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Abstract

In Hilbert space L?(R"), we prove the equivalence between the modulus of smoothness and the
K-functionals constructed by the Sobolev space corresponding to the Fourier transform. For this
purpose, Using a spherical mean operator.
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1. Introduction and Preliminaries

It is well known that integral Fourier transform are widely in mathematical physics. In this paper, the
main result of the paper is the proof of the equivalence theorem for a K-functionals and a modulus of
smoothness analog of the statement proved in [2]. For this paper, we use a spherical mean operator.
Assume that L?(R™) the space of integrable functions f with the norm

171 = 17l = ( [ 1760 ) ”

The Fourier transform for the function f € L?(R") is defined by

F&) = [ flx)e™da.
Rn
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The inverse Fourier transform is defined by formula
fla)= [ Fe)er<de.
R

The Plancherel equality in [4].

[ 1r@Pda = | (F©Pde

Rn

Let the operator differential D is defined by

where = (21,....,2,), and D°f = f, Dif = D(D1f), i = 1,2, .......

Let f € L*(R"), we have

~

(D™ f)(€) = (=1)™[¢]" F(£), (1.1)

where m € {1,2,.....}.

Consider in L?(R") the spherical mean operator (see [3])

1

U)n,1 Sn—1

M, f(x) =

f(z + hw)dw,

where S"~! is the unit sphere in R", w,,_; its total surface measure with respect to the usual induced
measure dw.

We have
IMfl < IIFIl 3 f € LA(R™) (1.2)
Let jo(x) be a normalized Bessel function of the first kind, i.e.,

2T (a+ 1) Ja(2)

xa

Ja()

Y

where J,(z) is a Bessel function of the first kind ([I], chap. 7). For any function f(z) € L*(R") we
define the finite differences of the first and the finite differences of the order m with a step h > 0.

Apf(x) = f(x) = Muf(z) = (E = My) f(2)

and

Ay f(x) = Ap(A7 f(2)) = (B = Mp)" f(2).
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We define the generalized modulus of smoothness of the mthe order by the formula

Wi (f50)2 = sup [|AFf]],
0<h<d

where § > 0 and f € L*(R").
Let W3', be the Sobolev space construcred by the operator D,

Wi ={f e L’R"): D/f e L’(R");j =1,2,..,m}
Let us define the K-functionals constructed by the spaces L*(R") and WY, ,
K(f, L2 R W) = int{]|f — gll +¢[D™gll, g € WL},
where f € L2(R"); ¢ > 0.
For brevity, we denote
EKu(f,t)2n = K(f, 6 L*(R"); W3,,).
2. Main Result
C,C1,Coy ... are positive constants
Lemma 2.1. Let f(x) € L*(R"™), then
NGRS AT
Proof . We use the proof of recurrence for m and formula . U
Lemma 2.2. Let f € L*(R"), then
(ML) (€) = Gz (BIEN)F£)
Proof . (see Proposition 4 in [3]) O

Lemma 2.3. For x € R the following inequalities are fulfilled

L Jja(z)] <1
2. 1= ja(x)] < 2|z|

3. |1 —ja(x)| > c with |x| > 1, where ¢ > 0 is a certain constant which depend only on c.

Proof . (Analog of lemma 2.9 in [2]) O
Lemma 2.4. Let f € W' .t > 0. Then

2,n’

wm<f7 t)QJL < ClthDme

(2.1)
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Proof . Let h € (0,t], Ay*f = (E — My)™f is the finite difference with the step h. From formulas
(1.1, (2.1) and the Parseval equality, we obtain

~ ~

IARFIF =11 = a2 (RIED)™ FE D™ FI = (1S (O]

we have

(1 - juz (hlE))"

AV fll = hr™

|£Imf(£)H .

From inequality 2 of lemma [2.3] we obtain

[ARfI] < edh™[[[E]" F(E)] = exh™ [D™ fI| < ext™[[D™f]],
where ¢; = 2. Calculating the supremum with respect to all h € (0, t], we obtain

wm(f7 t)Q,n < Cltm“Dme

0]
For any function f € L?(R") and any number v > 0 let us define the function

o~

P (f)(x) = F 7 (F(E)xw(9)),

where x,(£) =1 for |{| < v and x,(£) =0 for |£] > v, F ! is the inverse Fourier transform.

One can easily prove that the function P,(f) is infinitely differentiable and belongs to all classes
Wz, me{l,2,...}

Lemma 2.5. Let f € L*(R™). The following inequality is true

If = P < sl AL F, v >0

Proof . Let |1 — janz(th > ¢ with h|¢| > 1. Using the Parseval equality, we obtain

(1 juz(4))

(1 (") FE)

14

If = PO = 11 = ()T = ‘

e

Note that

I€|eR |1_jnT_2(|£\)|m = om

v

We have |f = P(f)]] < e [[(1 = jazz () ()| = eall AT, £l where e = ¢, O
Corollary 2.6. [|f — P,(f)]| < cstwn(f,1/v)an

Lemma 2.7. The following inequality is true

D™ (P < car™ AT Sl
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Proof .
We use the Parseval equality

m Senpe e e €I xw (§) Ly

ID™ (B () = [ID™(L (NI = 1™ x (§) F () = ||(1 —jn;2<|§))m(1 = Jaz2 ()"
Note that

sup €1 xw (€) =™ sup (E”l)m =" sup —tm .

gler |1 — jan?(l—f‘)lm gl<v |1 — jnTa(%)lm <t |1 — Jucz ()™
Let

tm
C4 = Sup

<1 11— jang(t)V”'
then the formula is proved. [J
Corollary 2.8. |[D™(P,(f))|l < cat™wm(f,1/v)2n.

The following theorem establishes the equivalence of the modulus of smoothness and the K-
functional.

Theorem 2.9. There exists positive constants cs and cg which satisfying the inequality
csWin(f,0)2.n < Kin(f,0™ )2 < cowm(f,0)2n
where f € L2(R™).
Proof . 1. We prove the inequality
Wi (f,0)2 < Kin(f, 0™ )20
Let h € (0,9], g € W5, We use Lemmas and , we have

IAR A 1AR(f = Dl + 1A gll < 27 f = gll + exh™[|D™g]|

<
< a(lf =gl +0™[D™gl),

where ¢; = max(2™,¢;). Calculating the supremum with respect to h € (0,0] and the infimum
with respect to all possible functions g € W5, we conclude wy,(f,0)2n < c7 K, (f,0™ )20, then the
inequality is proved.

2. Now, we prove the inequality

K (f,0™)am < cowm(f,0)an.
Since P, (f) € Wy,
Ko (f, 0™ )am < |If = B(HI + 6™ [[D™ (B ()]
Using corollaries [2.6] and 2.8 we conclude
Ko (f,0™)om < cswimn(f,1/V)on + ca(0v) " wp (f,1/V)2p.

Since v is an arbitrary positive value, choosing v = %, we obtain the inequality. [J

by the definition of K-functionals we obtain
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