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Abstract

In this paper, we study the convexity of the integral operator foz I, (tef i(t))% dt where the functions
fi» i €{1,2,...,n} satisty the condition

£(2) (sz))m - 1‘ <l-a; i€{1,2,...n}.
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1. Introduction and preliminaries

Let A denote the class of functions of the form
FR)=2+> an2",
n=2
which are analytic in the open unit disk
U={z€C:|z| <1}

and satisfy the following usual normalization condition

f0)=f(0)—-1=0.
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We denote by S the subclass of A consisting of functions f(z) which are univalent in U.
A function f € A is a starlike function by the order a, 0 < a < 1 if it satisfies

Re (ZJ{(S)) >a (z€U).

We denote this class with S* («).
A function f € A is a convex function by the order o, 0 < o < 1 if it satisfies

Re <1+ Zﬁ;i’?) >a (zeU)

We denote this class with K ().
A function f € A is in the class R («) if and only if

Re(f'(2))>a, (z€U).

It is well known that K (o) C S* () C S.
Frasin and Jahangiri [I] defined the family B (u,«), u > 0, 0 < a < 1 so that it consists of functions
f € A satisfying the condition

f'(2) (W) ~1

The family B (i, «) is a comprehensive class of analytic functions which includes various classes of
analytic univalent functions as well as some very well-known ones. For example, B (1, ) = S* (o) and
B (0,a) = R(«). Frasin and Darus in [2] (see also [3], [4]) has been introduced another interesting
subclass B (2,a) = B («).

In this paper, we will obtain the convexity of the following integral operator

Foy sy oo (2) = /0 [T (te" )™ at (1.2)
=1

<l—-a, (z€U) (1.1)

where the functions f;(t) are in B (u;, o) for i € {1,2,...,n}.
In the case n = 1 we obatin the integral operator introduced by Frasin and Ahmad in paper [5].

Lemma 1.1. (General Schwarz Lemma) [6] Let the function f be regular in the disk Ur = {z € C :
|z| < R}, with |f(2)| < M for fired M. If f has one zero with multiplicity order bigger than m for
z =0, then

FOIS 2™ (zeUn).

Rm
The equality can hold only if
o0 M
f(z) = ezeﬁzm,

where 0 1s constant.
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2. Main Results

Theorem 2.1. Let fi(z) € B(ui, ), i > 0,0 < «o; < 1 for alli € {1,2,...
M;,(M; > 1,z € U) foralli € {1,2,...,n} then the integral operator F,, ,, , ..., (2

is in K (8) where
0=1- nul((2—a)M" +1)
i=1

and

Zh/z _az Mﬂz 1)§17 71€(C

foralli=1,2,...,n.

Proof . From (|1.2)) we obtain:

n
/ I I fi(z
nyp’yza“')’yn z€ i

=1

and

n

F//1 e (Z) =y Z (Zefi(z))%—l (efi(z) + Zf{(z>€fi(z)) H (Zefk(z))% ‘

i=1 k
k

After the calculus we obtain that:

Fflylla'yza' Y (Z) _ = 1 /
jol . (Z) _272 (;—i_fz(z))

y1Y2 0 i1

Multiply the relation ({2.1) with z and applying modulus, we obtain:

ZFl o (2) Z
V2 0 Y Yn
F/'yl ‘ |/Y’L |Zf + 1|)
Y1272 0 T Yn Z

< Z ol (e () ] (22)

Applying the General Schwarz lemma for the functions f;, we have
|fi(2)| < M;|z| (zeU;ie{l,2,..,n})
Therefore, from ([2.2]), we obtain

)

Fy 29 Yn - /
e By e

ﬁ)m — 1|+ )mf + 1)

F'),q Y29 Y (z) _
From and (2.3), we have
F”? 29 Yn z =

e () < (=) M+ 1) =1-4.

F’),/l Y2 9 I Yn (Z) i=1
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ny. If|fi(z)] <
) defined by

(2.2)

(2.3)
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So
El o ()| _
F';q 2 0 YN (2) o

which imply that the integral operator F., ,,, , ..., (2) is in K(§). O

Letting o1 = a0 = ... = ap =, 1 = o = ... = py = pand My = My = ... = M, = M in
Theorem 2.1 we have

Corollary 2.2. Let fi(z) be in the class B (p,a), p > 0, 0 < a < 1 for alli = 1,2,...,n. If
|fi(2)] < M (M >1;z € U) then the integral operator Fi, ., , ...,y (2) defined by (1.2)) is in K(9)
where

n

§=1=3 Il (2= ) M +1)

=1

and
Zm 2—a)M'+1)<1,y€C

foralli=1,2,...,n.
Letting 6 = 0 in Theorem [2.1], we have
Corollary 2.3. Let fi(z) € B(ui,a;), i > 0, 0 < a; < 1 foralli = 1,2,...,n. If |fi(2)] <

M;,(M; > 1,z € U) for alli € {1,2,...,n} then the integral operator F, ., , ...,y (2) defined by (1.2)
18 convex function in U where

Z"Yi|((2—04i)MzM+1):1a 7 €C

forallt=1,2,...,n.
Letting py = pg = ... = p, = 0 in Theorem [2.1], we have

Corollary 2.4. Let f;(z) be in the class R(;), 0 < o < 1 for alli =1,2,...;n. Then the integral
operator Fy, ., ...y, (2) defined by (1.2) is in K (0) where

:1_Z|’7Z _az
and
Zh/l _az <17’72€(C

forallt=1,2,...n

Letting 11 = pg = ... = 1, = 1 in Theorem [2.1], we have
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Corollary 2.5. Let f;(z) be in the class S*(a), 0 < a; < 1 for all i = 1,2,...,n. If |fi(z)| <
M;,(M; > 1,z € U) foralli € {1,2,...,n} then the integral operator F., ., , ...,y () defined by (1.2)
is in K (0) where

5_1—21% a;) M; + 1)
and

ZI% ) M;+1) < 1,7 €C

foralli=1,2,...n
Letting 6 =0, a; = ag = ... = o, = 0, n = 1 in Corollary [2.4] we have

Corollary 2.6. Let f(z) € A be a regular function in U. Then the integral operator

F(z) = /OZ (tef(t))wdt

15 convez in U where

1
= -, e C.
kel U
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