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Abstract

We introduce a new iterative scheme for finding a common element of the solutions set of a generalized
mixed equilibrium problem and the fixed points set of an infinitely countable family of nonexpansive
mappings in a Banach space setting. Strong convergence theorems of the proposed iterative scheme
are also established by the generalized projection method. Our results generalize the corresponding
results in the literature.
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1. Introduction

Let C' be a closed convex subset of a Banach space E. A mapping T : C' — C is said to be
nonexpanswe if | Tx — Ty|| < || — y|| for all z,y € C. We denote by F(T') the set of a fixed point
of T

Let f: C x C — R be a bifunction, A : ' — E* a mapping, and ¢ : C' — R a real-valued
function. The generalized mixed equilibrium problem is to find = € C' such that

fle,y) + (Az,y — ) + ¢(y) = ¢(x), Vy € C. (1.1)
The solutions set of is denoted by GMEP(f, A, ¢).
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If A =0, then the generalized mixed equilibrium problem ([1.1)) reduces to the following mixed
equilibrium problem: finding x € C' such that

f(zy) +oy) = ¢(x), Yy € C. (1.2)

Problem (1.2) was introduced by Ceng and Yao [7]. The solutions set of (1.2) is denoted by
MEP(f,¢).

If f =0, then the generalized mixed equilibrium problem (1.1]) reduces to the following mixed
variational inequality problem: finding x € C' such that

(Az,y —x) + p(y) > p(z), Vy € C. (1.3)

The solutions set of (1.3)) is denoted by VI(C, A, ¢).
If ¢ = 0, then the mixed equilibrium problem ([1.2)) reduces to the following equilibrium problem:

finding = € C such that
flz,y) 20, vy e C. (1.4)

The solutions set of (1.4]) is denoted by EP(f).
If f =0, then the mixed equilibrium problem (|1.2)) reduces to the following convex minimization
problem: finding x € C' such that

e(y) = p(z), Yy € C. (1.5)

The solutions set of is denoted by C'M P(yp).

The problem is very general in the sense that it includes, as special cases, optimization
problems, variational inequalities, minimax problems, Nash equilibrium problem in noncooperative
games and others; see for instance, [5], 111, 13| 20].

For solving the equilibrium problem, let us assume that:
Al) f(z,xz) =0 for all z € C;
A2) f is monotone, i.e. f(x,y)+ f(y,z) <0 for all x,y € C;
A3) for all 2,5,z € C, limsup,, f(tz + (1 —t)z,y) < f(z,y);
A4) for all x € C; f(x,.) is convex and lower semicontinuous.
In 1953, Mann [19] introduced the following iterative procedure to approximate a fixed point of
a nonexpansive mapping 7" in a Hilbert space H:

Tpt1 = Quy + (1 —ay)Tx,, n >0, (1.6)

where the initial point zg is taken in C' arbitrarily and {a,} is a sequence in (0,1).

However, we note that Mann’s iteration process has only weak convergence, in general; for
instance, see [4, [14] 27].

Let C' be a nonempty, closed and convex subset of a Banach space E and let {T},} be sequence of
mappings of C' into itself such that ()~ F(T,,) # 0. Then {T,,} is said to satisfy the NST-condition
if for each bounded sequence {z,} C C,

lim ||z, — Thz,]| =0
n—oo

implies wy,(2,) C (o F(T5), where wy,(2,) is the set of all weak cluster points of {z,}; see [3} 211, 22].
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In 2008, Takahashi et al. [33] has adapted Nakajo and Takahashi [23]’s idea to modify the
process ([1.6]) so that strong convergence is guaranteed. They proposed the following modification for
nonexpansive mappings in a Hilbert space: zy € H, C1 = C, u; = Pg, 7 and

Yn = Qply + (1 - an>Tnun7
Cry1 = {2 € Cp : |lyn — 2|l < |Jug — 2]|}, (1.7)
Un+1 = PCn+1'IO7 ne N’

where 0 < a,, < a < 1 for all n € N and Pk is a metric projection from a Hilbert space H onto a
nonempty, closed and convex subset K of H. They proved that if {T},} satisfies the NST-condition,
then {u,} generated by converges strongly to a common fixed point of {7},}>2 ;.

Xu [36] introduced the following iterative scheme for finding a fixed point of a nonexpansive
mapping in a Banach space: x¢o = x € C and

Cn=rco{z € C:|z—Tz| <tpllxy, — Tz, },
D,={z€C:{(x,— 2z Jx— Jx,) >0}, (1.8)

Tp+1 = HCnﬂan7 n > 0,

where ¢oD denotes the convex closure of the set D, {t,} is a sequence in (0,1) with ¢, — 0, and
[I¢, Ap, is a generalized projection from a Banach space E onto C,, N D,,. Then, he proved that the
sequence {z,} generated by converges strongly to a fixed point of 7T'.

Very recently, Kimura and Nakajo [16], by using the Mosco convergence technique, obtained strong
convergence theorems in a Banach space. They also proposed the following algorithm: xy =z € C
and

Cn=7co{z € C:|z—Tuz| < tul|lvn — Thxnl },
D,={z€C:{(x,— 2z Jr— Jx,) >0}, (1.9)

xn—i—l - chﬂDn$7 n Z 17

where {t,} is a sequence in (0,1) with ¢, — 0 as n — oo. They proved that if {7,,} satisfies the
NST-condition, then the sequence {z,} generated by converges strongly to a common fixed
point of {T},}5° ;.

The problem of finding a common element of the fixed points set and the solutions set of an
equilibrium problem in the framework of Hilbert spaces and Banach spaces has been studied by
many authors; for instance, see [8, 9l 24 25, 26], 29] B0, 32, B35 B7] and the references therein.

Motivated and inspired by Xu [36], Kimura and Nakajo [16], we introduce a new hybrid projection
algorithm for finding a common element of the solutions set of a generalized mixed equilibrium
problem and the fixed points set of an infinitely countable family of nonexpansive mappings in the
framework of Banach spaces.

2. Preliminaries and lemmas

Let E be a real Banach space and let U = {z € F : ||z|| = 1} be the unit sphere of E. A Banach
space F is said to be strictly convex if for any z,y € U,

x #y implies HxT—i_yH < 1.

It is also said to be uniformly convez if for each € € (0,2], there exists § > 0 such that for any
x,ye U,

xr —y|| > e implies Tty <1-=0.
lz :



52 Cholamjiak, Suantai

It is known that a uniformly convex Banach space is reflexive and strictly convex. Define a function
d:[0,2] — [0, 1] called the modulus of convexity of E as follows:
r+vy

5(¢) :inf{l— H .

Then E is uniformly convex if and only if 6(¢) > 0 for all € € (0,2]. A Banach space E is said to be
smooth if the limit

t —
ety
t—0 t
exists for all z,y € U. It is also said to be uniformly smooth if the limit (2.1]) is attained uniformly

for x,y € U. The normalized duality mapping J : E — 2F" is defined by

J(@)={a" € E": (x,2") = ||z|* = [l="["}

|: 2y e B llzl =yl =1, o —yll > <.

(2.1)

for all z € F. It is also known that if F is uniformly smooth, then J is uniformly norm-to-norm
continuous on each bounded subset of E; see [31] for more details.
Let E be a smooth Banach space. The function ¢ : £ x E — R is defined by

S, y) = llz]* — 2(z, Jy) + lly]*
for all z,y € E. In a Hilbert space H, we have ¢(x,y) = ||z — y||* for all z,y € H.
Lemma 2.1 (Kamimura and Takahashi [15]). Let E be a uniformly conver and smooth Banach

space and let {x,},{yn} be two sequences of E. If ¢(xp,yn) — 0 and either {x,} or {y,} is bounded,
then ||z, —yn|| = 0 as n — oo.

Let E be a reflexive, strictly convex and smooth Banach space and let C' be a nonempty, closed
and convex subset of E. The generalized projection mapping, introduced by Alber [I], is a mapping
Il . E — C, that assigns to an arbitrary point x € F the minimum point of the functional ¢(y, z),
that is, Ilox = T, where T is the solution to the minimization problem

oz, z) = min{o(y,z) : y € C}.
In fact, we have the following result.

Lemma 2.2 (Alber [1]). Let C' be a nonempty, closed and convex subset of a real reflexive, strictly
convex, and smooth Banach space E and let x € E. Then, there exists a unique element xoy € C' such

that ¢(xg, x) = min{¢p(z,x) : z € C}.

The existence and uniqueness of the operator Il follows from the properties of the functional ¢ and
strict monotonicity of the duality mapping J; for instance, see [I], 2, 10l 15, 31]. In a Hilbert space,
Il is coincident with the metric projection.

Lemma 2.3 (Alber [1] and Kamimura and Takahashi [15]). Let C' be a nonempty, closed and con-
vexr subset of a smooth Banach space E and x € E. Then xo = oz if and only if

(xg —y,Jo — Jxg) >0, VyeC.

Lemma 2.4 (Alber [1] and Kamimura and Takahashi [15]). Let C' be a nonempty, closed and con-
vex subset of a reflexive, strictly convexr and smooth Banach space E and let x € E. Then

oy, Hex) + ¢(Hez,z) < ¢(y,z) Vye C.
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Lemma 2.5 (Bruck [6]). Let C' be a bounded, closed and convexr subset of a uniformly conver Ba-

nach space E. Then, there exists a strictly increasing convex continuous function vy : [0, 00) — [0, 00)
such that v(0) = 0 and

fy(HT( Zn: )\ixi) - Zn: NTx;
i=1 i=1

for all n € N, {z1,29,....;2,} C C, {A, e, ...; A} C [0,1] with Y0 | A\; = 1 and nonezpansive
mapping T of C' into E.

)< max (o~ aull ~ |72, ~ Tl

Lemma 2.6 (Blum and Oettli [5]). Let C be a closed and convex subset of a smooth, strictly convet,
and reflexive Banach space E, let f be a bifunction from C x C' to R which satisfies conditions (Al)-
(A4), and let r > 0 and x € E. Then there ezists z € C' such that

1
f(z,y)+;(y—z, Jz—Jzxr) >0, VYyecC.

The following result can be found in [3§].

Lemma 2.7 (Zhang [38]). Let C' be a nonempty, closed and convexr subset of a smooth, strictly
convex and reflexive Banach space E. Let A : C' — E* be a continuous and monotone mapping, let
f be a bifunction from C' x C to R satisfying (A1)-(A4) and let ¢ be a lower semicontinuous and
convex function from C' to R. For allr > 0 and x € E, there exists z € C such that

1
Fzy) +{Azy = 2) + o(y) + —(y — 2,2 = Ju) 2 ¢(2), Vy€C.
Define a mapping S, : E — 2¢ as follows:

Sp(r) ={z€C: f(z,y) + (Az,y — 2) + »(y) + %(y —z,Jz—Jz) > p(z), VyeC}h

Then, the followings hold:
(1) S, is single-valued,;
(2) S, is firmly nonexpansive-type mapping; [18], i.e., for all z,y € E,

<er - ST‘y7 Jer - Jsry> S <Sr37 - Sry: Jr — Jy>7
(3) F(Sr) = GMEP(f, A, ¢);
(4) GMEP(f, A, p) is closed and convex.

3. Main Results

In this section, we prove the strong convergence theorem for finding a common element of the
fixed points set for nonexpansive mappings and the solutions set of a generalized mixed equilibrium
problem in Banach spaces.

Theorem 3.1. Let E be a uniformly conver and uniformly smooth Banach space and C a nonempty,
closed and convex subset of E. Let f be a bifunction from C' x C' to R satisfying (A1)-(A4), A :
C — E* a continuous and monotone mapping, and ¢ a lower semicontinuous and convex function
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from C to R. Let {T;}3°, be a sequence of nonexpansive mappings of C into itself such that F :=
Niey F(T;) NGMEP(f,A, ) #0. Let {x,} be a sequence generated by

Ty € C, DO = C,

Cn =N 00{z € C: ||z = Tiz|| < tol|lwn — Timn||}, n >0,
D,={z€ D, 1:(S,,x, — 2z, Jx, — JS,, x,) >0}, n>1,
Tny1 = le,np,To, 1 2>0,

where {t,} and {r,} are sequences satisfying the conditions:
(C1) {tn} € (0,1) and lim, o t, = 0;
(C2) {r,} C (0,00) and liminf, . r, > 0.

Then, the sequence {x,} converges strongly to llpxy.

Proof . First, we show that the sequence {z,} is well-defined. It is easy to verify that C,, N D,, is
closed and convex and F C C, for all n > 0. Since Dy = C, we also have F' C Cy N Dy. Suppose
that ¥ C Ci,_1 N Dy_; for k > 2. It follows from Lemma (2) that

(Spxk — Sy, Jxg — J Sy xp — (Ju — JS, u)) >0,
for all uw € F'. This implies that
(Spork —u, Jrg — JS,, xx) > 0,

for all w € F. Hence F' C D,. By the mathematical induction, we get that F* C C, N D,, for each
n > 0. By Lemmal[2.7] (4), we know that F := (2, F(T;) NGMEP(f, A, ¢) is nonempty, closed and
convex. Then there exists a unique element w € F such that w = IIpxg. Since F C C,,_1 N D,,_;
and z, = llg,_,np,_,x0, we have

¢($n,$0) S gb(w)'r())) n Z 1. (31)
Since z, = ll¢,_,Ap,_, %0 and x,11 € D,, C D,,_1, we have
¢(.Tn,370) S ¢(xn+17$0)7 n 2 1. (32)

From ({3.1)) and (3.2) we can conclude that lim,, o, ¢(x,, o) exists.
Next, we show that lim,, n—eo (s, xn) = 0. From z,, = llg, ,np, 2o and @, € Dyyoy C Dyyy
for m > n > 1, we have by Lemma

(T, Tn) + O(20, T0) < O(T, T0)-
This implies that
(T, Tn) < O(Xpn, o) — AT, To)-
Hence limy, 00 ¢(@m, z,) = 0. By Lemma , we obtain

lim ||, — x| =0.
m,n—o00

In particular, we also have
lim ||zpe1 — x| = 0. (3.3)
n— o0

Thus {z,} is a Cauchy sequence in C. By the completeness of E and the closedness of C, we have
x, —veC.
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Next, we show that v € (2, F(T;). Since xz,41 € C, and t, > 0, there exists m € N,
{0, A1y ooy A} € [0, 1] and {yo, y1, .-, Ym} C C such that

Z)\j = 1, ‘ T4l — Z)\jyj
j=0 Jj=0

for each j = 0,1,...,m and i € N. Put M = sup,q ||z, — w|]. We note that |ly; — Tiy;|| <
tollzn — Tixy|| < 2t,||x, — w|| < 2t,M for each j =0,1,...,m and i € N. Since {z,,} is bounded, by
Lemma [2.5] we have

<ty and gy — T | < tallen — T

m
lon = Tiznl < llzn = st + ||zaes = D Asps
=0

+H D ATy =T Ajys)
=0 =0

+ H >Ny — > ATy
=0 =0

(3 Ais) = i
j=0

+]

0 = Taga |l + ta+ > Nlly; — Ty

<
j=0
7 ( e (s = ol = 1T = Tnl)) + | >y = o
]:
< an = o]+t + M) DN
7=0
_1 s — . . p— .
(s (s — Tl + o — Tanl))

(12 295 = ol + o = 20l
=0

]:
< 2lan — g || F b + 26, M
+ v (4Mty,) + t,
= 2z, — 2] + (2 + 2M)t, + 1 (4ML,).

It follows from ([3.3]) and (C1) that
lim ||z, — Tiz,| =0,
n—oo

for all : € N. Thus v € (.2, F(T;).
Next, we show that v € GMEP(f, A, ). By the construction of D,,, we see from Lemma
that S, z, =1lp, _,x,. Since x,41 € D,, C D,,_1, we obtain

(ZS(Srnxn; xn) S ¢(xn+17 xn) — 07
as n — o0o. From Lemma [2.1] we have

lim ||S,, z, — z,|| = 0.

n—oo

Since z, — v, we have S, x, — v as n — oo. Since J is uniformly norm-to-norm continuous on the
bounded set, we have

lim ||JS,, x, — Jx,| = 0.
n—oo
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By (C2) we also have

lim =

n—oo T’Vl

0. (3.4)

For each y € C, we see that

1
f(Sr,wn, ?J) + <ASrnxm Yy — Snﬂ”ﬂ) + 90(?/) + _<y — Sy, Ty J Sy, T — an) > ‘P(Srnxn)-

n

By using the same argument as in the proof of [28], we can verify that

f(vy) + (Av,y —v) + o(y) = ¢(v), Yy eC.
This shows that v € GMEP(f, A, ¢) and hence v € F := (.2, F(T;) NGMEP(f, A, ¢).

Finally, we show that v = w = Ilpxzy. Since z,4+1 = ¢, np, To, Wwe have
(Jrg— Jrpi1,tn1 —2) >0 Vze C,ND,.
Since F' C C,, N D,,, we also have
(Jrg — JTpi1, Tpp1 —2) >0 Vz € F. (3.5)
By taking limit in 7 we obtain that
(Jrg—Jv,v—2) >0 Vzel.

By Lemma [2.3] we can conclude that v = [Ipxg = w. This completes the proof. [
If we take 7; = I for all ¢ € N in Theorem [3.1] then we obtain the following result.

Theorem 3.2. Let E be a uniformly convezx and uniformly smooth Banach space and C' be a nonempty,
closed and convex subset of E. Let f be a bifunction from C x C to R satisfying (Al)-(A4),

A C — E* a continuous and monotone mapping, and ¢ a lower semicontinuous and convex

function from C to R such that GMEP(f, A, ) # 0. Let {x,} be a sequence generated by

To € O, Do = C,
D,={z€ D, 1:(S,,x, — 2z, Jx, — JS,, x,) >0}, n>1,
Tny1 = lp,xo, n > 0.

If {r,} € (0,00) andliminf, ,. r, > 0, then the sequence {x, } converges strongly to arpp(f.a,0)To-
If we take f =0,A =0 and ¢ = 0 in Theorem [3.1 we obtain the following result.

Theorem 3.3. Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty,

closed and convex subset of E. Let {T;}32, be a sequence of nonexpansive mappings of C into itself
such that F := (2, F(T;) # 0. Let {z,} be a sequence generated by

xg € C,
Co=Nieico{z € C: ||z = Tiz|| < tullwn — Tizal|},
Tpt1 = e, xg, n > 0.

If {t,} € (0,1) and lim,_,~ t, = 0, then the sequence {x,} converges strongly to Ilpx.

Remark 3.4. Theorem[3.1] also can be applied to find solutions of mized equilibrium problems, mized
variational inequality problems, convex minimization problems and so on.
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