L + d(z, T'(x,y)) + d(y, T'(y, z))]
a+ ﬁs 1+ d(z,u) +d(y,v)
+ 6 [dzw) + dly, v)]),
Sl T () + d0 T )L + e, Tw,0) + (0T (00)

a+ (s 1+d(z,u) + d(y,v)
+ 3+ [dlw,u) + dy, v)]) ).

for all (z,y), (u,v) € X x X withx <wu,y >v ;
i) There exist xo,yo € X such that o < T(20,%0), Yo = T(Yo, To), i-e. (z0,y0) <p (T'(x0,y0), T (Yo, To)).

Then, there exists (z*,y*) € X x X a solution of the coupled fized point problem (Py), such that
the sequences (x,,), (y,) in X defined by

Tpy1 = T(.an, yn)7
Yn+1 = T(ynaxn>7 Vn € N7

have the property that x, — x*,y, — y* as n — oo.
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Proof . Using ii) we have that zo = (20, y0) <, (T'(z0,%0), T (Y0, %0)) = (z1,%1) = 21. S0, 20 <, 21.
If 29 = T(x1,y1) and yo = T(y1,21), it follow that xo = T(x1,y1) = T?(xo,v0) and yp =
T(y1, 1) = T?(yo, To). From the mixed monotone property of T,

o = T(x1,y1) > T(x0,y0) = 21,
yo = T(y1,21) < T(Yo,x0) = V1.

Hence z1 = (21,91) <, (%2,y2) = 22. Using this method, we construct the sequences (x,), (y,) in X
by

Yn+1 = T(yn» xn)-

{xn+1 = T(l’n, yﬂ)

From mathematical induction, we have z, = (2, Yn) <p (Tnt1,Ynt1) = Znt1, which implies that (z,)
is a monotone increasing sequence in (Z,<,), where Z = X x X.
Now, we consider the metric d : Z x Z — R*, defined by d((z,y), (u,v)) = d(z,u)+d(y,v). Then

d is a b-metric on Z with the same constant s > 1. If (X, d) is complete, (Z,d) is complete, too.
Suppose that G : Z — Z is an operator defined by G(z,y) = (T(x,y), T (y,x)) for all (z,y) € Z.
Consider the sequence z,11 = G(z,), for n > 0 where zy = (x¢, ). Using the mixed monotone

property of 7', then the operator G is monotone increasing with respect to” <, 7 i.e. (z,y), (u,v) € Z,

with (z,y) <, (u,v) = G(z,y) <, G(u,v).

Because T has a closed graph (or respectively is continuous on X x X), then G has a closed graph

(or respectively is continuous on 7).

@ is a contraction in (Z,d) on all comparable elements of Z. Let z = (z,9) <, (u,v) = w € Z,

SO

d(G(2), G(w))) = Y(d((T(z,y),T(y,x)), (T(u,v),T(v,u)))
P(d(T(z,y), T (u,v)) + d(T(y, x), T (v, u)))
F<¢ 1 [d(u, T(u, v)) + d(v, T(v, w))][L + d(z, T(x, y)) + dy, T'(y, v))]
a+ fBs 1+ d(z,u) + d(y,v)
+ 6 - [d(z,u) + d(y, v)]]),
Lo i (o) + dlo (o)1 + dia, Tap) + dly. T(p.)
a+ fBs 1+ d(z,u) +d(y,v)

+ 8- [d(w,u) + d(y, v)])))

¥

—~

IN

—~

'

B a-dw Gw)[l+dzGR) | . 5
SD(Oé + Bs 1+ Elv(z, w) T8 w)])) '

The operator G : Z — Z has the following property:

1) G : Z — Z has a closed graph (or continuous) on Z;
2) G: Z — Z is increasing on Z;
3) There exists zp = (zo, o) € Z such that zy <, G(20);
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4) there exists 1) € Wy, ¢ € @, and F' € C such that (¢, ¢, F) is monotone and «, 5 > 0 with
a + B > 0 such that

Y(d(G(2),G(w)) < F@(a j@s[a - d(w, Gl(tfz?[(l;wc)l(z, GEN | 5. G ),
1 a-dw, Gw)[l+d(zG() |,
P! T + 8- d(zw).

We can apply the conclusion of the Theorem [2.1| and we get that GG has at least one fixed point.
Hence, there exists z* € Z with G(z*) = 2*. Let z* = (2*,y*) € Z, so we have G(z*,y*) = (z*,y").
This implies

(T, y"), T(y", ")) = (=", y") = { .
and the sequences (x,), (y,) in X defined by

{anrl = T(xna yn)

Yns1 = T (Yn,x,) for n € N,

have the property that x, — z* and vy, — y* as n — oo. [
The purpose of the next theorem is to obtain the uniqueness of the coupled fixed point.

Theorem 3.2. Suppose that all the hypotheses of Theorem[3.1] are satisfied. Moreover, suppose that
for all (z,y), (u,v) € X XX there exists (z,w) € X xX such that (z,w) <, (x,y) and (z,w) <, (u,v).
Then CFix(T) = {(z*,y*)}.

Proof . As a result by property of the operator 7' in Theorem [3.1 we get (z*,y*) € Z := X x X

such that

Suppose that (z,7) € CFiz(T) and d : Z x Z — R* defined by d((z,y), (u,v)) = d(z,u)+d(y, v),
where Z = X x X.

We have two cases:

i) Let (z*,y*) and (Z,7y) be comparable, that is (z*,y*) <, (,7). This implies that



88 Ansari, Moeini, Yildirim, Oprea

WAy, @)
< W(d((@,y), (7,9)) = LT, y), Ty, 2), (T(7,7), T(7,7))))
— G(d(T(@*,y"), T(@,7)) + d(T(y",a"), T(7,7)))
- [@T(E.5)) + A5 TG D)L+ dla T )
= F (¢<a+lﬁs[ *153(;*@)(&(;‘”23”
o - [d(F, T(7,7)) + d(F, TG D) + (", T(",y"))
1 +d(y*7 T(y*7 37*»]
e(5551 +d(@ 2)+d(y" )
+8 - [d(z*,7) + d(y", 7))
= F(0(25 [, 7) + dly ), e(E5ldle, @) + dly, 5) )
= F(e(md(@ ). @), o5 d(@,y), (7.9)
< U mdla v, (@.7)))
Hence,
B @ ) @) =0 or P (), () =0

which yields d((z*, y*), (Z,

) )) = 0. Therefore, (z*,y*) = (7, 7).
ii) Let (z*,y*) and (7, e
)

not comparable. So, there exists (z,w) € Z, such that (z,w) <,

y
(x*,y*), implies G™(z,w) <, G™(z*,y*) because G is an increasing operator. Also, since G is an
increasing operator and (z,w) <, (Z,¥), we have G"(z,w) <, G"(Z,7). From (3.1, we have

P(d(G"(z,w), (z%,y"))) = Y(d(G" (2, w), G"(x", y")))
= P(d(G(G" (2, w)), GG (2", y"))))
1 a-dG" Mo y), G (@, ") [+ d(G™ (2, w), G (2, w))]
= F(w(wﬁs[ 1+ d(G* (2, w), G» 1 (z*, y*))
+ 8- d(G"H (z,w), G, y)))),
Lo d(G (@ y), Gty )+ (G (2 w), Gz, w))]
a+ fBs 1+ d(G" Yz, w), Gr=Y(z*, y*))

+ 8- d(G 7 (z,w), G (o, z/‘))]))

- F(lp(a —:ﬂsﬁ : J(Gn_l(zalU)? Gn_l(x*7 y))),
1

gt AET ), 6 )
1
a+ fBs

< U (G ), G ),

o(

o(

< o B-d(G" (2, w), G (2", yY)))
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Using mathematical induction and since v is non-decreasing, we obtain

d(G"(z,w), G (27, y7)) < () - A(G" (z,w), G (2", y7)
1. ~

<L < (9)"d((z,w), (2F,y7)) = 0, as n— oo.
s
Therefore
li_>m G"(z,w) = (", y"). (3.2)

Since (z,w) <, (Z,7), G"(z,w) <, G"(Z,y) = (T,y). Similarly, we get

AG™ (2, w), (7,7)) < (é)” Cd(zw), (F,7) = 0 as n— oo
which implies that
li_)rn G"(z,w) = (7,7). (3.3)

Hence, from (3.2)) and (3.3), we obtain that (z*,y*) = (7,7). O

Theorem 3.3. Let (X,d) be a complete b-metric with constant s > 1, T : X x X — X be an
operator with the following condition:

There exists ¥ € Wi, o € @, and F € C such that (Y, ¢, F) is monotone and «, 5 > 0 with
a+ B >0 such that

YT (2, y), T(u,v)) +d(T(y, ), T(v,u)))
1 o [du, T(u,v)) + dv, T(v,u)][1 + d(z, T(x,y)) + d(y, T(y, z))]
§F<w(a—|—ﬁs[ 1+ d(z,u) +d(y,v)
+ 8- [d(z,u) + d(y,v)]]),
1 [a d(u, T(u,v)) + d(v, T(v,w)][1 + d(z, T(x,y)) + d(y, T(y, x))]
o+ Bs 1+ d(z,u) +d(y,v)

+ 8- [d(w,u) + d(y, )]))).

o

(3.4)

for all (z,y), (u,v) € X x X with x < wu,y > v.
Then, there exists a unique solution (z*,y*) € X x X of the coupled fixed point problem (Py), and

fO’F any inatial pOZ"ﬂt <x07y0> € X XX the sequence znpp1 = (xn+17yn+1) = (T(xnayn>vT<ynaxn)) S
X x X converge to (x*,y*).

Proof . Let Z = X x X and the functional d : Z x Z — R*, such that Elv((x,y),(u,v)) =
d(z,u) +d(y,v).

We know that d is a b-metric on Z with the same constant s > 1. If (X, d) is a complete b-metric
space, then (Z, cAl/) is a complete b-metric space too.

Consider the operator G : Z — Z defined by G(z,y) = (T'(z,y), T(y,z)) for (z,y) € Z.

Let z = (z,y) € Z and w = (u,v) € Z.
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= P(d(T(z,y), T(y, z)), (T(u,v), T(v,u)))) =

= ?ﬁ(d(T( 'Y vT(u> U)) + d(T(ya fl?), T(U’ u)))

1 o [d(u, T(u,v)) + d(v, T(v,u)][1 + d(z, T(z,y)) + d(y, T(y, x))]
L+ d(x,u) +d(y,v)

F
+ 8- [d(z,u) + d(y,v)]]),
1 [a d(u, T(u,v)) + d(v, T(v,u))][1 + d(z, T(x,y)) + d(y, T(y, x))]
a+ (s 1+ d(z,u) +d(y,v)

+ 8- [d(w,u) + d(y, v)])))

— F(¢( 1 - glv((u, v), (T(u,v), T(v,u)))[1 + (;lv((x, ), (T(z,y), T(y,z)))]

[ =
+ 8- d((x,y), (u,v))]),

o

a+Bs 1+ d((z,y), (u, v))

1 [Oé ) d((“? U)a (T(u7 U)7 T(U, g)))[l + d(('% y)’ (T(ZL‘, y)? T(ya I)))]
a+fs 1+d((x,y), (u,v))

+ 8- d((w), (w,0)])
1 a-dw,Gw)[l+d(z,G(2)))] ~

o

= F(v( 5! ) + 6 d(z,w)),
Therefore,
W(A(G().Gw) < F (w5 o Gilf);z[ﬁj AL e,

From Theorem [2.3] we have that Fiz(F) = {(z*,y*)}, so the coupled fixed point theorem (P;) has
a unique solution (z*,y*) € Z. [

Theorem 3.4. If we suppose that we have the hypotheses of Theorem|[3.9, then for the unique coupled
fized point (x*,y*) of T we have that x* = y* i.e. T(x*, z*) = x*.

Proof . From Theorem [3.2] there exists a unique coupled fixed point of T, (z*,y*) € X x X.
We have two cases:
Case 1. If z* and y* are comparable, z* < y*.
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Then we have

V(T (z,y), T(u,v)) +d(T(y,x), T(v,u)))
1 a-du, T(u,v))+dv, T(v,u)][l +d(z, T(x,y)) + d(y, T(y, x))]
§F<w<a+ﬁs[ 1+d(x,u) + d(y,v)
+ 8- [d(z,u) + d(y,v)]),
1 [oc d(u, T(u,v)) + d(v, T(v,u))|[1 + d(z, T(x,y)) + d(y, T(y, x))]
a+ fs 1+d(z,u) + d(y,v)

+ 8- [d(w,u) + d(y,v)])).

Let z=v=2" and y=u=y"

o

So, we obtain

Y(2-d(T (2", y"), T(y",2%))) <

F@( o & [dy*. T(y", ") + d(z”, T(z", y")][1 + d(z”, T(z", y*) + dly", T(y", 2")]
a+ s 1+ 2d(x*, y*)

+B-2-d(x",y"),

1 a-ldy", Ty, z*) +d(@", T(z", y)][L + d(z*, T(2", y*) + d(y", T(y", z")]

]

(p(omtﬁs 4 1+ 2d(x*, y*) ]
+8-2-d(", "))
2
= (0 ) e )
2
Sw(af@s -d(z*, ).
This yields to  d(z*,y") < R ~d(x*,y").
So, (w) ~d(x*,y*) <0, follows that z*=y".

a+ Bs

Case 2. If z* and y* are not comparable.
Hence, there exists z € X such that z < x* and z < y*, satisfying the following:

(z,y") <, (y*,2) follows that =z <y*,y* >z thatis true
< ,y") follows that =z <a* y* >y* thatis true
(y*,2") <, (y*,z) follows that y* <y*, 2" >z that is true.

Let G : Z — Z be defined by G(z,y) = (T'(z,y),T(y,z)) ¥(x,y) € Z. Then,
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Dldla®y) = 0 - A", 2), () = (5 - AG(E (', a), GG y)) <
PG (), GG () < ~
L e d(G 7t y), GG )+ AG ), GG )
P = .
atps L+ Gy ), G )
FAAG 1), G D), )
Lo d(G 7t y), GGy )+ G, GG )]

o+ ﬁs[ 1+ J(G”*I(y*, x*)), G (x*, y*))

+ 4 A6 2, 6 @y )))

]

o

< P A6 ), 6 g el G ), 6 )
<ol Cd(E ). 6 )

<¢( d(G" My, a%), G" M ay"))-

Using mathematical induction and since v is non-decreasing, we obtain

A ") < A", a%), 6" y") < () - dG ' a), 6w y))
<. < (é) Ad((y, ), (7%, y%) = 0, as n — oo.

Hence, we have that * = T'(z*, 2*). O

4. Properties of the C-class functions for coupled fixed point problem

In this part of the paper we shall present data dependence, well-posedness, Ulam- Hyers stability,
limit shadowing of the C-class functions for the coupled fixed point problem.

In this first theorem we shall prove the data dependence propertie:
Theorem 4.1. Let (X,d) be a complete b-metric space with constant s > 1 and T; : X x X —
X (i €{1,2}) be two operators which satisfy the following conditions:

i) There exists 1) € \Ifmf, v E @ and F € C such that (1, o, F) is monotone and o, 8 > 0 with
a+ >0 and max{a, - } < 1, such that

Y(d(Ti(z,y), Tl(u, v)) +d(Ti(y, x), Ty (v, u)))
1 Q- [d(u’ Tl(uv U)) + d(vv Tl(”? u))][l + d(l’, Tl('r» y)) + d(y7 T1<y7 :L‘))]
§F<w(o¢+ﬁs[ 1+ d(z,u) +d(y,v)
+ B - [d(z, u) + d(y,v)]]),
1 & [d(u, Ti (u, v)) + d(v, T (v, w)][1 + d(z, T (2, ) + d(y, Ti (y, ©))]
a+ Bs 1+ d(z,u) +d(y,v)

+ 8- [d(,u) + d(y, )]))).

o
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for all (x,y), (u,v) € X x X withx <wu,y>wv

i) CFix(Ty) # 0;

iii) There exists n > 0 such that d(Ty(x,y), To(z,y)) <n for all (z,y) € X x X.

In the above conditions, if (z*,y*) € X x X is the unique coupled fixed point for Ty, then d(z*,T)+
d(y*,7g) < 27B’a(3f—gz), where (Z,7y) € CFix(T3).

Proof . From Theorem 3.3} there exists (z*,y*) € X x X such that { .
y* =Ty x").

T = Ty(T.7
Let (7.5) € CFin(Ty), ie. {° ~ 12(T7)

y=T2(y,7).
Consider the b-metric d : Z x Z — R*, defined by d((z,y), (u,v)) = d(z,u) + d(y,v) for

(x,y), (u,v) € Z, where Z = X x X.
Consider two operators G; : Z — Z defined by G,(z,y) = (Ti(z,y),T;(y,x)), for (z,y) € Z,
i ={1,2}. We denote by z = (z*,y*) € Z, which means G1(z) = z and w = (Z,7) € Z, which means
Go(w) = w. Then,
Y(d(G1(2), Gr(w))
By W U Y0 (B T P

[
Lo dw, Giw)[1+d(=Gi)] , |, 5 )

o+ s 1+ d(z,w)
[

o+ fs 1+d(z,w)
:F(¢( 1 a-dw,Gi(w)) ~

a-l—ﬁs[ 1+ d(z,w) +6-dizw))),
1 [a.J<w,G1(w))

B Trdew T D)
1 a-dw,Gi(w)) ~

o(

o(

S ) + 5 d(z,w)])
< vl sl dlw,Gi(w) + 8- d(z,w)
< (G dw Ga(w) + - de.w).
So,
(G (2), Gr(w) < 5 dlw, Gi(w) + - d(z,w)
<201 L w
But

d(z,w) = d(G1(2), Ga(w)) < s - [d(G1(2), G1(w)) + d(Gr (w), Ga(w))]

et s w)) 425

<s-|
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Using this condition, we will obtain

sB. ~ Q
(1-— E) ~d(z,w) < 277(5 +5).

From max{«, a(%a)} < %, we get that 1 — % > 0. Therefore,

a+ Bs
a— (s

~ 2n(5+s) 2
d(z,w) < —2 =
(z,w) [ 3

( );

and by definition of the metric cz we have

_ _ 2na ,a+ Bs
d(z* d(y* < —
(=%, %) + d(y",7) o s

<5

).

This finishes the proof. [

Definition 4.2. ([16]) Let (X,d) be a b-metric space with constant s > 1 and T : X x X — X be
an operator. By definition , the coupled fized point problem (Py) is said to be well-posed if:

(1) CFix(T) = {(z",y")};
(11) For any sequence (&, Yn)nen € X XX for which d(x,, T (zn, yn)) — 0 and d(Yn, T (Yn, xn)) — 0
as n — 00, we have that (x,)neny — * and (Yn)neny — y* as n — 0.

Theorem 4.3. Assume that all the hypotheses of Theorem take place. Then the coupled fixed
problem (Py) is well-posed.

Proof . We denote by Z = X x X. By Theorem [3.3] we have CFiz(T) = {(z*,y*)}.

Let (2, Yn)nen be a sequence on Z. We know that d(z,, T'(zn, ys)) — 0 and d(yn, T'(Yn, T,)) — 0
as n — 0o. N N

Consider the b-metric d : Z x Z — R*, such that d((z,y), (u,v)) = d(z,u) + d(y,v) for all
(x,y), (u,v) € Z.

Let G : Z — Z be an operator defined by G(z,y) = (T'(z,y), T (y,z)) for all (z,y) € Z. We know
that G(z*,y*) = (¢*,y*), so we have

d((Tn, yn), (2*,y")) = d(@p, ") + d(Yn, y")

< s d(@n, T(Tn,yn)) + 5 d(T (20, yn), T, y7)) + 5 - (Y, T (Yn> T0))
+ 5 d(T(yn, zn), T(y", 27))

=5 [d(@n, T(Tn, Yn)) + dYns T(Yn, wn))] + 5 - [A(T (20, yn), T(27, y"))
+ d(T(yn, xn), T(y", 2*))].

Thus by taking n — oo, we get

im d((zn, yn), (v7,97)) < lm s - [d(T(2n, yn), T(2", y)) + AT (Yn, 20), T(y", 27))].

n—oo n—o0
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Hence,

lim @/)( d((2n, yn), (", 47)))
< nh_{lc}o w(d( (:En, yn)? T( )) + d(T(ynvxn)7T(y*a l’*)))

< lim F(

n—oo

o 1 & [d(z*, T(x",y")) + d(y", T(y", 2")|[L + d(@n, T(2n, Yn)) + d(Yn, T (Y, T0))]
a+ Bs 1+ d(zp, x*) + d(Yn, y*)

+ - [d@:mw*) + d(ymy*)])a

1o [d@, T(x"y") +dly", T(y", )1+ d(zn, T (20, Yn)) + A(Yn, T (Yn, T0))]

Pl Bs[ 1+ d(wn, %) + d(yn, y*)

+ 8+ [dwn, a*) + d(ya,y))

= tim P (6 dlmn,a”) + ey ) ) + dly )
R (AR N P (CNPAR )
< lim P (00w, (5 0], o C (), (@ 0)

< Jim (), (7))

Which implies that

i ([ (), (D) =0 or T o (A (). (2°,5)]) =0

n—00 S n—00

Therefore, (x,,y,) — (z*,y*) as n — oo. O

Definition 4.4. ([16]) Let (X, d) be a b-metric space with constant s > 1 and T : X x X — X be an

operator. By definition, the coupled fixed point problem (Py) is said to be Ulam-Hyers stable if there
exists an operator ¢ : R™ — R increasing, continuous in 0 with ¢p(0) = 0, such that for each ¢ > 0
and for each e-solution (Z,7) € X x X of the inequality d(z, T (x,y))+d(y, T(y,z)) < €, there exists a
solution (z*,y*) € X x X of the coupled fized point problem (Py) such that d(T, z*) +d(y,y*) < ¢(e).

Theorem 4.5. Assume that all the hypotheses of Theorem take place and o« > 0. Then the
coupled fized point problem (Py) is Ulam-Hyers stable.

Proof . Let Z = X x X. By Theorem , we have CFix(T) = {(2*,y*)}. Let any € > 0 and let
(%,9) € Z such that d(z,T'(7,9)) +d(y,T(y,7)) < ¢.
Consider the b-metric d : Z x Z — R*, such that d((z,y), (u,v))

= d(x,u) + d(y,v) for all
(,y), (u,v) € Z and G : Z — Z an operator defined by G(x,y) = (T( y), T (y,

x)) for all (z,y) € Z.
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So,

w(d((f, 7), (95*87 y)) —e- il
< P(d(T(z,9),T(x",y*)) + d(T(y,7), T(y", z%)))

1 a-ld(@, T(x"y") +dy", T(y",2") |1 +d@,T(T,y) + dy, Ty, 7))]
- F(w(a—i-ﬁs[ 1 +d(z,z*) + d(y, y*)
+ 6 [d(@, z") +d(¥, y")]),

1 e a-[d(@, T (", y") +dy", T(y" 2")I[1 +d@ T(7,9)) + dy, Ty, 7))]

+ 8- [d(z.2") + d(, y*m)

- P (= f S2ldEa) + @), o
< ah(

[d(@, %) +d(y,y")]) = ¥(

o

p — o
1@ ) + Ay )

[d((z,7), (" y")])-

a+ fs a+ fBs

We obtain
d((f>y)a (:U*ay*» — €S < ﬁ 7 T
s ~a+fs ’
a0 x*’ * S M - E.

(0%

Therefore, the coupled fixed point problem (P;) is Ulam-Hyers stable, with ¢ : RT™ — R*, ¢(t) = ¢t
where ¢ = S(a+ﬂs) >0.0

Definition 4.6. ([16]) Let (X,d) be a b-metric space with constant s > 1 and T : X x X —
X be an operator. By definition, the coupled fixed point problem (P)) has the limit shadowing
property, if for any sequence (Ty,Yn)nen € X X X for which d(x,41,T (20, yn)) — 0 and respec-
tively d(Yn+1, T (Yn, xn)) — 0 as n — oo, there ezists a sequence (T™(x,y), T"(y,x))nen such that
d(x,, T"(x,y)) — 0 and d(y,, T"(y,x)) = 0 as n — oo.

Theorem 4.7. Assume that the hypotheses from Theorem take place. Then the coupled fized
point problem (Py) for T has the limit shadowing property.
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Proof . By Theorem we have C'Fiz(T) = {(z*,y*)} and for any initial point (z,y) € X x X
the sequence z,11 = (T"(z,y),T"(y,x)) € X x X converge to (z*,y*) as n — oo.

Let (2, Yn)nen be asequence on Z = X X X such that d(z,41, T (2, yn)) — 0and d(yni1, T (Yn, Tn)) —
0 as n — oo.

We consider the b-metric d : Z x Z — R*, defined by g((x,y), (u,v)) = d(z,u) + d(y, v) for all
(x,y), (u,v) € Z.

Let G : Z — Z be an operator defined by G(u,v) = (T'(u,v), T(v,u)) for all (u,v) € Z. We know
that G(z*,y*) = (z*,y*). Then for every (z,y) € Z we have:

C’iv((xn-i-lwa yn-i—l)a (Tn+1 (33, y)’ Tn—H(g? .23)))
<s- [d((xn-i-lv yn+1)a (ZL‘*, y*)) + d((l’*, y*)7 (TTH_I(:L‘? y)’ Tn+1(y7 x)))])?

and by letting n — oo, we have

hm d((xn—i-l; yn—i-l)a (Tn+1 <$7 y): Tn+1<y7 JI)))

s
< tim s [d{(Tasr. g (2 57)). (4.1
But
Tim (s, ynin), (7,9%) < T s [ (@ner, Yoer)s (T (), T 7))+
d(G (w0, yn), G(z*, y"))]
— lim s - (A(G(@n, yn), G(2",y))].
So,

lim w(ég(@njul,ynﬂ)v (=", y%)))

n—oo

1 [04 . c?((:v*, y*), G(x*,y*))[1 + (z((ﬂvm Yn)s G(Tn, Yn))]

0 Nt fs L+ d((n, yn), (7%, 7))
+ 8- d((zn, yn), (27, y7))]),

L d((z*,y"), G(2*, y"))[1 + d((@n, Yn), G(@n, Yn))]

o+ fs L+ d((#n, yn), (z*,y%))

+ 8- dl(wns ), (27, y7)

= tim P (0 (), (00Dl (00))

< nh—{{.low(a + ﬁsg((xn, yn)a (l’*, y*>>>

o

This implies that

)J((xn, ), (2%, 97)).

Tim d((2ns1,ynnn), (2°,9")) < Tim s

a+ Bs
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Using mathematical induction, we obtain

Tim d((2ns1,ynnn)s (2°,9")) < Tim s

n—oo

rom LCRBNCN)

< nh_}r& 2 <%ﬂ8>207(($n—1, Yn-1), (2", 9"))

< tim 5 (=) o0, (27,7)

= 0. (4.2)

From 1} and 1 , we have g((xnﬂ, Yni1), (T (2, y), T (y,2))) — 0 as n — oo, so there exists
a sequence (T"(x,y),T"(y,x)) € Z with

d((zn, yn), (T"(2, ), T"(y, x))) = d(@s, T"(2,y)) + d(yn, T"(y,x)) = 0 as n — oco.

0]
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