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Abstract

The aim of this paper is to determine some coupled coincidence and coupled common fixed point
theorems for mixed g-monotone nonlinear contractive mappings in partially ordered modular spaces.
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1. Introduction

The study of modular spaces was initiated by Nakano [24] in 1950 and generalized by Musielak and
Orlicz [23], Koshi and Shimogaki [I3] and Yamamuro [31] and their collaborators. The monographic
exposition of the theory of Orlicz spaces may be found in the book of Krasnosel’skii and Rutickii [T2].
Fixed point theory is very useful in solving a variety of problems in control theory, economic theory,
nonlinear analysis and so on. The Banach contraction principle is the most famous fixed point theo-
rem. Many authors presented some new results for contractions in partially ordered metric spaces (cf.
(M, 2,83, 5,6, 7, R 19, 26]). The study of fixed points of mappings on complete partial ordered metric
spaces was first investigated by Ran and Reurings [27] in 2004, and then by Nieto and Rodrigues-
Lupez [75]. Lakshmikantham and Ciri¢ [I¥] introduced the notions of mixed g-monotone property
and proved coupled fixed point theorems for mixed g-monotone nonlinear contractive mappings in
partially ordered complete metric spaces. The theory of fixed points in the content of modular spaces
was initiated by Khamsi et al. [9] (see also [4, [0, [5, 20, 21, 22, [6, [, 28, 30]).
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In this paper by using some ideas of [I&], we prove some coupled coincidence and coupled common
fixed point theorems for mixed g-monotone nonlinear contractive mappings in partially ordered
complete modular spaces. Some basic facts and notations about modular spaces are recalled from

[T4].

Definition 1.1. Let X be an arbitrary vector space over F(= R or C).
A functional p : X — [0, 00] is called modular if for all z,y € X,

(i) p(xz) = 0 if and only if x = 0,

(ii) p(ax) = p(z) for every a € F with |a| =1,

(iii) p(ax + By) < p(z) + p(y) if , >0 and a+ 5 = 1.

Definition 1.2. If (iii) in definition T is replaced by

plaz + By) < a’p(x) + B°p(y),

fora, >0, a+ =1 with an s € (0,1], then we say that p is a s-convexr modular, and if s =1, p
1s called a convex modular.

A modular p defines a corresponding modular space, i.e., the vector space X, given by
X,={reX: pAzr)—0as\—0}.

Let p be a convex modular, the modular space X, can be equipped with a norm called the Luxemburg
norm, defined by

Hyc\|p:inf{)\>0 : p(§> < 1}.

Definition 1.3. A modular p is said to satisfy the Ay—condition if there exists k > 0 such that for
any x € X,, we have p(2z) < kp(x).

Definition 1.4. Let X, be a modular space and let {x,} and = be in X,. Then

(i) {xn} is said to be p-convergent to x and write x,, —= x if p(x, —x) = 0 as n — oco.

(i7) {xn} is called p—Cauchy if p(z, — ) — 0 as n,m — 0.

(i73) A subset S of X, is called p—complete if any p—Cauchy sequence is p—convergent to an element
of S.

(v) We say the modular p has the Fatou property if p(x) < liminf, . p(z,) whenever z,, 2+ x.

Note that p-convergence does not imply p-cauchy since p does not satisfy the triangle inequality. In
fact, this will happen if and only if p satisfies the As—condition.

Remark 1.5. Note that p(.z) is an increasing function, for any x € X. Suppose 0 < a < b, then
the property (iii) of Definition T3 with y = 0 shows that p(az) = p ($bx) < p(bz) for all v € X.
Moreover, if p is a convex modular on X and |a| < 1, then p(az) < ap(z) and also p(z) < 2p(2z)
forallz € X.

Bhaskar and Lakshmikantham [5] introduced the following notions of a mixed monotone mapping
and a coupled fixed point.
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Definition 1.6. Let (X, <) be a partially ordered set. The mapping F': X x X — X is said to has
the mized monotone property if F' is monotone non-decreasing in its first argument and is monotone
non-increasing in its second argument, that is, for any x,y € X

T1,29 EX, 1 §x2—>F(fL‘1,y) SF(Z’Q,Z/) (11)
and

y,2 € X, i <y — Fz,y1) > F(x,9). (1.2)

Definition 1.7. An element (xz,y) € X x X is called a coupled fized point of the mapping F :
XXX —=Xif

Fz,y) =z, F(y,x)=y.
The following definition is recalled from [IR].

Definition 1.8. Let (X, <) be a partially ordered set and let F : X x X — X and g : X — X be
mappings. We say F has the mixed g-monotone property if F' is monotone g-non-decreasing in its
first argument and is monotone g-non-increasing in its second argument, that is, for any x,y € X

r1,39 € X, g(x1) < g(x) = F(1,y) < F(22,9) (1.3)

and

yye € X, g(n) < gy2) = Fz,y1) = F(x,42). (1.4)
Note that if ¢ is the identity mapping, then Definition I8 reduces to Definition 8.

Definition 1.9. An element (x,y) € X X X is called a coupled coincidence point of mappings
F: XXX —>Xandg: X = X if

F(x,y) =g(z), F(y,x)=g(y).

Definition 1.10. Let X be a non-empty set and let F: X X X — X and g : X — X be mappings.
We say F' and g are commutative if for each x,y € X

g(F(z,y)) = F(g(x),9(v))-

2. Coupled fixed point theorems for mixed g-monotone contractions

Let X be a vector space. Then (X, <, p) is called an ordered modular space if p is a modular on
X and = is a partial order on X. Throughout this section, we assume that the modular p satisfies the
As—condition with k > 1. Also if o, 8 € RT with a > 8, we consider ay € R* such that g + O%O =1
and we assume that r is the smallest positive integer in which oy < 2".

Denote by ¥ the family of non-decreasing functions v : [0, +00) — [0, +00) such that ¥ (t) < ¢
and lim, 4+ ¢(r) < t for all t > 0.

Lemma 2.1. (Singh and Meade [29]) 1) : [0, +00] — [0, +00] is non-decreasing and right continuous,
then lim, o, ¥™(t) = 0 for all t > 0 if and only if ¥(t) <t for all t > 0.

Lakshmikantham and Cirié¢ in [I&] proved coupled fixed point theorems for mixed g-monotone con-
tractive mappings in partially ordered complete metric spaces. In following we prove similar results
in partially ordered complete modular spaces.
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Theorem 2.2. Let (X, =X,p) be a complete ordered modular space and 1p € V. Also suppose F :
XXX —= X and g : X — X be mappings such that F' has the mized g-monotone property and there
exist o, f € RT with o > [ such that

(2.1)

p(Blo(@) = 9(2))) + p(Bloty) - g(w»)}
2KT

p(a(F(@.y) = F(z.w) <

for all z,y,z,w € X for which g(z) < g(z) and g(y) > g(w). Let F(X x X) C g(X), g is continuous
and commutes with F. Also assume either

(1) F is continuous or

(13)X has the following properties:

(a)if {z,}is a non-decreasing sequence such that x, — x, then x,, < x, for alln, (2.2)

(0)if {yn}is a non-decreasing sequence such that y, — y, theny < yy,, for alln. (2.3)
If there exist xg,yg € X such that

9(wo) < F(zo,90) and g(yo) = F(yo, 7o), (2.4)

then I and g have a coupled coincidence point.

Proof . Let xo,yg € X be such that g(xg) < F(xo,y0) and g(yo) = F(yo, o). Since F(X x X) C
g(X), we can choose x1,y; € X such that g(x1) = F(xg,y0) and g(y1) = F(yo,zo). Continuing this
process we get sequences {x,} and {y,} in X such that

9(@ni1) = Frn,yn)  and  g(yn1) = F(yn, n), (0 20). (2.5)
By using induction, we show that
9(xn) < g(znt1) and g(yn) = g(Ynt1), (0 20). (2.6)

Let n = 0, from (24) we deduce g(x1) = F(xo,y0) and g(y1) = F(yo, o), hence (Z8) holds. Now
suppose (Z@) holds for n > 0, since F' has the mized g-monotone property, from (Z23) we get

9($n+1) = F<xnayn) S F<xn+1ayn) and F(yn—i-l)xn) S F(ynaxn) = g(yn—i—l)a (27)
9(Tni2) = F(Tng1,Yns1) 2 F(Tnga,yn)  and F(Yny1, Tn) 2 F(Yns1, Tng1) = 9(Yni2) (2.8)

Therefore g(xn41) < g(xni2) and g(Yni1) > g(Yns2). Hence (Z28) holds for all n > 0. Put

9 = p(Blg(@a) = 9(@a11))) + p(Bl9(vn) = 9(Wnir))

we prove that

Vo < 2@&(7”_1). (2.9)

2K7

Since g(xn-1) < g(xn) and g(Yn—1) > g(yn), from (Z3) and (Z23) we have

p(Blo(an) = 9(xn11))) < p(lglen) = 9(@nin))) = p(@(F(@nmr,yn1) = Flan, 1))

p\ B(g(xn-1) = g(zn)) ) + p( B(9(Yn-1) — 9(yn))
<2 o j
- (32) o
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Simalarly, we get

p(ﬁ(g(yn) - g(yn+1))> < p(a(g(yn) - g(yn+1))> = p(ﬁ(F(yn, ) — F(ynfl,xm))>
v [p<6(g(yn_1) - g(yn))> + p(ﬁ(g(xn_l) - g(xn)))]

2KT

—u (). (2.11)

2KT

Adding (ZI0) and (ZI3) we obtain (Z2). Since ¥(t) < t fort > 0, hence (Z3) implies that the

sequence {v,} is monotone decreasing. Therefore there is v > 0 such that lim, o v, = 7. We show
that v = 0. Suppose that v > 0, then (Z22) implies that

7n71><2 Y Y

v = lim v, < 2limn_>001/1<
n—oo

2K" 2k KT
and this is a contradiction. Hence v =0, so
Jm [o(B(0(r) = g(rasn) +p(Blo(w) = 9(wm1)) | =0 (212

Now we prove that {g(x,)} and {g(y.)} are cauchy sequences. Suppose, to the contrary, that at least
one of {g(x,)} or{g(yn)} is not a cauchy sequence. Then there exists an e > 0 and two subsequences
{my} and {n;} of integers such that m; > n;, > 1 and

0= p(Blg(@n) = 9(em))) + (Blolum) = 9 ) = = (LEN), (2.13)
and
p(B0@n) = 9(m-1))) + p(Baon) = 9m 1)) < = (2.14)

We choose m; in such a way that it is the smallest integer with m; > n; for which (ZI3) holds. From
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(Z13), (Z-12) and the condition (iii) of Definition T2 we have

= <ai=p(Z]algrn) — glrm-))] + aio 208(9(m1) — 9(xm))] )
+ 02 [a(9t) = 90m-1)] + - 2086 0mi-1) = 0]

< p(alg(@a) = g(em-1))) +p(Q0B(g(Em—1) = 9(am)))
+ 0(a0un) = 9um 1)) + p(0B0(m, 1) — 9(sm)))
o

—_— o~

= p((F (1,9 1) = F(mi2hmi2) ) + p(008(9(m, 1) = 9(m,)))
A(F (Y1, Tny-1) F(yml_a,:vml_z))>+p(aoﬁ(g(yml_1)—g(yml)))

p(mg(xn ) = glm, 2>>)+p(ﬁ<g<ym1>—g<ymlz>>)]

<u|

2K"
p(Blg 9Ymi—2)) ) + p(B9(xn,—1) = g(Tm,—2))
e ) ool )
+ (00891 = 9(em))) + (0089 -1) — 9(m)))
_ 2(Boten) o, 2>>)+p(5<g<ym,1>—g<yml,2>>)
2K"
p(Ba (1) = 9Wmi-2))) + p(Blg(n-1) = g(wm-2)
* 2K"
+p<aoﬁ (Tm,-1) ))>+p<aoﬁ( (Y 1)—g(ym))>
g2i+2—+p(aoﬁ< (T 1) = gl ))>+p(aoﬁ( o 1>—g<yml>>)
< =41 p(Blon—1) = 9(wm))) + p(B(0(0m-1) — 9um))) ]

taking the limit as k — oo, by (ZI2) and Ay-condition we get

lim & = Ki (2.15)

l—o0
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Similarly we have

(aoﬁ g<xml>>)
+p(aoﬁ 9 (Y1) g(yml)))
p(l9(yn) = 9lym+1))
)+p(26 9(Yni+1) g(yml)))
p(@(9 ) = 9(3is1)))

) + 50 (BlgWns1) — 9(m))
Sp(agﬂcn) g($n+1))> p( (9(yn) — g(yn+1))>
o(g(@n1) = 9ms1))) + 1 p(@0B(9(@mis1) = 9lem,)))
a(gn11) = 9Wmis1)) ) + & (€089 W 1) = 9(ym.))).

(
< p(alg(an) — glewn)))
+p<a(g 9(WYni+1))
(@ )

;
)
.
m))
<p(a<g<x ) = 9lwa)) +
m)
\

pa08(0(@n ) = 9(em))) + (000 Wn1) —9(w)
< (2 Balwmn) = gla)) + (2 B0Wn) ~ 9lun))
< Mp(ﬂ(g(a:mlﬂ) — g(xml))) + HTP(B(g(yml—H) - g(yml))> = K Yy -

Consequently

01 < Ky + K+ 1 |p(@lg(n1) = 9(wmn))) + p(@lglymss) = 9m))) | (216)

on the other hand g(z,,) < g(xm,) and §(yn,) > 9(Ym,), hence we have

p(a(gln 1) = 9(ms1)) ) = (AP s ) = Fms )

p\ B(g(xm,) — 9(zm,)) ) + P B(9(Ym) — 9(ym,))
<[ o 4
_ Qp(%), (2.17)

and similarly

p(@(g(ynlﬂ) - g(yml+1))) = p(@(F(ym,xnl) - F(ymlwmz)))

—
s
~ N
=
=
<
3
=
<
E
N
+
)
~
=
=
&
3
~—
=
&
3
~—
~—
N—

2K" }
(i) (2.18)
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Inserting (Z-17) and (ZI8) in (ZI14) we get

5
81 < K Yy + K2 Yoy + 2#¢(2;T). (2.19)

Letting k — oo from (ZId) we obtain

€ . 0 €
— < 25" lim < )<—, 2.20
KT T " kal oow 2K" K" ( )

and this is a contradiction. Therefore {g(x,)} and {g(y,)} are cauchy sequences. Since X is complete,
there exist v,y € X such that

lim g(z,) =2 and lim g(y,) =vy. (2.21)
n—oo

n—oo

g is continuous hence

lim g(g(zn)) =g(x) and lim g(g(y.)) = g(y). (2.22)

n—oo n—oo

From (Z3) and commutativity of F' and g we have

9(9(7n1)) = 9(F(Tn, yn)) = F(g(xn), 9(yn)), (2.23)
9(9(Yn11)) = 9 Yn> Tn)) = F(9(Yn), 9(20))- (2.24)

Finally, we claim that g(x) = F(x,y) and g(y) = F(y,x). Suppose that the assumption (i) holds that
is I is continuous, then taking the limit as n — oo in (ZZ23) and by (ZZ21) and (ZZ22) we obtain

g(z) = lim g(g(zn11)) = lim F(g(zn), g(yn)) = F(2,y),

n—oo

9(y) = lim g(g(yn41)) = lim F(g(yn), g(zn)) = F(y, ).

n—oo

Now suppose that (ii) holds. Since {g(x,)} and {g(yn)} are non-decreasing and lim,,_, g(x,) = =
and lim,, o 9(yn) =y, from (2Z2) and (Z23) we have g(x,) < x and g(y,) >y, for all n. Therefore
by (Z23) and (Z3) we get

p(3to(e) ~ Fa)) = o5 [alo(@) = gloen)] + - [audloolenn) ~ Fa.0))])
< p<a(g(w) - g(g(fvn+1))> + p(aoﬂ(g(g(xnﬂ) - F(z, y)))
= p(lg(x) = glg(@ns1))) + p(@0BF(g(n), 9lun)) = Fla,v)))
< p(alg(@) = glg(wnr) ) + w7 p(alF(g(a). 9lun)) — Flz.y)))
< p(alg(@) - glg(znn)))
. Rw(/)(ﬁ(g(g(xn)) - g(:v))) + p(ﬁ(g(g(yn)) - g(@/))) >

Letting n — oo implies that p(ﬁ(g(x) — F(z, y))) = 0. Therefore g(x) = F(x,y). Similarly one can
prove that g(y) = F(y,x). That is F' and g have a coupled coincidence point. [
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Now, we give an example in which satisfies in the hypothesis of Theorem 2.

Example 2.3. Let X = R and p(z) = |z| for each x € R, then p is a modular which satisfies in
As-condition with k = 2. Consider a« = 2 and f = 1, then we get ag = 2 and r = 1. Define mappings
F:XxX =5 Xandg: X — X by Flz,y) = tIn(1+|z]) — s In(1+ |y|) and g(z) = z for all
x,y € X. Then F' and g satisfies in the requirement of Theorem 222 and we get

p(alF(z,y) ~ F(zw))) = 2‘% In(1+ Ja]) - %ma lyl) - %111(1 + 12 + é In (1 + |w])

_‘n1+]:c\ 1‘1n1+’y‘
81 1+ |z 1+ |wl

1 171
(o =2+ 5 [+ y - wl)|
4+|$—z\+\y w]>

<

<

<

IN

1+

=3

l\DIH[\DID—‘l\DI)—*N)I»—l

n
( Ix—2|+ly wl)
(

w—2+p@ w»_

Therefore (Z24) holds for ¢ (t) = 5 In (1 +1t) for all t > 0, and also the hypothesis of Theorem 22 is
fulfilled. Hence F and g have a coupled coincidence point that, where (0,0) is a coupled coincidence
point of F' and g.

In the following theorem we will prove the existence and uniquness of the coupled fixed point for mixed
g-monotone contractive mappings in partially ordered modular spaces. Let (X, <) be a partially
ordered set. We endow the product X x X with the following partial order relation:

(z,9) < (zw) @ r<zy>w
for all (z,y), (z,w) € X x X.

Theorem 2.4. In addition to the hypothesis of Theorem 23, suppose that for each (x,y),(z,w) €
X XX there exists an element (s,t) € XXX such that (F(s,t), F(t,s)) is comparable to (F(z,y), F(y, ))
and (F(z,w), F(w,z)). Then F and g have a unique coupled fixed point.

Proof . From Theorem 22, F and g have a coupled fized point. Suppose (x,y) and (z,w) are
coupled fized points of the mappings F and g, that is, g(x) = F(z,y),9(y) = F(y,x) and g(z) =
F(z,w),g(w) = F(w,z). By assumption there exists (s,t) € X x X such that (F(s,t), F(t,s)) is
comparable to (F(x,y), F(y,z)) and (F(z,w), F(w, z)). Put sy = s,to =t and choose s1,t; € X so
that g(s1) = F(so,t0),9(t1) = F(to,s0). As in the proof of Theorem 2B, we can define sequences

{9(sn)} and {g(t,)} as
9(3n+1) = F<3natn)ag(tn+l) = F(tm 371)79(571) < g(sn-I-l) and g(tn) > g(tn-i-l)'

Also, put xg = x,y0 =y, 20 = 2, Wy = w and on the same way, define the sequences {g(x,)}, {9(yn)}
and {g(z.)} {g(wn)}. Then g(z) = g(zo) = F(x0,y0) = g(z1) and g(y) = g(y0) = F(yo, z0) = g(y1)-
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Furthermore we have

(
o
< p(alg(@) = glg(wn) ) + p(0B(9(g(wns1) = F(1, 1))
= p(alg() = glg(@ni))) + p(@0B(F (g0, 9lyn)) — Flo1, 1))
< p(alg(@) = 9(g(@ar1))) + & p(a(F(g(zn), 9yn)) = Flar, )
< p(alg() = glg(wai)))
. p(Blolg(zn)) - 9(961)))2;/)@(9(9(%)) g<y1>>))

< p(alg(@) = glg(zni1)))

p(Blalg(a)) = 9()) + p(Blale(wn)) — 9(v))) )
2R" '

+ /<;T1/J<

Letting n — oo implies that p(ﬁ(g@) - g(:vg))> = 0. Hence F(z,y) = g(x) = g(xs). Similarly we
can prove that F(y,z) = g(y) = g(y2) and continuing this process we have

g(wn) = F(z,y), 9(yn) = F(y,7), g(z,) = F(z,w), glw,)=F(w,z) (n>1). (2.25)

Moreover (F(x,y), F(y,z)) = (g9(z1), 9(11)) = (9(x),9(y)) and (F(s,t), F(t,s)) = (9(s1),9(t1)) are
comparable, so g(x) < g(s1) and g(y) > g(t1). Since g(s,) < g(an) and g(t,) > g(tns1), hence
(9(x),9(y)) and (g(sn),g(tn)) are comparable, that is g(z) < g(s,) and g(y) > g(t,) for alln > 1.
Therefore from (Z3) we get

(g

— g(sn1))) = p(BF(2.9) = F(sn,ta)
<p<6(g(w) = g(s0))) + p(Blaly) - 9(tn)))

<y — (2.26)
and
p(@(g(y) - g(tn+1))> = p(B(F(.% x) = F(ty, Sn))>
. ¢<p(5(g(y) - g(tn))>2:Tp<ﬁ(g(:r) - g(sn))> | (227
Adding (Z28) and (2Z7) we get
p(lg(@) = g(s011)) —;p(a@(y) ~gltnsr))) _ . <p<ﬁ(g(x) - g(sn)))2+Tp(5(g(y) ~ g(ta))
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Repeating the above process, forn > 1 we get

p(alg(@) = g(sue))) + p(alg®) = 9ltni1)))

< n

2 =¥ < 2K"

This implies that
lim p(alg(@) = g(sn1))) =0 and  Tim p(a(gly) - g(tuin))) =0, (2.28)
n—o0 n—oo

and similarly we can prove that
Tim p(a(g(z) = g(sns1)) =0 and  Tim p(a(g(w) = g(tn1)) =0, (2.29)

Now, using the Ay-condition, (ZZ8) and (Z22) leads to

p(Blo(x) = 9(=))) < p(alg(@) = gls011))) + p(@0B(9(z) = gls011)) =0 as n— oo,
p(Blo(@) — 9(=))) < p(aloe) = gl50:1) +p(0B(9(2) — gl50:2))) =0 as 7= o0,

Consequently
9(x) =g(z) and g(y) = g(w). (2.30)
Since g(x) = F(z,y) and g(y) = F(y, ), by commutativity of F and g we have
9(9(x)) = g(F(z,y)) = F(g(x),9(y)) and g(g(y)) = 9(F(y,x)) = F(g(y), 9(x)).
Set u= g(x),v=g(y). Then
g(u) = F(u,v) and g(v)= F(v,u). (2.31)

Hence (u,v) is a coupled coincidence point. Then from (ZZ30) with z = u and w = v it follows that
g(u) = g(x) and g(v) = g(y), thus

g(u) =u and g(v)=n. (2.32)

From (ZZ31) and (Z-33), we get
u=g(u)=F(u,v) and v=g)=F(v,u).

Therefore (u,v) is a coupled common fized point of F' and g. Now, if (u',v") is another coupled
common fized point, then (Z=30) implies that v = g(v') = g(u) = u and V' = g(v') = g(v) =v. O

If we put 1(t) = mt for m € [0,1) in Theorem P=2, we obtain the following corollary.

Corollary 2.5. Let (X,=,p) be a complete ordered modular function space. Suppose that F' : X X
X — X and g : X — X be mappings such that F' has the mixed g-monotone property and there exist
a, 8 € RY with o > (8 such that

p(alFl@.y) = Fzw)) < 5= [0(Blo@) = () +p(Blow) —gw))]  (233)

- 2K"
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for all z,y,z,w € X for which g(z) < g(z) and g(y) > g(w). Let F(X x X) C g(X), g is continuous
and commutes with F. Also assume either

(1) F is continuous or

(13) X has the following properties:

(a)if {xn}is a non-decreasing sequence such that x,, — x, then x,, < z, for alln, (2.34)

(b)if {yn}is a non-decreasing sequence such that y, — y, theny < y,, for alln. (2.35)
If there exist xg,yo € X such that

9(xo) < F(zo,90) and  g(yo) = F(yo, o), (2.36)
then F' and g have a coupled coincidence point.
Taking g = I(the identity mapping) in Theorem 22 we have the folloing result.

Corollary 2.6. Let (X,=,p) be a complete ordered modular function space and ) € V. Also suppose
F: X xX — X be a mapping having the mized monotone property and there exist a, B € Rt with
a > 3 such that and there exists a k € [0,1) such that

p(ﬁ(af - Z)) + p(ﬁ(y - w)>}

p(a(Fz.y) - F(z,w) <o - (2.37)
forall z,y, z,w € X for which x < z and y > w. Also suppose either
(1)F is continuous or
(1) X has the following properties:
(a) if {z,}is a non-decreasing sequence such that x, — x, then x,, < x, for alln, (2.38)
(b) if {yn}is a non-decreasing sequence such thaty, — y, theny < y,, for alln. (2.39)
If there exist xg,yq € X such that
xo < F(zo,90) and  yo > F(yo, o), (2.40)
then there exist x,y € X such that
r=F(x,y) and y=F(y,z).
Moreover, if xo,yo are comparable, then x =y, so x = F(x,x).
Proof . It is enough to show that x = F(z,x). Suppose that xo < yo. We show that
T <y, forall n>0, (2.41)

where T, = F(pn_1,Yn-1),Yn = F(Yn_1,Tn_1). Assume that (241) holds for some fixed n > 0. Then
the mized monotone property of F' implies that

Tp4+1 = F(xnyyn) S F(y’ruxn) = Yn+1-
Now from (Z71) and (Z-37) we get

p((F i) — Py, ,))) < [2E—20))]

K;’r‘
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Hence we have

p(3(z = 1) = p(2als = 20)) + ~-(a0B(nss ~ 1))
< p(ale = 2001) + p(0B(wn1 )
< p(ale = 20i1) +p(2 Blanis =)
< p(a(x - xn+1)> + p(ﬁ(x 1 y))
< p(ae = 2ui)) + 8 (@0 = gos1) ) + 5 (0B (nss — )
< p(a(l‘ - :vn+1)) + K p(a(xnﬂ ~ Ynt1 ) + K p( Ynt1 — y))

Tn — YUn T
—))}+p< o — Tpy1) ) + K P( yn+1—y)>-

Since P(t) < t taking the limit as n — oo we get

AP 9] < e — ).

Therefore p(B(x —y)) =0, hence v =y and so x = F(z,x). O

p(Bla—y)) < K"

Taking v (t) = mt with m € [0,1) in Corollary 28 we obtain the following result.

)
)

= & p(a(F (@) = Flyww))) + p(ale = 2001)) + 570 (Bl0nsr )
)
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Corollary 2.7. Let (X,=,p) be a complete ordered modular function space. Suppose that F' : X X
X — X be a mapping having the mized monotone property and there exist o, f € RT with a > f3

and there ezists a k € [0,1) such that

m

p(alF(r,y) ~ F(z ) <

- 2K"

[p<6(f€ - 2)) + p(ﬁ(y - w))}

for all x,y, z,w € X for which x < z and y > w. Also assume either
(1) F is continuous or
(13)X has the following properties:

(a)if {z,}is a non-decreasing sequence such that x, — x, then x,, < x, for alln,

(b)if {yn}is a non-decreasing sequence such that y, — y, then y < y,, for all n.
If there exist xg,yg € X such that

zo < F(zo,y0) and yo > F(yo, o),
then there exist x,y € X such that
rv=F(z,y) and y=F(y, )

Moreover, if xq,yo are comparable, then x =y, so x = F(x,x).
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