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Abstract

In this article we consider the system of operator equations T; X = U; for ¢« = 1, 2,3, ..., n, between
Hilbert spaces and give necessary and sufficient conditions for the existence of common Hermitian
solutions to this system of operator equations for arbitrary operators without the closedness condition.
Also we study the Moore-Penrose inverse of a n x 1 block operator matrix and then give the general
form of common Hermitian solutions to this system of equations. Cosequently, we give the necessary
and sufficient conditions for the existence of common Hermitian solutions to the system of operator
equations T; XV; = U;, for i = 1,2, 3,...,n and also present the necessary conditions for solvability of
the equation )"  T;X;, = U.
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1. Introduction
The main goal of this article is to study the system of operator equations
T, X=U; for i=1,2,...,n VYnéeN, (1.1)

and present the necessary and sufficient conditions for the existence of common Hermitian solution to
this system of equations for arbitrary operators. In fact, Hermitian and positive solutions to matrix
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equations or operator equations has long been a topic of interest because of its multiple applications
in different areas as, for example in theories and applications of stability and control for discrete-
time systems. Also these equations play important roles in system theory, such as, eigenstructure
assignment [11], observer design [5], control of system with inpute constraint [10], and fault detection
[12].

For instance, much progress has been made on the study of matrix and operator equation

TX =1, (1.2)

and the system of matrix and operator equations

TlX = Ul,
{%X:%’ (13
(see, for example [13, [ [8 14} [7, 27]).
Also, Hermitian positive semidefinite solution to the matrix equation
TXV =1, (1.4)

were studied by Khatri and Mitra in 1976 ([13]) and Zhang in 2004 ([28]), respectively. In particular,
in the last few years the system of operator Eq. has recieved considerable attention (see, for
example [26, 1], 6], 2]).

Indeed, the necessary and sufficient conditions for the existence of a common solution, and the general
common solution of the equation pair

T XV = Uy,
{TQXVQ — U, (1.5)
and the solvability of the equation
TV XVi+To XV, =U, (1.6)

were studied by many authours for matrices and for bounded linear operators between Banach or
Hilbert spaces (see, [15} 16} 18, 25, 20} 2], 22 19, [6]).

The necessary and sufficient conditions for the existence of the general common Hermitian and
positive solution to some system operator equations such as

TlX = Ul, XT2 == UQ, T3XT3* - U3, T4XT4* - []47

and
T X, = Uy, X,\T, = Uy, ToXo = Us, XoT 5 = Uy, Ts X1 T5" + Ty XoTy* = Us,

for adjointable operators over Hilbert C*-moduls has been studied by Wang and others in [23] 24],
respectively.

In all above works, it is only considered the case in which T}, U; and V; are matrices or closed range
operators, but in 2010, Arias and Gonzalez ([I]) presented different results regarding the existence
of solution and also the existence of positive solution to operator Eq. for arbitrary operators.

In this article, at first we study the system of operator equations

T, X=U; for 1=1,2,...n Vné€N,

and present the necessary and sufficient conditions for the existence of common Hermitian solutions
to this equations for arbitrary operators. In fact, we extend the Dajic and Koliha theorem ([7]) for
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arbitrary operators with not necessarily closed range. Also, we present the general form of common
Hermitian solution to this system of equations, by using the Moore-Penrose inverse of a n x 1 block
operator matrix.

Consequently, we present the necessary and sufficient conditions for the existence of common Her-
mitian solutions to the system of operator equations

T;XVi=U; for i=12..n VYneN, (1.7)

and also present the necessary conditions for the existence of solutions to the equation
n
Y TX;=U. (1.8)
i=1

2. Preliminary

Along this work H, K and G denote complex Hilbert spaces with inner product (.,.), L(H, K) is the
set of linear operators and B(#H, K) is the set of bounded linear operators from #H into K.
By B(H)" we denote the cone of positive operators of B(H), i.e,

B(H)" ={T € B(H)(T(€),&) = 0,V € H}.

T* denote the adjoint operator of 7', R(T) stands for the range of 7" and N(7T') for its null space.
Given a closed subspace S of H, Ps denotes the orthogonal projection onto S.

Let T € B(H, K), the inner inverse of T is a linear operator as T~ such that T~ : D(T7) C K — H
with R(T) C D(T~) and TT~T = T. In [3], Ben-Israel show that for every T' € B(H, K), there exists
at least an inner inverse 7'~ for 7" but it is not necessarily bounded. (7T~ ¢ B(KC, H), in general). We
say that the operator T' € B(H, K) is regular if there is an inner inverse 7~ € B(K,H). He proved
that for given T' € B(H, K), there exists an inner inverse of T, T, such that T~ € B(K,H) if and
only if T" has closed range.

If jin addition, 7'~ satisfies T-TT~ =T, then T~ is called a generalized inverse of T'. Note that
T~ is not unique, however there exists a unique generalized inverse of T" which also satisfies

(TT-) =TT~ and (T-T) =TT,

which is called the Moore-Penrose generalized inverse of T and it will be denoted by T'.
Therefore, TT is the unique generalized inverse of T which satisfying the four following Penrose
equations:

i TTIT =T,
ii. TITTt =TT,
i, (771" =TT7,
iv. (T'T)" =T'T.
An operator T' € B(H, K) has the unique Moore-Penrose inverse T € B(K,H) if and only if T" has
closed range, or equivalently if and only if it is regular, ([I7]). The assumption that R(T") is closed

can be avoided in general, however in that case the Moore-Penrose inverse is not bounded.
Also, if T € B(H, K), then we have the following properties, ([27]):

L (T = (1),
2. I T >0 then Tt = TITTt = (TV2TH"(T'/*T") > 0,
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3. T'T and TT" both are projection and 7T = Przay and TTT = Presl peryerr)
4. (TT*)" = (T*)'Tt and (T*T)" = TH(TH)",

5. R(T'T) = R(T") = R(T*) so that TITT* = T*,

6. R(TT") = R(T) so that T*TT" = (TT'T)" = T*.

Throughout this work the next well-known theorem due to Douglas ([9]) about range inclusions
of operators will be crucial.

Theorem 2.1. (Douglas) Let T € B(H,K) and U € B(G,K). The following conditions are equiva-
lent:

i. There exists V € B(G,H) such that TV = U. (This means that the equation TX = U has a
solution)
ii. R(U)C R(T).
1t. There exists a positive number X\ such that UU* < XT'T*.

As a consequence of Dauglas Theorem, Arias and Gonzalez proved the next lemma. This fact
will be used frequently along this work.

Lemma 2.2. ([1]; lemma 2.1) If T € B(H,K) and U € B(G,K) such that R(U) C R(T), Then
T'U € B(G,H), even though TT & B(K,H).

The following theorems proved by Dajic and Koliha ([7]) in 2007. They presented conditions
for the existence of Hermitian solutions of Eq. and common Hermitian solution of Eq.
for closed range operators. Also they obtained the formula for the general form of these equations.
In the next section, we will extend these theorems to a system of operator Egs. without the
closedness condition.

Theorem 2.3. ([7]; Theorem 3.1) Let T,U € B(H,K) and let T be a closed range operator. Then
the equation TX = U has a Hermitian solution X € B(H) if and only if TT-U = U and UT* is
Hermitian. The general form of Hermitian solution to Eq. (1.2)) is

X=TU+{I-TTT U +(I-T"T)SI—-T"T), (2.1)

where S € B(H) is Hermitian.

Theorem 2.4. ([7]; Theorem 4.2) Let T\, U, € B(H,K), T, Uy € B(G,H) and let the operators T,
and Ty have closed range. Let M = T5"(I — Ty~ T1) has closed range, and let Ty, To~ and M~ be
immner inverses of Ty, Ty and M, respectively. Then the equations

(2.2)

TlX - Ul,
XTZ = U27

have a common hermitian solution X € B(H) if and only if YTy Uy = Uy, UsTy Ty = Uy, ThUy =
UiTy and Th'U*, TyUsy are Hermitian.

The next theorem is proved by Arias and Gonzalez in [I]. They gave the necessary and sufficient
conditions about the existence of solutions of Eq. ((1.4]) that will be crucial to prove our main results.
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Theorem 2.5. ([1]; Proposition 3.3) Let T € B(H,K), V € B(G,H) and U € B(G,K). Then the

following conditions are equivalent:

. The equation TXV = U 1is solvable.
i. R(U) C R(T) and R(TU)") C R(V*).
ii. R(U) C R(T) and there exists Y € B(H) such that YV = T'U.

Moreover, if one of the previous conditions holds then every solution of XV = TTU~ 18 also a solution
of TXV = U. Also, for X € B(H) such that TXV = U, we have that PragwX is a solution of

XV =T'U.

3. The main results.

In this section, at first we prove the following lemmas about Hermitian solution of Eq. and the
Moore-Penrose inverse of a n x 1 block operator matrix [Tl T - Tn}t, (where A' denote the
transpose of A). Then we extend the Dajic and Koliha theorem (theorem to give the necessary
and sufficient conditions for the existence of common Hermitian solutions to the system of operator
Eqgs. for arbitrary operators which has not necessarily closed range.

Lemma 3.1. Let T,U € B(H,K) and suppose the equation TX = U has a solution X € B(H), then
the general form solution of Eq. (1.2)) is

X =TU+ (I -T'T)S, VS e B(H). (3.1)

Proof . Suppose, Eq. (1.2]) has a solution, so by Douglas theorem we have R(U) C R(T), hence
T'U € B(H) and TT'U = U. So Xy = T'U is a particular solution of equation TX = U and
therefore the general form of solution of Eq. (1.2)) is, X = TTU + (I —T7T)S, VS € B(H). O

Lemma 3.2. Let T,U € B(H,K), then the equation TX = U has a Hermitian solution X € B(H)
if and only if R(U) C R(T) and UT* is Hermitian. Then the general form of Hermitian solution to

Eq. 18
X =T'U+ (I -T'TY(T'U)" + (I - T'T)S(I — T'T), (3.2)

where S € B(H) is Hermitian.

Proof . If R(U) C R(T), then by Douglas theorem TTU € B(H) and the equation TX = U has a
solution. Besides, since UT* is Hermitian, Xo = TTU + (I — TTT)(T'U)" is a particular Hermitian
solution of Eq. .

Converesly, suppose X € B(H) be a Hermitian solution of Eq. (L.2), then R(U) C R(T). Indeed,
since TU* =T(TX)" = TX*T* =TXT*, so TU* and similary UT* is Hermitian.

To find the general form of Hermitian solution of Eq. , suppose Eq. has a Hermitian
solution, then Xo = TTU + (I — TTT)(TTU)" is a particular Hermitian solution of this equation. If
X € B(H) be an arbitrary Hermitian solution of Eq. (1.2)), then X — X is a Hermitian solution of
equation T'Z = 0. But by ([29], lemma 2.4), Z has the form (I —T7T)S(I — T'T), where S € B(H)
and Hermitian, so X has the form of Eq. .

Converesly, if X = TTU 4 (I — TTT)(T'U)" + (I —= T'T)S(I — T1T) , where S € B(H) be Hermitian,
then it is obvious that X is a Hermitian solution of equation TX = U. [J
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Lemma 3.3. Suppose H, K; be Hilbert spaces and T; € B(H, ;) such that R(T;") N R(1;*) = {0}

1!
15
forall1 <i+#j5<mn. Then | . :[TlT T ... an.
T,
]’

Note that :2 exits uniquely but is not necessarily bounded.
T,
Proof . At first, since R(T;*) N R(1}") = {0}, then
N(T,) = R(Ty')" 2 R(Ty") = R(Ty).

SowehaveTiTjT:O Vi#7 and 1<1i,5 <n and hence

it oo e 0
0 Tl 0
TTH = | 202 , e (3.3)
0 0 oo TLTT
Now, we prove that [TlT T2T TTH satisfies the Moore penrose conditions.
] 1] 7 Tt o0 0 1 [n T
T | Tu| |To 0 T o0 T, T,
1 . . . = . . . = .
0 :

T.| |Tn| |Tn 0 0 T,T,'| |Tn T,

T[] [T Tt 0 0

| || |T 0 T o0
o e I e e L =@ T =

T.| |Tn| | T 0 0 1,7,

_Tl_-'-

T

_Tn_

1]’ [mnh o 0 1 1!
| | T 0 (Wb 0 | | Ty
i (| . ) = . ) = o

: 0 :

ERRED 0 0 (T, T,") T.| | T

' 717

| |T . || |
iv. ( ,2 ? ) :(T1TT1+T2TT2+“'+TnTTn) = |7 ’

7. |T T.] |Tn
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O

10

11 . - 10 2
be a block matriz such that T, = [0 0] and Ty = [0 O]'

15
Obuviously Ty and Ty are not invertible, but there are uniquely Moore-Penrose inverse for them,

10 0 O
T T
7" = [O 0] and Ty = {1/2 01.

Example 3.4. Suppose M =

Moreover, M is not invertible but by simple calculation, Mt = {(1) 8 (l) 8} It means MT =
2
[t 1.
(It is obvious that R(Ty*) N R(Ty*) = {0} ).
I 100
Example 3.5. Suppose M = |'T5| be a block matrixz such that Ty = {O 0 0} , T = [0 2 0} and
T3
0 00 , . . .
T3 = 00 3l Obuviously Ty, Ty and T3 are not invertible, but there are uniquely Moore-Penrose
10 0 0 0
inverse for them, Ty = [0 0], Ty = % and T3' = |0 0|. By simple calculation we have,
00 0 0 3
100 00
Mf=10 0 % 0 0|. It means MT = [TlT Ty TgT],
0000 3
(It is obvious that R(T;") N R(T;*) = {0}, fori,j =1,2,3).
T
Example 3.6. Suppose T' = |1y | be a block operator matriz such that
1

T, :R* — R? st Ty(x,y,z,w)=(x,0),
Ty:RY'— R st Ty(z,y,z,w) =2y,
T3:RY— R st Ty(z,y,z,w)=(0,0,z+w).

Obuviously Ty, Ty and T3 are not invertible, but there are uniquely Moore-Penrose inverse for them as
follow:

"R —R* st Ty'(x,y) = (x,0,0,0),
TR —R* st Ty'(z)=(0,0.52,0,0),
TR — R st Ty'(z,y,2) =(0,0,0.52,0.52).

Moreover, we know that TT is a block operator matriz such that:

TT:REOROR? — R* s.t. TT(xy, 29, 23, 24, 25, 26) = (21,0.523,0.526, 0.52¢). (3.4)
Indeed,
X
[Tt T T (|Y])=TI(X) + () + T(2), (3.5)

A
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where X € R?, Y € R and Z € R3.
By comparing Egs. (3.4) and (3.5)), we have TT = [TlT T) Tg}
(Easily we can see that R(T;") N R(1;*) = {0}, fori,j =1,2,3).

Theorem 3.7. Suppose H and KC; be Hilbert spaces and T;,U; € B(H,K;), fori=1,2,...n Vn €
N, such that R(T;") N R(T;*) = {0}, V1 < i # j <n. The system operator equations T;X = U,
have a common Hermitian solution if and only if

i. R(U;) C R(T;), V1 <i<n.
it. U; Ty is Hermitian, V1 < i <mn.
iii. TU = U, V1< i, j <n.

Then the general form of Hermitian solution to Eq. (1.1)) is

X = iTJUi + (I - iTJTi)(i (T'U:)") + (I - iTﬁT»S(I - iTﬁTi), (3.6)
=1 =1 =1 i=1 i=1
where S € B(H) is Hermitian.
Proof . Let _ ~
Ty Ty Ti(h)
T = T:Z H— B K s.t 7;2 (h) = TQSh) ,
. iR
U] U Ui(h)
U= 1{2 H— e K s.t U:2 (h) = ng(h) ,
U, v, Un(h)

It is obvious that the system Eqgs. have a common Hermitian solution if and only if the equation
TX = U has a Hermitian solution. Clearly by lemma [3.2] the equation TX = U has a Hermitian
solution if and only if R(U) C R(T) and TU" is Hermitian.

Also, R(U) C R(T) if and only if TTTU = U. Now by assumption R(T;*) N R(T}*) = {0}, lemma
and condition (i), we have:

I Uy T 0 e 0 U,
7.5 [Tfr 5 .. Tn’r] U_Q _ O T2§2T | . 0 []'2
T, U, 0 0 Tn.TnT U
T1T1TU1 Uy
B T,T, U, B Us
| T



Hermitian solutions to the system of operator equations ... (10) No. 1, 139-152 147

hence TT'U = U.
Besides, from

o, oy oo TU,”

pue o |BUT B e DU
T,U" T,Uy" --- TnUn*

and conditions (ii) and (iii), we have
U LU - TS|
T,U* T,Uy" --- Tn[.fn*
(TlUlz)i (TZUli)I (TnUli)z
_ (@) () - (Tnfzfz) _ TU*.

(MUY (U (LU

So, TU" is Hermitian and then by Lemma , the equation TX = U has a Hermitian solution.
To prove the converse, suppose the system Egs. have a common Hermitian solution, then the
equation T;X = U, for every i = 1,2, --- ,n have a Hermitian solution, so by lemma/[3.2] the condition
(i) and (ii) is verified. Indeed, for proving the condition (iii), if X, € B(H) be a common Hermitian
solution of the system Egs. , then we have for every ¢ = 1,2,--- ,n, T; Xy = U; and X T;* = U;".
So,

U = T,XoTy" = UT}*, Vi j=1,2,--+ n.

Now, we present the general form of common Hermitiam solution of Eq. (1.1). By the result of
Douglas, since R(U;) € R(T;), so T;'U; € B(H) and consequently TTU € B(H). Then by lemma ,

the general form of Hermitian solution to equation TX = U is:
X=TU+({-TT)(TU)" + (I - T'T)S(I - T'T)", (3.7)
where S € B(H) is Hermitian. Simple calculation shows that X has the form of Eq. (3.6). O

Now, we give an example about the Theorem 3.7:

suppose,

Ty : P(N) — B(N) st Ty(z1,22, ) — (1, 324, 527, +),
Uy : P(N) — *(N) st Ui(xy, 29, ) — (521,0,0,---),
T : l2(N) —>l2<N) s.t. T2($1,$2,"') — (J/’Q,%(L’&%Ig,"'),
U, ZQ(N) —>l2(N) s.t. UQ(ZL‘hl’Q,"') — (%1’2,0,07"'),

Ts - lQ(N) —>12(N) s.t. T3(1’1,$2,"') — (l’g,%l‘ﬁ,%l‘g,"'),
Us: *(N) — I*(N)  s.t. Us(wy, 22, ) — (325,0,0,---).

By some calculaton we can check the theorem.

As a corollary of above theorem, we prove the theorem [2.4] ([7]), about the common Hermitian

solution of system operator Eqgs. (2.2), under some easier condition and without the closedness
conditions of range of operators.
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Corollary 3.8. Let T1,U, € B(H,K), T5, U, € B(G,H) and let R(T2) € N(T1). Then the system
operator equations

TlX - Ul,

{XT2 - UQ,

have a common Hermitian solution X € B(H) if and only if Ty, Uy = Uy, UsTy Ty = Uy, ThU; =
UiTy and Th'U*, T5Uy are Hermitian.

(3.8)

Proof . Since, N(T) = R(T})*, so R(Ty) € N(Ty) if and only if R(Ty) C R(Ty)* if and only if
R(Tz) N R(TT) = {0}.

Besides, if 7777 U; = Uy then R(U;) € R(17) and T\T,'U, = U,. Conversly, if R(Uy) C R(Ty) then
T\T'U, = Uy and so /T, "Uy = TV T U, = TYTV'U, = Uy Hence R(U;y) € R(Th) is equivalent
to T4Ty " Uy = Uy and by same way, R(U;) C R(Ty) is equivalent to UsTy™ Ty = Us.

so by theorem the proof is obvious. O

As a corollary of theorem 2.5 lemma and theorem [3.7] we present the necessary and sufficient
conditions for the existence of common Hermitian solution to system operator Eqs.. For this
purpose, at first, we present the general form of solution of Eq. without the closedness condition.
Subsequently, we characterize the Hermitian solution of Eq. and then extend our results to the

system of operator Eqs ((1.7)).

Lemma 3.9. Let T € B(H,K) ,V € B(G,H), U € B(G,K). If the operator equation TXV = U is
solvable then the general form solution of this equation is:

X=TUVi4+ 8 -TITSVV' VS eBH). (3.9)

Proof . Suppose that the equation 77XV = U is solvable.Then by theorem R(TTU)") C R(V¥)
and the equation XV = T'U is solvable and every solution of equation XV = T'U is a solution of
equation TXV =U.

Now, suppose Xo = TTUVT. Since R((TTU)") € R(V*) then V*V*/(TTU)" = (TTU)" and also
TIUVTV = T'U. Therefore Xq = TTUVT is a special solution of TXV = U.

Now, let X be a solution of equation TXV = U , then X — Xj is a solution of equation T'ZV = 0.

So, Z =8 —TITSVVT, for S € B(H) and so X is the form of Eq. (8.9).
Converesly if

X =TUVi4+ 85 -TITSVVT, S € B(H),
So,

TXV =TX\V + (TSV —TT'TSVVV)
- TX()V - U,

and hence X = TTUVT 4+ S —TITSVVT S € B(H) is general solution of TXV = U. O

Theorem 3.10. Let T € B(H,K), V € B(G,H), U € B(G,K) be such that R(V) C R(T*), then the
following are equivalent:

1. The equation TXV = U has a Hermitian solution X € B(H).
2. R(U) C R(T) and the equation XV = T'U has a Hermitian solution.
3. R(U) C R(T), R(T'U)") C R(V*) and V*TTU is Hermitian.
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The general form of common Hermitian solution of this equation is:
X =Ttovt+(Ttovty' q -vvh+ T -1THSU - TTH + (1 - VvVHS (T -VvVvh,  (3.10)
where S, S € B(H) are Hermitian.

Proof . (1 — 2), Suppose X, € B(H) be a Hermitian solution of the equation TXV = U, then
TX,V = U and R(U) C R(T). Furthermore, as R(V) C R(T*), T"TV =V and TITX TTTV =
T'TX,V =T'U. Hence Yy = T'TX,T'T is a Hermitian solution of the equation XV = T1U.

(2 — 1), Suppose Y, € B(H) be the Hermitian solution of the equation XV = T7U, then Y,V = TTU
and since R(U) C R(T) we have TY,V =TT'U = U.

(2 +— 3), By lemma 3.2 obviously 2 and 3 are equivalent.

Now, we find the general form of Hermitian solution of this equation.

Suppose the equation TXV = U has a Hermitian solution, then the equation XV = T'U and
consequently the equation V*X = (TTU)" has a Hermitian solution. So every particular Hermitian
solution of the equation V*X = (TTU )* is a particular Hermitian solution of the equation TXV =
U. So by lemma Xo = TtUVT +(TTUVH* (I — VVT) is a particular Hermitian solution of the
equation XV = (T'U) and TXV = U.

Now, suppose X be a Hermitian solution of the equation TXV = U, then X — X; is a Hermitian
solution of the equation TZV = 0. So

X —Xo=I-TTHSIT =TT + (I - VVHS'(I - VVT), where
S .S € B(H) are Hermitian.

Hence X is the form of Eq. (3.10).
0

Theorem 3.11. Let T; € B(H,K;) , Vi € B(G;,H), U; € B(G;,K;), Vi = 1,2,---  n be such that
R(T;") N R(T;*) = {0} and R(V;) C R(T;"), V1 <i#j <mn. IfVi=12,---,n, the equation
T; XV; = U; be solvable, then the system operator equations T;XV; = U; have a common Hermitian
solution if and only if

1. Vi*T,'U; is Hermitian, VY1 <1i<n,
2. VYV T = (T, Vi<i<n,
3 ViU = (VPTIU), Vi<i#j<n,

T Uy Wi - Wy,

Tg W21 U2 e WQn
Proof . Let T=| "|, V=[Vi V, --- V,] and U=| | _ ,

Tn Wnl Wn2 e Un

for some W;; € B(G;,K;), V1 <i#j<n.
Obviously the system operator Egs. (1.7) have a common Hermitian solution if and only if the
equation TXV = U has a Hermitian solution. Moreover, suppose h € R(V), then

g1 g1

g g
E| :2 c @ngi s.t V( :2 ) - @?:1‘/;(.%) = h7

gn 9n
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S0,
he @ R(V;) and R(V)C @ R(V;),
and
since  R(V;) C R(T;*), then R(V)C @l R(T;"). (3.11)
Indeed, if h € @ | R(T;"), then exits h; € R(T;") such that h = &} h;. Furthermore, as h; € R(T;"),
k1
ko

then exits k; € KC; such that T,"(k;) = h; and T*(| . |) = @&, 1i" (ki) = h. So, h € R(T") and then
Ky,

@ R(T;*) C R(T"). Therefore, from Eq. (3.11), R(V) C R(T").

So by theorem the equation TXV = U has a Hermitian solution if and only if TT'U = U,

VVIH(THU)" = (TTU)" and V*T'U is Hermitian.

Suppose W;; = T;V; for every 1 <1 # j <n.

We have TT'U = U if and only if

T (Ur Wiy o Wi | [ U Wiy e Wy

T2 W21 U2 ttt WQn W21 U2 te W2n
T, : . : T

_Wnl Wn2 e Un | _Wnl Wn2 e Un i

U, TTITWy, - WL (UL Wy - W]

T Woy  Ty'Uy - TQTQTWQ,n Wor Uy oo Woy,

< =

_TnTnTWnl TnTnTWnZ e TlTlTUn | _Wnl Wn2 te Un

and it is equivalent to R(U;) C R(T;) and R(W;;) € R(T;), for all 1 <i # j < n. So TT'U = U.
Indeed, by some calculation we have V*V*{(TTU)" = (TTU)” if and only if

Vl*vl*’f 0 e 0 (TfUl + Z;‘L:l,j;él TjTle)*
0 Vyvyt e 0 (T3Us + 3071 0 Ty W)
: 0o - : :
0 0 e VIV (@0 + S W)

(TlTUl + Z?:l,j;él TJ'Tle):
_ (T + D i T;'W;s)
(T;{Un + Z;’L:Lj;én TJ'TWJ' )
and it is equivalent to
VVITIo) + Y0 (W) = (TU) + Y (W) (3.12)

J=1j#i J=1,5#i
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Since every equation T; XV; = U; is solvable and has Hermitian solution, then for ¢ = 1,2,--- n,
VVA(TIU) = (T7U;)". So the Eq. (B.12) is eqivalent to condition (2) and ROy s (T;"W,,)") C
R(V;¥) for every 1 < 4,j < n. So by W;; = T;V; and simple calculation we have V* V*T(TTU)* =

(TtU)".
Moreover, _ -
‘/I*TIT V1*T2T ‘/1*TnT [/I[il M[;w %171
Vi VeTy' e VT, S
vy = | 200 72 :
et oyt o et |
Vn T1 Vn T2 Vn Tn Wnl Wn2 U
‘/lTlUl_’_‘/lZ] ljyﬁlT W71 ‘/lT U+‘/12] 1‘77£TW
VI R T W VLUV g TWo g )
Vin U+ Vi S jn T Wi o VIT U+ ViS00 o T Wi

so V*T1U is Hermitian if and only if the conditions (1) and (3) are verified and V;*T;TWW;; is Hermitian
for all 1 <14 # j <n, and we have for all 1 <i # k,7 <n,

ViE D (W) =Vt > (T,
J=1,j#k Jj=1,j%#i

So by W;; = T;V; and simple calculation, V*T'U is Hermitian.

To prove converse, suppose X, € B(H) be a common Hermitian solution of Eq. (L.I)), then by
theorem [3.10] the conditions (1) and (2) are verified. Moreover, if suppose W;; = T;X,V;, then
Xy is a Hermitian solution of equation TXV = U. So V*T'U is Hermitian and by Eq. - the
condition (3) is verified. O

Theorem 3.12. Suppose U,T; € B(H,K), Vi=1,2,---,n. If R(U) C R(T,) then the equation
Yo T:X; = U is solvable.

Proof . Let Ky = (I — TT") and suppose K}l) = Kr, K}n) = KK m-1. By Dauglas theorem, the
equation T'X = U has a solution if and only if R(U) C R(T) or equlvalently KyU =0.
Indeed, the equation 71X, + T5 X5 = U is solvable if and only if the equation Kp, (U — T5X5) =0 is
solvable and it is equivalent to R(Kp,U) C R(Kp,T5).
Moreover, the equation 71X + To Xy 4+ T3X3 = U is solvable if and only if the equation Kp, (U —
15Xy — T3X3) = 0 is solvable and it is equivalent to R(Kg,, 7, KnU) € R(Kk,, 7, K1, T3).
So by induction, the equation 77Xy + T Xy + T5X3 + --- + T,,X,, = U is solvable if and only if the
equation

Kp(U—-TXs —T35X3—---—T,X,)=0
is solvable and it is equivalent to
R<KI(?T13“)2KT1T3~--KT1TH,1 %;%KTng--.KTlTn,Q e KT1U)

(n—2) (n—3) (3.14)
g R(KKTlTQKTngmKTlTn_lKKTlTQKTng'“KTlTn_Q e KTlTn)

So, if R(U) C R(T,) then the Eq. (3.14) is verified. Hence the equation T X7 + ToXs + T3X3 +
.-+ T,X, = U is solvable. (I
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