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Abstract

In this paper, we are concerned with the following fractional Schrodinger-Poisson system:

(=A%) + V(@)u+ du = m(a)[ul"ful + f(z,u), z €1,
(_At)¢ = U2, T E Q7
U = ¢ = O’ x € 89,

where s,t € (0,1], 2t +4s > 3, 1 < ¢ < 2 and § is a bounded smooth domain of R3, and f(z,u) is
linearly bounded in w at infinity. Under some assumptions on m, V and f we obtain the existence
of non-trivial solutions with the help of the variational methods.
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1. Introduction

The fractional Schrodinger equation was introduced by Laskin [[1] in the context of fractional quantum
mechanics for the study of particles on stochastic fields modeled by Lévy processes. The operator
(—A)® can be seen as the infinitesimal generator of Lévy stable diffusion processes (see Applebaum
2).

The aim of this paper is to investigate the existence of non-trivial solutions for the following
fractional Schrodinger-Poisson system

(=A% )u+ V(z)u + ¢u = m(x)]u\H\u] + f(x,u), x € €,
_At)(b = u27 YIS Q7 (11)
U= ¢ — Y T € aQ’
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where s,t € (0,1], 2t +4s > 3,1 < ¢ < 2, Q is a bounded smooth domain of R? (—A?®) is the
fractional Laplacian and f(z,u) is linearly bounded in w at infinity that satisfying some conditions
we will precise later.

When s =t =1 and V = m = 1 the equation (@) reduces to Schrodinger-Poisson equation,
which describes quantum particles and is related to the study of nonlinear stationary Schrodinger
equations interacting with the electromagnetic field generated by the motion [3, 4].

In a recent paper [b] the following Schrodinger-Poisson system was studied

—Au+V(2)u+ Mpu = K(x)|u|* *u+ f(z,u), inR®

—~A¢=u? lim ¢(x) =0, in R?,

|z|—o0

where 1 < g < 2, A > 0 is a parameter and f(z,u) is linearly bounded in u at infinity.

Fractional Schrodinger-Poisson equations have attracted some attention in recent years. If we
only consider the first equation in ) and assume that ¢ = 0, then it reduces to a fractional
Schrodinger equation, which is a fundamental equation in fractional quantum mechanics [5, 6].

Recently, some authors proposed a new approach called perturbation method to study the quasi-
linear elliptic equations, see [[7], 8]. Kexue Li in [9] studied the nonlinear fractional Schrodinger-
Poisson system

(—=A%u+u+ ¢u = f(z,u), inR?

{ (=AM = u?, in R?,

and by using the perturbation method and mountain pass theorem, obtained the existence of non-

trivial solutions. Motivated by the above works, we study the existence and multiplicity of solutions
for the problem (|L.1)).

(1.3)

Before stating our main results, we give the following assumptions on m, V and f.
(H1) m(z) € LfTQ(Q); and m(z) > 0 for z € Q2
(H2) V € C(,R) and info V(z) > V> 0
(H3) For every x € © and u € R, there exist constants C; > 0 and p € [2,2¥) such that

[f(z,w)] < Crllul + Jul™),

where 27 = ﬁ is the fractional critical Sobolev exponent;

(H4) There exists C' > 0 such that

‘@ < (C, forall z € Q,u € R and u # 0.

(H5) f(z,u) = o(|u]), |u| = 0, uniformly on ;
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(H6) There exists p > 4 such that
0 < puF(z,u) <uf(x,u)

holds for every x € Q and u € R\{0}, where F(z,u) = [ f(

Throughout this paper, C' > 0 will be used indiscriminately to denote a suitable positive constant
whose value may change from line to line and we will use o(1) for a quantity which goes to zero.
Moreover, we use ||.||, to denote the usual norm on LP(€2) for 1 < p < 4+o00. Our main results reads
as follows.

Theorem 1.1. Suppose that (H1) — (H5) hold. Then there exists M > 0 such that for every m with
||m||2i < M , problem (|L.1)) has a nontrivial solution at negative energy.
—q

Theorem 1.2. Suppose that (H1) — (H6) hold., problem (@) has a nontrivial solution at negative
energy.

Corollary 1.3. Suppose thatﬁl (H6) hold. Then there exists M > 0 such that for every m

with ||m||2i < M , problem ( has at least two nontrivial solutions.
—q

The reminder of this paper is organized as follows. In section 2, we present a suitable variational
framework for our problem. In section 3, we prove Theorems —.

2. Variational setting and preliminaries

For p € [1,00), we denote by LP() the usual Lebesgue space with the norm [|u|, = ([, |u|pdx)
For any p € [1,00) and s € (0,1), we recall some definitions of fractional Sobolev spaces and the
fractional Laplacian (—A)®, for more details, we refer to [L0]. H*(Q2) is defined as follows

@) = {ue 2@): [+ IgIFue P <
with the norm

e = (|Fu(©) + €2 Fu©)P)?, (2.1)

[l

where Fu denotes the Fourier transform of u. By S(€2), we denote the Schwartz space of rapidly
decaying C* functions in €. For v € §(2) and s € (0,1), (—A)? is defined by

(A f=FHg*(F)), vE €.

By Plancherel’s theorem, we have || Fulls = ||[ull2, [|[£]*Full2 = ||[(=A)2ul|. Then by (@), we get the
equivalent norm

1
2

o= ([ 185 + o) Py

[l
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For s € (0, 1), the fractional Sobolev space D*?(() is defined as follows
D**(Q) = {u € L*(Q) : [¢]"Fu(¢) € L)},

which is the completion of C§°(€2) with respect to the norm

Dm——(Au—Aﬁu%m);—(lgaﬁfmaP%)a

Lemma 2.1. (Theorem 2.1 in [11]). For any s € (0, %), D**(Q) is continuously embedded in L* (),
i.e., there exists ¢, > 0 such that

2/2* ‘
(/ |u|22dx) < cs/ (—A)suldz, u e D™2(Q).
Q Q

We consider the variational setting of (@) From Theorem 6.7 and Corollary 7.2 in [10], it is known
that the space H*(2) is continuously embedded in L%(Q2) for any ¢ € [1,2%] and the embedding
H*(Q) — L1(Q) is locally compact for g € [1,2%).

If 2t +4s > 3, then H*(Q2) — L%(Q) For u € H*(f2), the linear operator T, : D*?(2) — R defined
as

[l

T (v) :/Qu%dx.

By Holder inequality and Lemma @,

Zs vl pree. (2.2)

2 < Cllu|

I Tu()] < Nlulla/sian v

Set

n(u, v) = /Q(—A)éu (=A)sude, u,v € DP(Q).

It is clear that n(u,v) is bilinear, bounded and coercive. The Lax-Milgram theorem implies that for
every u € H*(Q), there exists a unique ¢!, € D"*(Q) such that T, (v) = n(¢y,,v) for any v € D?(Q),
that is

/Q(—A)éqs;(—mévdx :/u%dx. (2.3)

Q

Therefore, (—A)!¢! = u? in a weak sense. Moreover,

I¢ullpre = IITull < Cllullys. (2.4)

Since t € (0,1] and 2t +4s > 3, then 33%; € (2,2:). From Lemma @, () and (@), it follows that

6,0 = [ 16-8)¢6 e = [ uétde < [l 6,
Q Q +2t

2; < Cllull’e [|¢4]lpre. (2.5)
342t

Then

¢l pre < Cllull?e (2.6)
3+2t
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For x € 2, we have

2
¢ u*(y)
= ———d 2.7
SRy Rrer = 2.7
which is the Riesz potential [12], where
" F<3—22t)
t m3/222D ()

Assume that the potential V' (x) satisfies the condition (V). Let

E = {u € H%(Q): /Q(y(—A)SuP + V(z)u?)dr < oo} :

Then F is a Hilbert space with the inner product

and the norm |jul|g = (u, u> By Lemma 2.3 in [13], it is known that E is compactly embedded in
LP(Q) for 2 < p < 2% and continuously embedded in LP(Q) for p € [1,2%]. Substituting ¢! in (@),
we have the fractional Schrodinger equation

(—AYu+ V(@) + b = m(@)|ul™Jul + f(z,u), 7 € 9, 2.5)
The energy functional I : E — R corresponding to problem (@ ) is defined by

I(u):%/gﬂ( A)sul? + V(z)u?)dz + - /¢t widz — /m ]u\qu—/( w)dz.

It is easy to see that I is well defined in £ and I € C'(E),R), and

@) = [ (-5)

(NI

w(=A)2v + V(z)uw + ¢huv — m(z)|[ul!*uww — f(z,u)v) dz, v e H(Q).
(2.9)

Definition 2.2.
(1) We call (u, ) € E x D"*(Q) is a weak solution of (@) if u is a weak solution of (@)

(2) We call u is a weak solution of @) if
/ (=A)2u(=A)2v + V(z)uww + ghuv — m(z)|u|? uv — f(z,u)v) dz =0,
Q

for any v € H*(Q).

Definition 2.3. We say a C' functional I satisfies Palais-Smale condition ((PS) condition for
short) if any sequence {u,} C H*(R®) such that

I(uy) being bounded, I'(u,) — 0, asn —0 (2.10)

admits a convergent subsequence, and such a sequence is called a palais-Smale sequence ((PS)
sequence).
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Lemma 2.4. Assume that (H1),(H2) and (H4) hold. Then any (PS) sequence of I is bounded in
E.

Proof . We modify the proof of [14, 15]. Let {u,} be a (PS) sequence of I. By contradiction,
let [|u,|| — oo. Write v, = muiy» then we may assume that there exists v € E such that, up to

subsequence,
v, v in E, v, —»v ae €, and v, = vin L3, .(Q). (2.11)
Firstly, we claim that v = 0. In fact , since [Ju,| — oo, by (), we have
(' (un), un)
o(1),
[ ||
that is )l f
m(z)|u T, Up U
o(1) / oL, vn dx —/ —— " dx — . (2.12)
||U||2 [ [|* B
By Sobolev and Hoélder inequalities, we have
/m Mun|tda < {lm]] 2 {lunll3 < Cllml[ 2_{lun]|*. (2.13)
Hence .
/ m@)fual® o, (2.14)
[ ||
By (H4), we get that
2 C
||un|| ol un [flunl [[n|
Combining with ()—(), we obtain that
/ qﬁf}nvid:v > 0.
Q
By Fatou’s Lemma, we have
/| gbt\dx— qﬁt vidr < lim ¢tvd:c—0
n—oo

then @—@ implies that v = 0.

Next, from the fact that v = 0, we deduce a contradiction which implies the boundedness of {u,, }
in F. Since the embedding F — L?(f2) is compact, we have v,, — 0 in L*(©). Hence (H4) yields that

/ @ tn) | 2g, < 0/ lva|2dz — 0. (2.16)
Q Un Q
It follows from (), () and % = O(1), we have

JERY PR £ TN FEAIRY
—l—/qb v, dT TN dx v dx

=1+0(1

which is contradiction. The proof is completed. [
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Lemma 2.5. Under the assumptions of Lemma|2.4 and (H3) any (PS) sequence of I has a convergent
subsequence in E.

Proof . Let {u,} be a (PS) sequence of I. We _show that {u,} possesses a strong convergent
subsequence. Since {u,} is bounded in £ (Lemma ), we may assume that for some v € E, up to
a subsequence, u,, — u in E. By the fact that the embedding F < LP(2) is compact for p € [2,2%),

it is easy to see that
u, —u in LP(Q), pe€[2,27]. (2.17)

By (@), we get
i = ulFy = (1) = 70,00 = ) = [ (64,00 = )y = w0

Clearly, we have
(I'(up) — I'(u),u, —u) = 0 as n — oo. (2.19)

By the generalization of Holder inequality, Lemma @ and (@), it follows that

‘/Q%n“" n = w)dz| < [|¢y, [l lunll sz {lun — vl 22
< Clldu lovalfunl g llun = vl 2,

< C||un||312 [t — u”sfm

< CllenlBlln — ull 5.

Similarly,

n — u)dx

< Cllullpllun — ul| 12 .
We have

'/ w)(u, — u)dz ‘/qbtunn w)dx| +

/(bt n—u)dr| — 0 asn — oo.
By (H3), Holder inequality and Minkowski inequality,

(2.20)

/ (& 0n) — (2, 0)) (ty — )
Q

SC’l/(|un|+|u|)|un—u|dx+6’1/(|un|p1—|—|u|p1)|un—u|dx
Q

< Cilllun| + [ulll2llun = ullz + Culllunl”™" + [l ] 2y [l — ull,
< Cilllunllz + llull2) lun = ull + Cr([luall;™ + IIUIli 1)Ilun — ullp
< O(lunllz + lull)llun = ulls + Cluall ™ + Jully i, — ull, — 0 as n — co. (2.21)
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By (H1) and Hoélder inequality

|, — u|dx (2.22)

‘/ﬂ(m(x)|un|q_1 — m(z)ul*) (u, — u)dz| < /Q (@)l funlt — Jufr?

[T = "

|lun, —ull2 = 0. (2.23)

< [lm] 2.
2

By (}21&), (}21(4), (b?d), (}22]]) and (), we see that {u,} converges strongly in E and the

proof is completed.

O

3. Existence and multiplicity results

In this section, under the assumptions on m,V and f, we give the proof of Theorems @—. By
(H3) and (H5), for any € > 0, there exists C. > 0 such that

[f(z, )] < elul + Celuf™,2 € Q, ueR

Then o
B u)l < Slef + =P (3.1)
for some p € (2,2?)

Lemma 3.1. Suppose that (H1) — (H5) hold. Then There ezists M > 0 and p > 0 such that for all
m with HmH% < M,

I(u) > 0, forue E with ||u]| = p.

Proof . It is known that E is continuously embedded into L?(Q) for ¢ € [2,2%] (2F = 35), then
lully < Collullg. Since p € (2,22), by (€.13) and (B.1) we have

1 1 1
) = gl + 7 [ otatae = [ m@lulvds — [ P
Q 4 Ja Q
1 1
> lull* + —= 7 / 2d —05/ rd
2 5 llul quHﬁHUH e | wde Q!u\ x (3.2)

> Cy|ul® - Collml| 2_{[u]l* = Cc|lull?
> (Ch - CszHQ%qIIU\IQ‘2 — Ccflul”=?) |Jul?.
Let

J(t)=Cr — CQHWHQ%qt‘F2 —C.tP2, fort > 0.

Since 1 < ¢ < 2 < p, the function J(t) achieves its maximum on (0,00) at to > 0. Moreover,
there exists M > 0 such that for |m|2i < M, we have
—q

max J(t) = J(to) > 0.

te(0,00)

By p = tg, the proof will be completed.
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[0 Proof of Theorem El By Lemma @ , we define
B,={ucE :|ul <p}, 9B, ={ue® :ul = ph.

Then we have
I, >0. (3.3)

Clearly I € C'(B,,R), hence I is lower semicontinuous and bounded from below on B,. Let
cy = inf{I(u):u € B,} > —c0.

By (H1), we can choose v € C§°(2). Since m(z) > 0 on Q and 1 < g < 2, it is easy to obtain

I(tv) <0, for ¢t small.

Thus ¢; < 0. Now by (@), Lemma @ and Ekeland’s variational principle, ¢; can be achieved

at some inner point u; € B, and u; is a critical point of I. 0

Lemma 3.2. Under the assumotions of Theorem there exists e € E with |le||g > p such that
I (e) <0 for fired \ € (0,1], where p is the same as in Lemma |3.1.
Proof . By (H6), there exists a constant C' > 0 such that

F(z,u) > Clu]*, ueR. (3.4)
By (4. ).
/(quQdI = |6Llpe2 < Cllullys. (3.5)
Q

For & >0 and v € C3*(2), by @) and ), we have

2 4

Iev) < Sl + / Sotd — / P, ¢v)dz

2 C 4
< ol + S

1 — C&"oll}y — —o0

as & = +00. Define a path h:[0,1] = E by h(n) = n&v. For £ large enough, we get
1

|h(1)||5 = (/33 (I(=A)2h(1)* + V(x)hQ(l))dx) > p and I(h(1)) < 0.
Choose e = h(1), we obtain the conclusion. O

Proof of Theorem @ From Lemma @, I satisfies the (PS) condition. By Lemma @, @
and Mountain Pass Theorem (Theorem 2.2 of [16]) we show that problem ([L.1) has a nontrivial
solution at positive energy. ([l

Proof of Corollary . It is a direct consequence of Theorem and Theorem @ U
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