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Abstract

In this paper, we study the Ulam—Hyers—Rassias stability for stochastic integral equations of Volterra
type by using fixed point theorem and Pachpatte’s inequality:.
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1. Introduction

Stochastic (or random) integral equations are fundamental for modeling finance, physics and
engineering phenomena. Several papers have considered on the problem of existence and uniqueness
of solutions of stochastic (or random) integral equations, and the results are established by using
various fixed point techniques and the method of successive approximation (see, e.g [Il 13, 4 6] 11}
24]). Furthermore, asymptotic behavior and stability of solutions of stochastic integral equations are
discussed in [5, 23, 27]. In 1940, Ulam [25] posted the open question ”Under what conditions, the
approximate solution of a given equation can be approximated by its exact solution 7”. This question
was first answered by D.H. Hyers one year later. Thereafter, T. Aoki [2], D.G. Bourgin [7] and Th.M.
Rassias [21] improved the result of D.H. Hyers. For more details and further discussions, we refer
the readers to the monographs by Soon-Mo Jung [12] and the papers of Hamid Khodaei [9} 14]. In
recent years, accompanied by the development of the Hyers—Ulam stability for ordinary differential
equations (see, e.g [13], 20], 22]) and stochastic (or random ) integral equations (see, e.g [17, [18]), and
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stochastic (or random) differential equations (see, e.g [10} [16, 26]). In [I7], Ngoc proved Ulam-Hyers-
Rassias stability results for Volterra type stochastic integral equations by using Gronwall lemma and
Banach’s fixed point theorem. Ngoc [I§] also investigated and established the stability in the sense of
Ulam-Hyers and in the sense of Ulam-Hyers-Rassias for the stochastic Ito-Volterra integral equation.
Li et al. [16] proved the existence for random impulsive stochastic functional differential equations
with finite delays by using Krasnoselskii’s fixed point. Authors also showed Hyers-Ulam stability
results to the equation under the Lipschitz condition on a bounded and closed interval. Vinodkumar
et al. [26] studied the existence and uniqueness of solutions, and Hyers-Ulam-Rassias stability results
for random impulsive fractional differential systems by relaxing the linear growth conditions.

To the best of our knowledge, up to now, the number of papers dealing with Ulam—Hyers stability
for stochastic integral equations is rather scant as opposed to the amount of publications concern-
ing stochastic integral equations. Based on the motivation stated in the work of Ngoc [17, 18] and
Vinodkumar et al. [26] and Li et al. [I6]. In this paper, we shall study the Ulam-Hyers—Rassias sta-
bility for stochastic integral equations of Volterra type by using fixed point theorem and Pachpatte’s
inequality.

The rest of this paper is organized as follows. In Section 2, we introduce some notations and
necessary preliminaries. In Section 3, we shall the Ulam—Hyers—Rassias stability of Equation
via fixed point theorem and Pachpatte’s lemma approach.

2. Preliminaries

Throughout this paper, we denote F the o—algebra of subsets of the sample space €2 and let
(Q,F,P) be a complete probability space. Let W(t) be a Brownian motion defined on the space
(Q,F,P) and let {F;,t € J:=1[0,T]} be the natural filtration associated to W.

Let X (t,w) = {X(t),t cJwe Q} be a stochastic process. For 1 < p < oo, we will use L,(2) to
denote the space of all random variables X with E(|X|?) < co. It is a Banach space with norm

X[l = /E[X]P.

Let L?,(J,€2) denote the space of stochastic processes X (¢,w) satisfying the conditions: X (¢, w)
is adapted to the filtration {F;} and E( [, [X (¢,w)[Pdt) < co.

Suppose that F' : J x R x R — R4, G : J x R? x R? — R™>™ and K : J x R — R? be
measurable, where J = {(t,s) € T x T : s < t}, and X, be an F-measurable R%valued random
variable such that E(]X(|?) < co. We consider the following stochastic integral equations of Volterra
type of the form

X(t):X0+/O F(s,X(s),(QX)(s))ds+/0 G (s, X (5), (QX)(s)) AW (s), (2.1)
where
(QX)(t) = / Kt s, X(s)ds, Vie (2.2)

To investigated the Ulam—Hyers—Rassias stability of Equation ({2.1), we will use the following
assumptions:
(A1) There exists a constant L; > 0 such that

max {|F(t, X5, Y2) — F(t, X1, Y1)|; |G(t, X5,Y2) — G(t, X1, V1)|} < Li (| X2 — Xi| + |Ya — V7)),
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for any ¢ € J and X, X»,Y;,Ys € R%
(A2) There exists a constant Ly > 0 such that
max {|F(t, X,Y)|;|G(t,X,Y)|} < L,(1+ | X| + |V

for any t € J and X,Y € R%:
(A3) There exists a constant M; > 0 such that

|K(t,s,X) = K(t,s,Y)| < M| X -Y|,

for any (¢,s) € J and X € R
(A4) There exists a constant My > 0 such that

|K(t,s,X)| < Ma(1+|X]),

),

for any (¢,s) € J and X € R%
(A5) The random variable X is F-measurable with E(X}) < oo, where p > 2.

Theorem 2.1. Let p > 2 and let g € L2,(J, Q) be such that

e [ loopat) < o=

then

. -9 p/2
where C = (p(p2 >) T®=2)/2

Theorem 2.2. ([§]) Let d : XxX — [0, +00) be a generalized metric on X and (X, d) is a generalized
complete metric space. Assume that T : X — X is a strictly contractive operator with the Lipschitz
constant L < 1. If there exists a nonnegative integer n such that d(T ”*%,T”x) < oo for some
x € X, then the followings are true:

(i) the sequence {T™z} converges to a fixed point x* of T’
(ii) 2* is the unique fixed point of T" in
X = {y € X|d(T”a:,y) < oo};

(iii) if y € X*, then we have

. 1
d(y, ") < ﬁd(T%y)-

Lemma 2.3. ([19]) Let a,b,c € C(J,Ry) be a real-valued functions satisfying the inequality

a(t) < ap+ /Ot b(s)u(s)ds + /Otb(s) (/OS c(r)u(r)dr) ds,Vt e J

holds, where ag is positive constant. Then

alt) < a0(1 + /0 "b(s) exp ( /0 " (b(r) +c(r))dr) ds)

fort e J.
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Lemma 2.4. ([15]) Let a,b,¢,h € C(J,R,) and e be a positive and nondecreasing continuous func-
tion defined on J for which in equality

a(t) < e(t) + /O t b(s) [a(s)—i— /0 e(r)a(r)dr + /0 ' h(r)a<7~)dr] ds.

If
W:iATh@ﬁmp<[T@()+cﬁﬂ&)dr<L
then
alt) < 16_@30* exp < /0 s + c(s)}ds)
for any t € J.

Definition 2.5. Equation (2.1]) is Ulam—Hyers stable with respect to € if there exists M, such that
for each solution X (¢) € L?,(.J, Q) of the following inequality

¢ t
HX(t) — Xo + / F(s,X(s),(2X)(s))ds +/ G(s,X(s),(QX)(s))dW(s)|| <e, (2.3)
0 0 P
for any t € J, there exists a solution U(t) € L?,(J,Q) of Equation such that
|X(#) - U@, < Me, (2.4)

where M, is a constant that does not depend on X (t).

Definition 2.6. Equation (2.1) is Ulam-Hyers-Rassias stable with respect to ¢(t) € C(J,Ry) if
there exists M, such that for each solution X (t) € L?,(.J, Q) of the following inequality

< p(t), (2.5)

p

HX(t)—Xg—i—/o F(s,X(s),(QX)(s))ds+/0 G(s, X (s),(2X)(s))dW (s)

for any ¢ € J, there exists a solution U(t) € L? ,(J,2) of Equation (2.1]) such that
HX@—U@MSA@wWWGL (2.6)
where M, is a constant that does not depend on X ().

Remark 2.7. We see that Definition [2.5] = Definition [2.6]

3. Main results

3.1. Fixed point approach to the Ulam—Hyers—Rassias stability of Equation

In this part, we present the Ulam—Hyers stability and Ulam—-Hyers—Rassias stability for Equation
(2.1) by using the fixed point approach.
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Theorem 3.1. Assume that (A1)-(A5) are satisfied. If

(2272 4 CYTP Ly 4 2% (T 4 YT RMY ) o
then

(i) Equation has a unique solution in LY ,(J,€2).
(i1) Equation has Ulam-Hyers stable in L (J, ).

Proof . Consider a space L (J, ) consisting of all stochastic processes X (¢), which it is F-adapted
and continuous such that

1/p
X, = (supE(x0OP)) (51)

teJ

Now, we consider the operator G : L (J,Q) — L (J,Q) defined by

(GX)(t) = Xo + /0 F(s,X(s),(QX)(s))ds + /0 G(s, X (s),(2X)(s))dW (s), (3.2)
where
= /tK(t,s,X(s))ds, Vte J, X e LP,(J.Q).

For X € L?,(J,Q) and t € J, and by the Holder inequality, we have

[ s <z ([ xipa) " (33)
/0 t 1(QX)(s)|ds < T(”‘l)/p< /0 t |(QX)(3)|pds> " (3.4)

Using the elementary inequality (a + b)P < 277! (a? + bP) and assumtion (A4), we have the following
estimate
t p p
[(QX)(1)]" < (/ yK(t,s,X(s))\ds> < (/ Ma|1+ X (s \ds)
0
t p
< 2P—1TP—1{M§’TP + Mg’(/ |X(s)}ds) } (3.5)
0
Form (3.3)), (3.4)) and (3.5]), we obtain for ¢t € J
t s p
/ 1(QX)(s)|"ds < 2p—1Tp—1{M§TP+M§(/ \X(r)\dr) }
0

§2p—1Tp—1/ {MPTP+MPTP 1( | X (r }”dr) }ds
0 0

< 2p—1Tp—1{M2pr+1 + METP- 1 ( |X |pdr> ds} (3.6)
0
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Using the inequality (a + b+ ¢)? < 3P~ Y(a? + b + ¢P) and the Holder inequalities (3.3)), (3.4)), and
assumtions (A1)-(A4), we have the following estimates

/OtF(s,X(s),(QX)(s))ds < (/ L2<1+yX )|+ ] (9X)( )\)d )p

< 3”‘1L’2’{T”+ (/Ot\X(s)\ds) - (/0 |(QX)(s)\ds>p}
< 3p‘1L’2’{Tp+Tp‘1(/0t }X(s)\pds> +Tp—1</0t ](QX)(S)]”ds)} (3.7)

Inserting (3.6) into (3.7]), we have

p

/0 F(s,X(s),(QX)(s))ds ' <C)+ 02/0 | X (s)[ds + 03/0 /0 | X (r)["drds, (3.8)

where C} := 37~V LETP 4+ 6P~ LEMET*', Cy := 37~V LETP~" and Cy := 67~ LT P M.
Using Theorem and assumption (A2), we have

/OtG(s,X(s),(QX)(s))dW( ) <(JE(/ |G (s, X(s),(QX)(s )|”ds>
< éLgE(/Ot (141X (s)] + [(2X)( )\)%)
< sp—léLgE(/ot (1 +]X ()" + \(QX)(s)yp) ds)

< sp—l(?*Lg{TuE/ot}X(S)\”dHE/Ot|(QX)(S)|”ds}. (3.9)

E

Inserting (3.6) into (3.9)), we obtain

E /0 G(s, X (s),(QX)(s))dW (s) §C4+C5/0 E|X(s)}”ds+cﬁ/0 /OSIE|X(T)|pdes (3.10)

where Cy := 3P*16L12’(TP + 207 MET?P), Cs = 3»-LCLE and Cg := 6P LCLEMET?> 2,
Using the inequalities (a + b+ ¢)? < 3P71(aP + P + ¢?) and (3.8)), (3.10)), we obtain for t € J

|

<3 C1 + Cu + E[Xp|°) + 377 1(Ca + C5) / E|X (s)|ds

p

E[(GX) ()] < 31’1{]E\X0\p +E

/0 P(s, X (s), (QX)(s))ds

+E

/0 G (s, X (s), (QX)(s)) dW (s)

t s
+3p—1(03+c6)/0 /0 E|X (r)[Pdrds (3.11)

Form and inequality (3.10), we infer that H(GX)(t)HnOO < oo. Hence, G(L?,(J,Q)) C
LY ,(J,9).
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For X,Y € L?,(J,€) and using assumptions (A1), and (A3), we have for t € J

<7r! i |F(s,X(s),(QX)(s)) — F(s,Y(s), (QY)(s))["ds

< TplLf;/O (12(s) = Y ()| + | (@X)(5) — (Q)(s)]) s
< or=iqr-ipp /0 (\X(s) —Y () + [(2X)(s) - (QY)(s)‘p>ds
S L VA / t | X(s) = Y(s)["ds + 2°7'T* 2 LY MY / t / S | X(r) =Y (r)["drds  (3.12)

and
p

E

/0 (G5, X(5). (QX)(5)) — G (s, Y (s). (Q¥)(5)) )W (s)

t
SCIE/
0

< zpléLf;E(/otOX(s) =Y (s)|+ [(QX)(s) — (QY)(S)])pds)

P
ds

G (s, X (s), (QX)(5)) = G(s,Y (5), (QY)(5))

" t _ t s
< 2p1C’L11’/ E|X(s) _ Y(s)}pds + 02p1TP1L?1’Mf/ / E|X(7") - Y(r)‘pdrds (3.13)
0 0o Jo

Let X,Y € L?,(J,€) and the estimations , we have for t € J

t

(5. X0 060 ds + [ 6o, X050, QX))

0

E|(GX) (1) - (GY) ()] = E

P

/ ))ds — /0 (s, ¥ (), (QV)(s)) W (s)

Q{E

+E| [ (66, X(9,@X)(5) 65, V() (@) (5) Jaw s

0

p

[F (5, X(5),(2X)(s)) = F(s,Y (5),(QY)(5)) ] ds

. t s
+ 22p72(Tp71 + C)TplLlloMf/ / E|X(7") —Y(r) ‘pdrds. (3.14)
0 0

< 2% 2(TP=' 4 OVIP /O tIE\X(s) —Y(s)|"ds

By taking the supremum of both sides of (3 - ) for t € J, we have
HGX)()) = (GY) (D], o = G X () =Y (1)

p?oo

- - 1/
where C7(T) = (221’”_2(Tp_1 + O)TPLY + 221 (TP~ + C)Tp+1Lf‘1’Mf) g By choosing a suitable
T, € (0,T) sufficient small such that C7(T) < 1, hence G is contraction mapping. By Banach fixed
point theorem, then there exists a unique U € L (J,Q) such that G(U) = U.



220 Vu, Dong

Next, we assume that X (¢) be a solution of Inequation (2.3). For t € J, we have
[ X (1) = G(2X)(1)]|, < e
which implies that
[X(#) - G(QX)®)], . <e

By Theorem [2.2] and for ¢ € J, we obtain

€
IXt) - U], < =&

On the other hand, we get

X&) -v@l, < [[x@® -Uv@)|

p?oo

for t € J. Hence we infer that

€

1-C7
That is, Equation (2.1)) has Ulam-Hyers stability. The proof is completed. O

X -U@), <

Theorem 3.2. Assume that the assumptions (Al)-(A5) are satisfied and there exists a constant
N, > 0 such that

/ " P(s)ds < N, (1),

where ¢ : J — Ry is continuous function. If
~ - 1/p
(zp—l(l + COYTP LN, + 4771 (1 + C)TQP‘2L’1’M{’N§) <1

then
(i) Equation has a unique solution in L ,(J,Q).
(ii) Equation has Ulam~-Hyers—Rassias stability with respect to p(t) in L? (J,$2).

Proof .
Firstly, we choose continuous function ¥ : J — R, such that

t
/ UP(s)ds < N, WP (1), Vte
0

Suppose that there exists two constants a,, 8, > 0 satisfies the following inequality
a,V(t) < p(t) < B,¥(t), Vteld (3.15)
For X(t),Y(t) € L?,(J, ), we define

dy (X (8), Y (£)) = sup ﬁ“X(t) —Y (). (3.16)

teJ



Stability for stochastic integral equations of Volterra type 10 (2019) No. 2, 213-225 221

It is easy to see that the space (de(J, ), dq;) is a complete generalized metric space.
Consider the operator H : LP ,(J,Q2) — L ,(J,Q) defined by

(HX)(t) =Xo+ /0 F(s,X(s), (QX)(S))ds + /0 G(s, X(s), (QX)(s))dW(s), (3.17)
where
(QX)(t) = /tK(t, s, X(s))ds, Vte J X e Ll (JQ).

Now, we need to check the operator H is strictly contractive on L?,(J,Q). For any X,Y €
LP.(J,9Q) and let Cxy € [0,00) be a arbitrary constant with dy (X, Y) < Cx,y, that is, by 1.

we have
[X(#) - Y@®)||, < Cxy¥(), Ve

For any X,Y € L? (J, Q) and performing similar calculations as in Theorem , we have the following
estimate

. t
E|(HX)(t) — (HY)(t)|" <21 + C)L} / | X (r) =Y (r)|"ds
0
. t s
+ 2%72(TP  O)YTP LY MY /0 /0 | X (r) = Y (r)|] drds
t
< ow=2(7r! 4 C) LY / C% y WP (s)ds
0

t s
+ 2%~ 4 C’)TplLf’l’Mf/ / C% v VP (r)drds
0o Jo
< 2% 2(TP! 4 C)LECY, N, P (1)
t
+ 22T+ O)TP T LY MY / C% y N, UP(s)ds
0
< 2% (P! 4 C)LECY N, P (1)
+ 227 4 O)TP T LMY CY,  N2TP (1)
which implies that

H (HX) (t) - (HY) (t)Hp < CsCxyV(t), VteJ,

- - 1/
where Cy(T') := (22p—2(Tp—1 + C)LIN, + 22727771 + C)Tp—lLfl’Msz) "kt implies that
dy (HX)(t),HY)(t)) < CsCxy,
for any t € J. Therefore, we conclude that
dy (HX) (1), HY)(t)) < Csdy (X (1), Y (1)), (3.18)

where X, Y € L?,(J,€Q). By choosing a suitable 75 € (0,7) sufficient small such that Cs(T") < 1,
hence H is strictly contractive on (Lfld(J, Q2), d\p). Applying Banach fixed point theorem, then there
exists a unique U € L? (J,Q) such that H(U) = U.
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Let X(t) be a solution of (2.5) and by assumption (3.15)) and for any ¢ € J, we have
|(HX)(t) = (HY) ()], < o(t) < B,9(2). (3.19)
For any X (¢),U(t) € LY (J,§2) and t € J, we have the following estimate

dy (X (1),U(t)) < dy(X(t), (HX) (1)) + du ((HX)(1),U(t))
= dy (X (1), (HX) (1)) + do (HX) (), HU)(¢)) (3.20)

By the definition of the metric dy and (3.18)), (3.19), (3.20), we obtain
dy (X (),U(t)) < B, + Csdy (X (1), Y (1)) (3.21)

for any t € J, which implies that

dy (X (t),U(t)) < S , Vte (3.22)
1—-0Cs
Therefore,
| X@) - Y (@) < i\p(zﬁ) < M,p(t)
P~ 1—-Cy DR
where M, = %, that is, Equation 1} has the Ulam-Hyers-Rassias stability. This com-

pletes the proof the theorem. [

3.2. Pachpatte’s lemma approach to the Ulam—Hyers—Rassias stability of Equation
In this part, we present the Ulam-Hyers stability and Ulam-Hyers—Rassias stability for Equation

(2.1) by using Pachpatte’s inequality.

Theorem 3.3. Let ¢ : J — R, be a continuous function and ¢P(t) is non-decreasing on J. Assume
that the assumptions (A1)-(A5) are satisfied. Then

(1) Equation has a unique solution in LY ,(J,<2).
(11) Equation has Ulam—-Hyers—Rassias stability with respect to p(t) in L” (J,$2).

Proof . Let U(t) be the solution of Equation (2.1)). For any ¢ € J, we have
Ut) = Xo + /OtF(s, U(s), (QU)(s))ds + /OtG(s, U(s), (QU)(s))dW (s), (3.23)
where
(QU)(t) = /0 Kt s.U(s)ds, Vied (3.24)

Using the inequality (a4 b+ ¢)? < 3771 (a? + b + ¢*) and assumptions (A1)-(A5), we obtain

p

E|U@)]" < 3P—1{E\X0\p +E /O F(s,U(s), (QU)(s))ds

+E /0 G(s,U(s), (QU)(s))dW (s) } (3.25)
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Performing similar calculations as in Theorem [3.1], we have the following estimates

t
E|U®)|" < 377H(Ch + Cy + E|Xo|°) + 377 (C2 + Cs) / E|X(s)["ds
0

t s
+3771(C5 + Cs) / / E|X (r)[Pdrds
0o Jo

t
< 317—1 (Cl —I—C4+]E|XQ|O> +/ 317_1(02 +C’5)E‘X(S)‘pd3
0

t S
_ Cs+Cs
+ 3P10+0/ E|X (r)|Pdrds. 3.26
[ ¥ o) [ GrREX P (3.20
Applying Gronwall-Bellman lemma [2.3] we obtain
EUtng(lJrex (—)><—i—oo, 3.7
| ( )‘ ’ P Cio +Cui ( )
-1 0 -1 Cs +Cs
for any t € J, where Cy := 37 (C’l + Cy + E| X ), Cip =3P (C’g + C’5) and Cy; := oI
2 5

Therefore, we infer that U(t) € L?,(J,Q).

Next, let X (t) be a solution of (2.5 and let U(t) be a solution of (2.1). For any ¢t € J and by the
inequalities (a + b + ¢)? < 377 2(a? + WP + ), we have
P

X)) - U@ < 3”‘1{‘X(t) — X, — /0 F(s,U(s),(QU)(s))ds — /0 G(s,U(s), (QU)(s))dW (s)

n /O|F(3,X(s),(QX)(s)—F(s,U(s),(QUXS)\dS

" p} (3.28)

From Inequalities (2.5)) and the assumption ¢”(t) is non-decreasing function on J, we get

/0 |G(S,X(S), (QX)(S)) — G(s, U(s), (QU)(S)) ’dW(s)

p

’X(t)—XO— /0 F(s,U(s), (QU)(s))ds — /0 G(s,U(s), (QU)()dW(s)| <¢P(t),  (3.20)

for any t € J.
On the other hand, performing similar calculations as in Theorem we obtain the following
estimate

[ 17 X(60.@X)(6) — F (.U, (@05 s

p

t t s
< 2p—1Lzlan—1/ |X(s) _ U(S)lpds + 2p—1L11?T2P—2Mf/ / |X(r) — U(r)‘pdrds (3.30)
0 0o Jo

and
p

Eﬁ’ /0 G (s, X(s), (QX)(5)) — G (s, U(s), (QU)(s)) |dVV'(s)
< 22 2(Tr-l 4 OVIP /tIE}X(s) —Y(s)|"ds

. t s
L2t L Gy MY / / E|X(r) = Y(r)|"drds,  (3.31)
0 0
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for any t € J.

Combining the estimaties (3.31)),(3.30) and (3.29)) with (3.28)), we get

E|X(t) — U(t)‘p < ChaP(t) + 013/0 E|X(s) — Y(s)‘pds

t s
+ 014/ / E’X(r) - Y(T)lpdeS, vt e J, (3.32)
o Jo

where Cyy := 3771, O3 1= 220230~ 1(TP=1 4 O) [P and Cyy := 227230~ 1(TP~1 4 C)TP~1LX MP.
Applying Pachpatte’s Inequality we obtain

E|X(t) = U@)]" < CragP(t) exp ( /0 t (Cis + 014)(13)
S Clzﬁpp@) exp (TCB —+ TCM), (333)

which implies that

| X (t) - U(t)||p < Myp(t), VteJ,

where M, = (012 exp (TClg + TC’M))l/ P This completes the proof the theorem. [
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