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Abstract

This paper is concerned with the conjugate gradient method for solving an operator equation on
Hilbert spaces by using frames of subspaces. We design an algorithm, based on the bounds of a
frame of subspaces and conjugate gradient method, and investigate its convergence and optimality.
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1. Introduction and preliminaries

The area of conjugate direction algorithms has been one of great creativity in the non linear
programming field. Hereof the conjugate gradient method is the conjugate direction method that
is obtained by selecting the successive direction vectors as a conjugate version of the successive
gradients obtained as the method progresses. This method is extremely effective in dealing with
general objective functions is consider among the best general purpose methods. On the other hand
the potential of frames in numerical analysis is an almost unexplored field. On the one hand the
redundancy of a frame can give the freedom to implemented further properties, which would be
mutually exclusive in the Riesz bases case, e.g. both high smoothness and small support. On the
other hand, since one is working with a weaker concept, the concrete construction of a frame is
usually much simpler where compared to stable multiscale bases. Consequently, there is some hope
that the frame approach might simplify the geometrical construction on bounded domains. To handle
this emerging applications of frames, new methods have to be developed. One starting points is to
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first build frames ”locally” and then piece them together to obtain frames for the whole space. One
advantage of this idea is that it would facilitate the construction of frames for special applications,
since we can first construct frames or choose already known frames for smaller spaces. And on a
second step one could construct a frame for the whole space from them. This arise the concept of
the frame of subspaces.

In this paper we will use frames of subspaces to get some approximated solutions for the operator
equation

Lu=f, (1.1)

where L : H — H is a bounded, invertible and self adjoint linear operator on a separable Hilbert
space H. A natural approach to constructing an approximate solution is to solve a finite dimensional
analog of the problem (IT). In [8, ] you can see the development of numerical methods for solving
the problem by using frames.
First we will briefly recall the definitions and basic properties of frames and frames of subspaces. For
more information we refer to the survey articles by Cassaza and Gitta Kutyniok [6] and the book by
Christensen [[]. Throughout this paper H shall always denote an arbitrary separable Hilbert space.
Furthermore all subspaces are assumed to be closed. Moreover, A denotes a countable indexing set
and I denotes the identity operator. Also if W is a subspace of a Hilbert space H, we let 7y, denote
the orthogonal projection of H onto W.

Assume that H is a separable Hilbert space, A is a countable set of indices and ¥ = () )aen C H
is a frame for H. This means that there exist constants 0 < Ay < By < oo such that

AullfIlE < D100 < BollfllE, VS € H. (1.2)

A€A

For a frame W, the operator S : H — H defined by

S(f) = Z<f7%>¢m

AEA

is called the frame operator. It was shown in [[d], for the frame (1))xea, S is a positive invertible
operator satisfying Agly < S < Byly and B‘EIIH <S5 1< AE,IIH. Also, the sequence

@'::(i&)AeA:: Qsildd)A€A7

is a frame (called the canonical dual frame) for H with bounds By', Ay'. Every f € H has the
expansion

=Y (F o= (f,da)tn

AEA AEA

For an index set A C A, () eR 18 called a frame sequence if it is a frame for its closed span.

Now let H be a separable Hilbert space and A be a countable indexing set. For a family of weights
{vr}ren, i€, vy > 0 for all A € A, a family of subspaces {H)} ea of a Hilbert space H is called a
frame of subspaces with respect to {vy}rea for H, if there exist constants 0 < A < B < oo such that

AP <Y dRllmm, (D17 < BIFIIP Vf € H, (1.3)

AEA

where 7y, denotes the orthogonal projection onto the subspace H).
The constants A and B is called the frame bounds of the frame of subspaces. If A = B then the



Application of frames of subspaces in conjugate gradient method for solving operator
equationsll (2020) No.2, 209-217 211

frame { H)} ea with respect to{vy}rea, is called a A -tight frame of subspaces. It is proved that [5],
the family {H)} ea of the frame of subspaces is complete, in the sense that span,c,{H\} = H.
The following theorem [H], shows that how we able to string together frames for each of the subspaces
H) to get a frame for H.

Theorem 1.1. Let A be an index set, vy > 0 for each A € A, and {1, }ic1, be a frame sequence
in H with frame bounds Ay and By. Define Hy = span;c;, {1} for all X € A, and suppose that
0 < A =infyep Ay < B = supyep By < 00. Then {vaty, }rensier, s a frame for H if and only if
{Hx}xea is a frame of subspaces with respect to {vy}ren for H.

As in the well know frame situation, the frame operator Sg,, for {H)}rea and {v)}area is defined by
SH,v(f) = ZUQTFH)\(.]C)'
AEA

The frame operator Sp, for {H)}rea and {vy}iea is a operator, self-adjoint, invertible on H with
Al < Sy, < BI, where A and B are the bounded of the frame of subspaces. Further, the following
reconstruction formula satisfies:

f=Y viSphmu(f) Vf € H.
AEA

It is proved that {S;[}UH)\})\EA is a frame of subspaces with respect to {vy}aea.

2. Some basic facts

The most straight forward approach to an iterative solution of a linear system is to rewrite the
equation () as a linear fixed-point iteration. One way to do this is the Richardson iteration. The
abstract method reads as follows:
write Lu = f as

u=(I—Lu+f.
For given uy € H, define for k > 0,
g1 = (I — L)ug, + f. (2.1)
Since Lu — f =0,
U1 —u = —L)up + f—u—(f — Lu)
= —Lup —u+ Lu
= — L)(ur —u).
Hence
Jursr — ullg < [T = Llla—nllue — ulla,
so that () converges if
||] — L||H—>H < 1.
It is sometimes possible to precondition () by multiplying both sides by a matrix B,

BLu = B,

such that convergence of iterative methods is improved. This is very effective technique for solving
differential equations, integral equations, and related problems [2, B]. The following proposition is
useful to use frames of subspaces in Richardson iterative method.
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Proposition 2.1. Let {H)} en be a frame of subspaces with respect to {vy}ren, and let L : H — H
be a bounded invertible operator on H. Then {L(H))}xen is a frame of subspaces with respect to

{UA}AEA-

Proof . See [6]. O
In this case if u is the solution of equation (D) and S is the frame operator of the frame of
subspaces { LH)} then

u = E U)\SHUWLH,\

AEA

Now since L is invertible then 7y, = LWHAL”. Therefore

u = Z v?\S};’iLﬂHAL’lu = Z U?\S}ziLﬂHA(L’l)Qf.

AEA AEA

Since H is a separable Hilbert space (infinite dimension), it is difficult to obtain L= and S'~'.
Our goal is to find a sequence u; of approximated solutions, related to a frame of subspaces, such
that converges to the solution u of the equation (I). Let {H)}rea be a frame of subspaces with
respect to {vy}rea for a separable Hilbert space H with the frame operator Sy ,. By Proposition E1,
{L(H))}xen also is a frame of subspaces with respect to {vy}rea. We denote the frame operator for
{L(H))}xrea and {va}ren, by Sy, Also since L is bounded invertible then there exist two positive
constants ¢; and ¢y such that

cllullg < || Lullg < eol|lu||lg, Yu e H. (2.2)

Theorem 2.2. Let {H)}xea be a frame of subspaces with respect to {vy}xea for H and let L be
bounded, invertible and self adjoint operator in H. If Sy, is the frame operator for the frame of
subspaces { L(H))}axen with respect to {vy}aea with bounds A, B, and ¢y, ¢y as in (Z2B). Then

2 2B —c2A
I ——— LS, L| < 2——. 2.3
H C%A%C%B Hpuy H_C%A*I»C%B ( )
Proof . for every v € H we have
(1= —2 L8 Lvv) = ol — = (S L, L)
BA+EBT T o 2A4aEp ity
2
= 101~ g g (3 v (1) o
= ol ~ oy 3 Rllmaan, (L)l
AA+ B = A
2A
< olf% — —=2 | L2
< ol - Lol
2A
2 201,112
< ol - e il
i A

= (M)HU”Hv
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where in the first inequality we used the property of the lower bound of the frame of subspaces and
in the second inequality we used the property of ¢; in (E22). Similarly we have

2 2
(= <{[ - —=———=LS%, L )
G irap Il < (U -z aplShe vy

Therefore - .

2 csB — ¢
J———— LS LI < ;.
| AA+aEB T I'= AA+AEB
O

3. Conjugate gradient method based on the upper and lower bounds of a frame of
subspaces

We define LS’ L-norm as
Ifllese = (f, LS'Lf): = |(LS'L)2f|, VfeH.

In fact the corresponding inner product is (f, g)ps:r, = (f, LS'Lg), Vf,g € H. Since LS’'L is positive
and invertible, this is indeed a new norm in H. First of all we note that if {H,},ea be a frame of
subspaces and A, B are the frame bounds of the frame of subspaces {LH)} ca with frame operator
S’, that is AI < 5" < BI, and u be the solution of the equation (), then

lullier, = (u, LS"Lu) = (Lu, §'Lu) = (f,5'f),

therefore

VA|f|l < llullzst < VBIIf].- (3.1)
Now let V,, be the subspace generated by the vectors (LS'L)/u, j=1,...,n,
Vi, = span{(LS'LYu, j=1,...,n},

and let P_; =0, Py = BLS'f, where § = and for k > 0,

2
c%A—&-c%B ’

(LS'LP;, LS'LP,) (LS'LPy, LS'LP,_)

P, = LS'LP, — P, — P4
s k (P, LS'LP,) " (Pey,LS'LP._;) "
In this case the following lemma holds.
Lemma 3.1. {Fy, Py,...,P,_1} is an orthogonal basis for V, with respect to the inner product

(f,9)rs = (f, Ls'Lg).

Proof . First we note that {Fy, Pi,..., P,_1} C V,. We verify this by induction. Clearly it is true
for n = 1. Assuming that it is true for all £ < n, then for £ = n+ 1, by the definition of P,, we have

(LS'LP,_,Ls'LP, 1) (LS'LP, 1, LS'LP, ) ,
- n—2

P,=LS'LP, | — .
S o = T LS TP, ) L (Pu2, LS'LP, )

€ LS'L(V,) +V, C Vi,
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as we desired.
Then we only have to show { Py, Pi,..., P,_1} is an orthogonal set. It is clear for n = 1. For n = 2
we have,

(Po, P1>Ls’L = <L5/LPO7 P1>
(LS'LPy, LS'LPy)
(Py, LS'LFy)
(LS'LPy, LS'LPy)
<]307 LS/LPO>
Now, arguing by induction, assume that we know already that (P,, LS'LP;) =0for j =0,1,...,n—1
and then { Py, Py, ..., P,} isan LS’ L-orthogonal basis for V;, ;1. We have to show that (P, 1, LS'LP;) =
0 for j=0,1,...,n.

For j =n,

== <LS/LPO, LS/LPO - P0>

= (LS'LP,y, LS'LP,) — (LS'LPy, Py) =0

(LS'LP,, LS'LP,)
(P,,LS'LP,)
(LS'LP,, LS'LP,_1) ,

BT 77 P,_1,LS'LP,)

= (LS'LP,, LS'LP,) — (LS'LP,, LS'LP,)
(LS'LP,, LS'LP,_1)

— P, ., LS'LP,) = 0.
(P,_1,LS'LP,_,) {Pot )

(Poy1, LS'LP,) = (LS'LP, — P,

Similarity this argument also holds for j =n — 1.

For j < n — 1 we observe that LS"LP; € LS'LV,,_y C V,, and by induction hypothesis LS'LP; =
Z?:_ll ¢l

Now because of orthogonality of P; for j < n (induction hypothesis) and (P41, Pn) = (Pny1, Poo1) =
0, then

LS'LP,, LS'LP,)
(P,,LS'LP,) "
(LS'LP,,LS'LP, ;)

- P, 1, LS'LP
<Pn71>LS/LPn71> ' j>

(RthgLﬂ):(LgLRf—<

n—1
= (LS'LP,, LS'LP;) = (LS'LP,, ) _¢;P) = 0.
i=1
OJ
Now, we can design the following algorithm based on the conjugate gradient method and using
frame of subspaces in order to give an approximated solution to the equation(T). Let {Hy}xea be
a frame of subspaces and S’ be the frame operator of the frame of subspaces { LH)}xea with lower

and upper bounds A, B respectively. Also let ¢q, cs be as in the equation (222) and let o = %.

Algorithm[A, B, ¢y, ¢, €] — u
(I)Put hOZO, P,1 :O, TLIO, To :LS/f, P():ﬁLS/f
(ii) While 22 v/B| f|| > ¢

1) n:=n+1
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. (rn—1,Pn—1)
(2) M1 = o

(3) hn - hn—l + )\n—lpn—l

LS'LP,_1,LS'LP,_ LS'LP,_1,LS'LP,_
(4) P, = LS'LP, ; —* ! Lp, - e i S bl p

(Pn_1,LS'LP, 1)

(5) T'n =Tpn—1 — An_lLS/LPn_l
(iii) u, := hy,.

215

Theorem 3.2. The approzimated solution h,, in the Algorithm[A, B, ¢y, cs, €] is the orthogonal pro-
jection of the solution u of the problem (I) onto V,,, with respect to the LS’ L—inner product. That

is
lu— hnllrsr < |lu—gllLsL, Vg e V,.

Proof . Since h,, = Z;é AP, € V,,, then it is enough to show that (w— hy,, hy,) s/ = 0. By Lemma

B we have ,
i
(hj, Pj)rLsi, = (Z MePr, Pj)psip = 0.
k=0

Rewriting r; as

j—1
’f'j = 7’3;1 — )\jflLS/LIDjfl =T — Z )\kLS/LPk
k=0
j—1
=ro— LS'L)_APy) =ro— LS'Lh; = LS'f — LS'Lh;
k=0
= LS'Lu — LS'Lh; = LS"L(u — h;),
we obtain /
L (nP)  (LSLu—hy) B
? (P, LS'LP;) (P, Py)Lsw
and by using (B2) and (B33) we conclude
n—1 n—1
(= hp, hn) s = (u — Z AP Z AiPj) st
=0 =0
n—1 _ n—1 .
=Y N, P)rsn — > NN(P P
=0 =0
n—1

|
7

i((u, Py)rsr — NP, Pj)Lsir)

7=0
n—1
< LS L(u— hy), P;
=> N, P)st — < P( 5 i) ]><Pj,Pj>LS'L)
=0 (Pj, Pi) st
n—1 n—1
=Y MN(LS'Lu— LS'L(u—h;), P;) =Y N;{(LS'Lhj, P;) = 0.

I
o

J

<.
Il
o

(3.2)

(3.3)
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O
By definition of V,, we observe that

hyp = Gn_1(LS'L)BLS Lu,
where ¢,,_1(z) is a polynomial of degree n — 1. Therefore

w—"hy = (I = qu1(LS"L)BLS'L)u = ¢p(I — BLS'L)u,

where ¢, (z) =1— (1 — a:)qn_l(l_Tx) is a polynomial of degree n and ¢, (1) = 1.

For the error estimate we have

lu — hollpsr = ||¢n(I — BLS' L)ul| s,
— |(LS'L)?¢u(I — BLS'L)(LS'L) " (LS'L)%u|
< (LS'L)2 ¢, (I — BLS'LY(LS'L) ||| (LS'L)z ul|
= [l¢n(I — BLS'L)ll|ullzs'z

< max |dn(2)]||ull s
|z|<ao

So
|u = hnllLsrr < max [ (2)]||ullLsr,
[z[<ao
C%chiA

2 27"
csB+ciA
The aim is to minimize this error. Therefore we try to find

where ag =

ooy iy 1o )l

(3.4)

(3.5)

where min is considered on all polynomials of degrees less than or equal n such that ¢, (1) = 1. This

is done by Chebyshev polynomials, satisfying the recurrence relation
Co(x) =1, Ci(z) =z, Cp(x) =22C,_1(z) — Cpa(x), Vn >2.
In fact

cos(n cos™t(z))

For more details see [6].
In this case, the following lemma holds [G].

Lemma 3.3. Givena <b <1 set
Cn(2m—a—b>

b—a

Ca(5227)

Po(x) =

Then

<
max | P (z)] < max [¢n(2)],

for all ¢, () of degree less than or equal n, satisfying ¢,(1) = 1.
Furthermore

maTa<a<p| Po(7)] =

lz| <1

Culz) = { cosh(cosh™* x); =@+ Ve =1)"+(z+Va2-1)""), |z[ > 1

(3.6)
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Theorem 3.4. The approzimated solution h, in the Algorithm[A, B, 1, co, €] satisfies

— hy s
Ju=alluss < VB
Proof . Based on the above argument, by setting a = —ag and b = « in Lemma BZ3, the polynomial

Co(22mm)  Cy(2)

apg+ag — )
G~ Guly)

Solves (B3) and minimize the error ||u — h,||Lsr in (B4). Also the maximum is

Po(r) =

(3.7)

1 1 2B +2A
apg—a = C”(_) - On( 5 )
Cn(—QZOiaoo) o7y —A3A
1 3B+ ciA (3B + ciA)? " 1
SELs e T e e e )
2 2B ClA ( 2B ClA) (CQB+61A + (CQB+CIA) 1)7’1
c3B—c2A (c3B—c3A)?

1, 3B+ cA

_ 4(c3B)(2A)
B 5((033 — A -

2B — c2A ) c2B+c2A 4(c2B)(c2A)\,,
( 2 ! ) (ch—C%A + (c%%—c%i&)Q)

)

2B + 1

2 B—clA ) + (\/BB+/c3A)2 n)
S T

B 1(<02\/§+01\/Z)n+ 1 )
Moo Gy
1( 1 e 1+ 02"
o) = ——.
2 0" 207
Finally, by the inequalities (84) and (Bdl) we obtain
1 1.
lu = Pallesr < === lullese = (Ca(—)) " Hlullzsz
n(a_o) Qo
20" 20"
e E—— y < — B
1 + 0—2n||u||LSL -1 + Ugn\/_HfHa

as we desired. [
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