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Abstract

In this article, we introduce a class of the generalized mixed additive, quadratic and quartic functional
equations and obtain their common solutions. We also investigate the stability of such modified
functional equations in the non-Archimedean normed spaces by a fixed point method.
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1. Introduction

The stability of a functional equation originated from a question raised by Ulam in [28] as follows:
“when is it true that the solution of an equation differing slightly from a given one must of ne-
cessity be close to the solution of the given equation?”. The first answer (in the case of Cauchy’s
functional equation in Banach spaces) to Ulam’s question was given by Hyers in [18]. Following his
result, a great number of papers on the stability problems of several functional equations have been
extensively published as generalizing Ulam’s problem and Hyers’s theorem in various directions; see
for instance [T, 17, 19, 20], 25, 27]. Some results regarding to the stability of various forms of the
mixed type additive-quadratic ([5], [31]), additive-cubic ([23], [30]), additive-quartic ([2], [3], [12]),
cubic-quartic ([4], [14]), quadratic-quartic ([6], [11], [29]), additive-quadratic-cubic ([I3], [21]), and
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additive-quadratic-sextic [15] functional equations were investigated in some normed spaces and alge-
bras. For some results on the various functional equations in non-Archimedean (2,3)-Banach spaces,
refer to [9] and [10].

Mohamadi et al. in [22] introduced the additive-quadratic-quartic functional equation

flx+2y)+ f(z —2y) =2[f(x+y) + flo —y)f(—r —y) + fly — v)]
—A[f(=x) + f(y) + f(=y)] = 2f(z) + f(y) + f(—2y). (1.1)

They study the Ulam stability problem for (1.1) in complete random normed spaces; for fuzzy
stability of (1.1)) see [24].

In this article, we consider the class of mixed type additive-quadratic-quartic functional equations
as follows:

flax +by) + f(ax — by) + f(bx + ay) + f(bx — ay)
=2(ab)’[f(z +y) + flx —y) — 2f(z) — f(y) — f(—y)]
+2[f(ax) + f(bz) + f(ay) + f(by)] — (a +0)(f(y) — f(~y)) (1.2)

for the fixed integer a and any integer b such that a,b # 0,£+1 and a + b # 0. It is easy to check
that the mapping f(z) = az* + S22 + vz is a common solution of the functional equations given in
. We obtain the general solution and study the Hyers-Ulam stability of the equation in the
non-Archimedean normed spaces for the fixed integer a and any integer b such that a,b # 0,+1 and
a + b # 0. In other words, in the proof of our main results, we apply the fixed point method which
was used for the first time by Brzdek et al., in [8]; see also [7] and [26].

2. Solutions of ([1.2])

In the sequel, by the mapping f : X — Y satisfies the functional equation (1.2]), we mean that
f satisfies ([1.2)) for the fixed integer a and any integer b such that a,b # 0,£1 and a + b # 0. Here,
we firstly find out the general solutions of (|1.2)).

Proposition 2.1. Let X and Y be real vector spaces. Suppose that the mapping f : X — Y
satisfies the functional equation (|1.2)).

(i) If f is an odd mapping, then it is additive;

(i) If an even mapping f : X — Y satisfies functional equation , then the mappings g, h :
X — Y defined by g(x) := f(2x) — 16f(x) and h(z) := f(2z) — 4f(z) are quadratic and
quartic, respectively.

Proof . (i) By assumption, the equation (|1.2)) can be rewritten as follows:

flax +by) + flax — by) + f(bx + ay) + f(bx — ay) (2.1)
= 2(ab)’[f(x +y) + f(z —y) — 2f(2)]
+2[f(az) + f(bz) + flay) + f(by)] — 2(a +b) f(y) (2.2)

Note that f(0) = 0. Replacing (x,y,b) by (0,z,a) in (2.1]), we get

flax) = af(x) (2.3)
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for all z € X. Putting a = b in (2.1) and using ({2.3]), we have

a(a® = 1)[f(z +y) + f(x —y) = 2f(2)] = 0 (2.4)
for all z,y € X. Since a # 0, 1, it follows from that
fle+y)+ fle—y) =2f(x) (2.5)
for all z,y € X. Interchanging (z,y) by (y,z) in (2.5), we obtain
fle+y)+fly—x)=2f(y) (2.6)

for all z,y € X. Now, equalities (2.5)), (2.6) and the oddness of f imply that f(z+y) = f(z)+ f(y)
for all x,y € X. This means that f is an additive mapping.

(ii) We firstly note that f(0) = 0. Letting y = = and b = 2a in ([1.2)) and using the eveness of f,
we get

f(3az) + f(az) = 4a*[f(22) — 4f (2)] + 2[f (az) + f(2az)] (2.7)

for all x € X (and for the rest of this proof, all the equations are valid for all z € X). Putting y = =
and b = 3a in (|1.2)), we obtain

f(4az) + f(2az) = 9a[f(2x) — 4f(2)] + 2[f (ax) + f(3ax)] (2.8)
It follows from and that
f(4az) + f(2az) = 17a"[f(2z) — Af (z)] + 4[f (az) + f(2az)] (2.9)
Replacing (b,y) by (a,2z) in (1.2)), we have
f(Baz) + f(ax) = 2a"[f(3x) — f(x) — 2f(22)] + 4[f(az) + f(2az)] (2.10)
Substituting (b, y) by (a,3z) in (T.2), we deduce that
f(4az) + f(2ax) = a*[f(4x) + f(2x) — 2f () — 2f(32)] + 2[f (3ax) + f(azx)] (2.11)
Plugging into (2.11]), we find
f(4az) + f(2az) = a*[f(4x) — 3f(2x) — 4f(x)] + 4[f(az) + f(2az)] (2.12)

Since a # 0, one can check that equalities (2.9) and (2.12)) necessitate that
f(4x) —20f(2x) 4+ 64f(z) =0 (2.13)
for all x € X. From relation (2.13)), the desired results can be obtained. [

Corollary 2.2. Let X and Y be real vector spaces. Then, a mapping f : X — Y satisfies the
functional equation for all x,y € X if and only if there exist a unique additive mapping A :
X — Y, a unique symmetric bi-additive mapping Q : X x X — Y and a unique symmetric
multi-additive mapping Q : X x X x X x X — Y such that f(zx) = A(x) + Q(x,x) + Q(x, z, x, )
forallz € X.
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Proof . Suppose that f satisfies (1.2)). We decompose f into the odd part and even part by putting

1

fole) = 5@ = F(=2), fole) = 3@ + f(-2)).  (z € X).

By Proposition 2.1 f,(z) = A(z). If g,h : X — Y are mappings defined as in Proposition [2.1]
then the mappings g and h are quadratic and quartic, respectively, and f.(z) := 35 (h(z) — g(z)) for
all z,y € X. Thus, there exist a unique symmetric bi-additive mapping Q@ : X x X — Y and a
unique symmetric multi-additive mapping  : X x X x X x X — Y such that g(x) = —129(z, x)
and h(x) = 129(x,z,z,z) for all x € X (see also the proof of [29, Theorem 2.2]). Therefore,

f(z) = folz) + feo(x) = A(x) + Q(z, z) + Q(x, 2, x, x) (x € X).

The proof of the converse is trivially. [

3. Stability Results for ((1.2])

In this section, we prove the generalized Hyers-Ulam-Rassias stability of the mixed type additive,
quadratic and quartic functional equation in the non-Archimedean normed spaces.

We firstly recall some basic facts concerning non-Archimedean spaces and some preliminary re-
sults. By a non-Archimedean field we mean a field K equipped with a function (valuation) |- | from
K into [0,00) such that |r| = 0 if and only if r = 0, |rs| = |r||s|, and |r + s| < max{|r|,|s|} for
all r,s € K. Clearly 1] = | — 1] = 1 and |n| < 1 for all n € N (for more information about the
non-Archimedean fields refer to [16]).

Let X be a vector space over a scalar field K with a non-Archimedean non-trivial valuation |-|. A
function ||-|| : X — R is a non-Archimedean norm (valuation) if it satisfies the following conditions:

(i) ||z|]| = 0 if and only if z = 0;
(i) [Jrall = [r(ll=ll, (€ X,reK);
(iii) the strong triangle inequality (ultrametric); namely,

2 +yl < max{|lz], [[yll}  (z,y € X).

Then (X, || - ||) is called a non-Archimedean normed space. Due to the fact that
lzn = @ < max{llzj1 —ajl;m <j<n—-1} (n2>m)

a sequence {x,} is Cauchy if and only if {x, 1 —z,} converges to zero in a non-Archimedean normed
space X. By a complete non-Archimedean normed space we mean one in which every Cauchy
sequence is convergent.

Here and subsequently, for the given mapping f : X — Y, we define the difference operators
Agpf : X x X — Y via

Aapf(z,y) = flax +by) + flax —by) + f(bx + ay) + f(bx — ay)
—2(ab)?*[f(z +y) + flz —y) — 2f(2) — fy) = f(~y)]
= 2[f(az) + f(bx) + flay) + f(by)] + (a + b)(f(y) — f(=y))
for the fixed integer a and any integer b such that a,b # 0,4+1 and a + b # 0.
Throughout, for two sets A and B, the set of all mappings from A to B is denoted by B4. We
also denote the nonnegative real numbers by R,. The proof of the stability of the functional equation

(1.2) in the non-Archimedean normed spaces is based on a fixed point result that can be derived
from [8, Theorem 1]. To present it, we introduce the following three hypotheses:



A fixed point approach to the stability of ---11 (2020) No. 2, 17-28 21

(H1) F is a nonempty set, Y is a complete non-Archimedean normed space over a non-Archimedean
field of the characteristic different from 2, j € N, ¢1,...,9; : £ — E and Ly,...,L; : E —
Ry,

(H2) T :Y¥® — Y® is an operator satisfying the inequality

ITA@) = Tu(@)|| < maxieq,.. 3 L) [Mgi(2)) = ulgi(@)ll, A peY® ek,

,,,,,

Aé(l’) = maxie{l ]}Lz(x)CS(gl(:B)) o€ RE, r e k.

.....

Here, we bring the following theorem which is a fundamental result in fixed point theory [8]. This
result plays a key tool to reach our aim in this paper.

Theorem 3.1. Let hypotheses (H1)-(H3) hold and the function ¢ : E — R, and the mapping
v E—Y fulfill the following two conditions:

ITp(z) — (@)l < e(z), lim Ae(z) =0 (v € E).

l—o0

Then, for every x € E, limy_,o T'o(x) =: ¢(x) and the function ¢ € YE, defined in this way, is a
fized point of T with
lo(z) — (@) < supjen,Ne(z) (v € B).

From now on, let X be a linear space and let Y be a complete non-Archimedean normed space
over a non-Archimedean field K of the characteristic different from 2, unless otherwise explicitly
stated. Furthermore, we assume that |2| < 1.

Theorem 3.2. Let s € {—1,1} be fized. Suppose that ¢ : X x X — Ry is a mapping satisfying
the equality

lim L (272, 2°y) =0 (3.1)

I—00 [2]5
for all x,y € X. Assume also f: X — Y is an odd mapping satisfying the inequality

[Aasf (2, y)ll < o(z,y) (3.2)

for all z,y € X. Then, there exists a unique additive mapping A : X — Y such that

1 s—1
(@) = A < suprenporzr® (275%) (33)
for all x € X, where
1 1
Do) = o a0 |y 900,200, 21600 2), 6. | (3.4)
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Proof . We firstly note that f(0) = 0. Replacing (x,y,b) by (0,2,a) in (3.2) and applying the
oddness of f, we have

If(az) = of ()] < 776(0.2) (35)
for all x € X. Putting y =2z and b = a in , we get
12 (2az) — 2a*(f(22) — 2f(2)) — 8 (ax) + 4af(2)| < d(,2) (3.6)

for all x € X. The inequality (3.6) can be modified as

12(f(2az) — af(2x)) + 2a(1 — a®)(f(22) — 2f(2)) — 8(f(azx) — af (2))|| < ¢(z,2)  (3.7)
for all x € X. It follows from and that

1f(22) = 2f(2)|| < @(2) (3.8)
for all x € X, where ®(z) is defined in . In other words, the inequality is equivalent to
I70) = 5o @0 < e (25'0) (39)
for all x € X. For each x € X, set
TE(@) 1= -6(2'0) and e(z) = ; ! S0 (270) (v,

The inequality (3.9) can be rewritten as follows:
1f(x) =T f()] <e(x)  (v€X). (3.10)

Define An(z) := ﬁn (2°z) for all n € RY,x € X. It is easy to see that A has the form described in
(H3) with E = X, g(x) := 2%z for all #z € X and L;(z) = 5. Moreover, for each A, € YX and

o2
x € X, we get

I70) = Talo)l = | 3A20) = gou@)]| < L46o) N — (D

23

The above relation shows that the hypothesis (H2) holds. By induction on [, one can check that for
any [ € N and z € X that

]_ s 1 s—1 s
Ae(z) = |2|516 (2°2) = 2 %HZCI) (2 7 T lx) (3.11)

for all x € X. Relations (3.1) and (3.11) show that all assumptions of Theorem are satisfied.
Hence, there exists a unique mapping A : X — Y such that A(z) = lim;_. (T f)(z) for all x € X,
and also (3.3]) holds. Clearly,

80T 0)]| < o (242.2°) (312
for all z,y € X and [ € N. Letting [ — oo in and applying (3.1]), we arrive at A, pA(z,y) =0
for all x,y € X. This means that the odd mapping A satisfies and so by Proposition it is
additive. Therefore, the proof is now completed. [

In the oncoming corollary which is a direct consequence of Theorem the norm of A, f(z,y)
is bounded by a positive real number 4.
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Corollary 3.3. Let § be a positive real number. Suppose that f : X — Y is an odd mapping
satisfying the inequality

[Aapf(zy)ll <0
for all z,y € X. Then, there exists a unique additive mapping A : X — Y such that

J

— < X).
@) = AW € prr (@€ X)
Proof . It is enough to put s = —1 and ¢(z,y) = § in Theorem O
We have the next result which is analogous to Theorem for functional equation ([1.2)) in the

even case.

Theorem 3.4. Let s € {—1,1} be fized. Suppose that ¢ : X x X — Ry is a mapping satisfying
the equality

lim ¢ (2°z,2%y) =0 (3.13)

e 2]

for all x,y € X. Assume also f : X — Y is an even mapping satisfying f(0) = 0 (in the case
s = —1) and the inequality

[Aapf(z,y)ll < ¢(z,y) (3.14)

for all x,y € X. Then, there exists a unique quadratic mapping @ : X — Y such that

1 s—1
1£(20) = 167(2) = Q)| < swPren g ¥ (27 ) (3.15)
for all x € X, where
W(r) = ,Q—iﬂmax{u T R, o), 2lo(, 22), ¢(, 32)} (3.16)

Proof . For the case s = 1, since |2| < 1 is assumed, ¢(0,0) = 0 by (3.13)) and so f(0) = 0 by (3.14).
Interchanging (y,b) by (z,2a) in (3.14) and using the evenness of f, we obtain

12(f (3az) + f(ax)) — 8a*(f(2x) — 4f(x)) — 4(f(az) + f(2az))|| < ¢(z, ) (3.17)
for all z € X. Putting y = x and b = 3a in (3.14)), we find
12(f (4az) + f(2ax)) — 18a*(f(22) — 4f(z)) — 4(f(3ax) + f(az))|| < d(z, ) (3.18)
for all x € X. Plugging into (3.18), we have
12(f (4az) + f(2ax)) — 34a’(f(22) — 4f(2)) — 8(f(ax) + f(2ax))[| < (1 + [2))p(z,2)  (3.19)

for all x € X. Once more, replacing (y, b) by (2z,a) in (3.14), we get
12(f(3az) + f(ax)) — 2a*(f(3z) — f(z) — 2f(22)) — A(f(az) + f(2a2))| < ¢(z,22)  (3.20)



24 A. Bodaghi, Th. M. Rassias and A. Zivari-Kazempour

for all z € X. Setting y = 3x and b = a in (3.14]), we arrive at

12(f(4ax) + f(2ax)) — 2a*(f(4x) + f(22) — 2f(x) — 2f(3x)) — 4(f(3az) + f(azx))|
< ¢(, 31) (3.21)

for all z € X. It follows from and that
12(f (4az) + f(2ax)) — a*(2f (4x) — 6f(2x) — 8f(x)) — 8(f(ax) + f(2az))|

< max{[206(z, 22), 6(, 32)} (3.22)
for all x € X. Now, inequalities (3.19) and (3.22)) imply that
1f(42) = 20f(22) 4 64f(2))| < ¥(x) (3.23)

for all x € X, where U(x) is defined in (3.16]). Similar to the proof of Theorem for each x € X

we consider . )
o s L sgl X
TE(x) = 55 (2°x) and €(x) := —|2|8+1\I/ (2 :L‘) (EeyY™).

Then, inequality (3.23)) will be rewritten as

lg(x) = Ty(x)| < e(x)  (z € X), (3.24)

where g(z) := f(2x) — 16f(x). Define An(z) := #n (2°z) for all n € RY,z € X. Hence, the
mapping A satisfies in (H3) with £ = X, g1(z) = 2°z for all x € X and L,(z) = |2‘125. Furthermore,
for each A\, n € YX and = € X, we have

1. 1. 1
—A2%7) — —p(2°2)|| < o

225 B 223

[T M) = Tu()| = ‘ A2°2) = u(2°2)] -

Thus, the hypothesis (H2) holds. In addition, for any [ € N and z € X we have

1
l -
Ne(x) = P

€ (25l:c) =

s=lig

for all x € X. It follow from ([3.13) that lim;_,. Ale(az) = 0 and hence all assumptions of Theorem
are satisfied. Therefore, there exists a unique mapping Q : X — Y defined through Q(z) =
lim; o (T f)(x) such that

1 a1,
lo(2) = QI < suprer g ¥ (277 70) (€ X).
In other words, the relation (3.15)) holds. One can show that

1A8as(T ) )]l <

o ¢ (2°z,2%y) (3.26)
for all z,y € X and [ € N. Taking [ — oo in and using (3.13)), we find A,;,Q(z,y) = 0 for all
x,y € X. Hence, the mapping Q satisfies . Therefore, it is quadratic by Proposition This
finishes the proof. [

We have the next result which is analogous to Theorem for the functional equation in
another even case.
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Theorem 3.5. Let s € {—1,1} be fized. Suppose that ¢ : X x X — Ry is a mapping satisfying
the equality

i
fi e

¢ (2%2,27y) =0

for all x,y € X. Assume also f : X — Y is an even mapping satisfying f(0) = 0 (in the case
s = —1) and the inequality (3.14). Then, there ezists a unique quartic mapping Q : X — Y such
that

1 s—1 s
1£22) = 41(2) = @) < supre e ¥ (27 )
for all x € X, where V(x) is defined in (3.16]).
Proof . From the proof of Theorem (3.4}, we have
1f(4x) — 20f(2x) + 64 f(2))[| < V(z) (3.27)

for all € X, where U(x) is defined in (3.16)). For each x € X, consider

1 1 s—1
TE(x) = on (2°z) and €(x) := |2|2(—s+1)111 (2 2 m) :

We modify relation (3.27) as follows:
|h(z) — Th(x)|| < e(x) (x € X), (3.28)

where h(z) := f(2x) — 4f(z). Define An(z) := m%n (2%z) for all n € RY,z € X. Thus, the mapping
A is as in (H3) with E = X, ¢g;(z) = 2°z for all z € X and Li(x) = ‘2|14S. The rest of the proof is
similar to the proof of Theorem O

The next corollary is a direct result of Theorems and [3.5

Corollary 3.6. Let 6 be a positive real number. Suppose that f : X — Y 1is an even mapping
satisfying the inequality

HAa,bf(xay)H S 6

for all x,y € X. Then, there exists a unique quadratic mapping @ : X — Y and a unique quartic
mapping Q : X — Y such that

211 +[2[)
jal*

1f(22) = 16f(z) — Qx)|| < b

and 5
12]°(1 + |2])
|al*

1f(22) = 4f(x) — Qa)[| < 0,  (reX).

In the upcoming result, we prove the stability for the functional equation ((1.2)) when f is an
arbitrary mapping.



26 A. Bodaghi, Th. M. Rassias and A. Zivari-Kazempour

Theorem 3.7. Let s € {—1,1} be fized. Suppose that ¢ : X x X — Ry is a mapping satisfying
the equalities

. 1 1 l o . l £ y) _
lliglo ‘2’4l¢ (2'z,2'y) =0 and lll>1r£10|2| ¢ (21, o) = 0 (3.29)

for all z,y € X. Assume also f: X — Y is a mapping satisfying the inequality

||Aa,bf<xay)|| < gb(:}c,y)

for all x,y € X. Then, there exists a unique additive mapping A : X — Y, a unique quadratic
mapping Q : X — Y and a unique quartic mapping Q : X — Y such that

1f(2) = A(z) = Q(z) — Q(2)]|

1 g s—1 1 1 ~ s—1 1 1 ~ s—1
s=1 4 S=2 sl ==+sl
S SUPjen { ‘2|%+sl@ (2 ’ I) 12| |2|2(s+1)+4sz\11 (2 ’ x) 12| |2|8+1+25l\11 (2 ’ x)}

for all x € X, where

~ 1 1
O(z) = mmax {@@(0, 2z), |2|¢(0, z), p(z, a:)} (3.30)
and B
U(z) = ‘2a4|max{(1 + |2|)p(z, x), 12|¢(x, 22), p(x, 3)} (3.31)
i which
pl.4) = 318(,) + 6(~z, ~y)]. (3.32)

Proof . To achieve our aim, we decompose f into the even part and odd part by setting

(@) = f(~2),  fole) = ~(f(0) + f(~2)), (x€X).

folz) = 5

1
2
We have

[Aasfolz, Yl < @@ y),  [Aapfe(z, y)|| < @(z,y)
for all z,y € X, where ¢(z,y) is given in (3.32). Since |2| < 1, the equalities in (3.29)) imply that

1
lm ——¢ (2%2,2%y) =0 (t€{1,2,4}).

l—o0 ’2’

It follows from Theorem that there exists a unique additive mapping A : X — Y such that

1 ~ s—1 s
o) = AW < bz (251) (3:33)

for all z € X, where &3(3:) is defined in 1' Furthermore, Theorems and imply that there
exists a unique quadratic mapping Qg : X — Y and a unique quartic mapping Qg : X — Y such
that

1 ~ [ 51
1:(22) = 16/(2) = Qol@)] < supren 3z ¥ (27 ) (3.34)
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and

]_ ~ s—1 s
1£:(22) = 41.(2) = Qol@)]| < swprer e ¥ (27 ) (3.35)

for all z € X, where U(z) is defined in (3.31). By the inequalities (3.34) and (3.35), we have

1

]_ ~ s—1 s 1 ~ s— s
er(x) - Q(l’) - D(I)H S MsupleN {W\I} (2 3 T lx) 7‘2|5+m‘1/ (2 1+ lx)} (336)

for all z € X, where Q(z) = —4Qo(z) and Q(z) = 159Q0(). Plugging relation (3.33) into (3.36)),

we obtain the desired result. [J

Corollary 3.8. Let § be a positive real number. Suppose that f : X — Y is a mapping satisfying
the inequality

[Aapf(z,y)ll <6

for all x,y € X. Then, there exists a unique additive mapping A : X — Y, a unique quadratic
mapping Q : X — Y and a unique quartic mapping Q : X — Y such that such that

1) = Atw) = @) ~ 2 < max{ gy T |
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