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Abstract

Let (A, || - ||) be a real Banach algebra. In this paper we first introduce left and right p-amenability
of A and discuss the relation between left (right, respectively) p-amenability and @-amenability of
A for ¢ € A(A) U {0} where € A(A) is the conjugate of p. Next we show that A is left (right,
respectively) p-amenable if and only if Ac is left (right, respectively) ¢c-amenable, where Ac is a
suitable complexification of A and pc € A(Ac) is the induced character by ¢ on Ac. In continue,
we give a hereditary property for O-amenability of A. We also study relations between the injectivity
of Banach left A-modules and right p-amenability of A. Finally, we characterize the left character
amenability of certain real Banach algebras.
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1. Introduction and preliminaries

The symbol F denotes a field that can be R or C. For a Banach space (X, || - ||) over F, we denote
by X* the dual space of X. Let A be an algebra and X be an A-bimodule over F with the left module
action (a,x) — a-x: A x X — X and the right module action (a,z) —> z-a: Ax X — X. A
linear map D : A — X over F is called an X-derivation on A if D(ab) = D(a) - b+ a - D(b) for all
a,b € A. For each x € X, the map dyx, : A — X defined by dax,(a) =a-z—z-a (a€ A),is
an X-derivation on A over F. An X-derivation D on A over F is called inner if D = d4 x, for some
r e X.
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Let (A, | -||) be a Banach algebra over F. An A-bimodule X over F is called a Banach A-bimodule
if X is a Banach space with a norm || - || and there exists a positive constant &k such that

la- 2|l < Ellallflz]l, [l - all < Ellaflfl],

for all a € A and z € X. Let X be a Banach A-bimodule over F with the module operations
(a,2) »a-x, (a,z) = x-a:Ax X — X. Then X* is a Banach A-module over F with the natural
module operations (\,a) — a- A, (A\,a) — A-a: A x X* — X* given by

(@-N)(x)=Az-a), (A-a)(x)=Aa-x) (ae A, eX" zeX),

and with the operator norm || - ||,,. We denote by Zz(A, X) the set of all continuous X-derivations on
A over F. Tt is known that ZL(A, X) is a linear subspace of Br(A, X), the linear space of all bounded
linear operators from A to X over F. We denote by N (A, X) the set of all inner X-derivations on
A over F. Clearly, Ni(A, X) is a linear subspace of ZL(A, X) over F. We denote by H{(A,X) the
quotient space Zi(A, X)/Ni (A, X) which is called the first cohomology group of A over F with the
coefficients in X.

A Banach algebra A over F is called amenable if HE(A, X*) = {0} for all Banach A-bimodule X
over F.

Let A be a Banach algebra over F and let ¢ : A — C be an algebra homomorphism from A to
C over F. We say that ¢ is a character of A (the zero homomorphism from A to C, respectively)
if p(ag) # 0 for some ag € A (p(a) = 0 for all a € A, respectively). The zero homomorphism from
A to C is denoted by 0. We denote by A(A) the set of all characters of A. It is known that A(A)
is a subset of Br(A,C). If A is a commutative Banach algebra with identity over F, then A(A) is
nonempty. It is not true whenever A is noncommutative. For example H, the set of all quaternion
numbers, is a real noncommutative Banach algebra with identity but A(H) = 0 (see [I6, Page 20]).
Note that it is possible A(A) = () wherever A has not the identity ( see [I4, Examples 2.1.6 and
2.1.7]). If Ais a real Banach algebra, then ¢ € A(A) if and only if ¥ € A(A), where $: A — C s
defined by @(a) = p(a) (a € A).

Let A be a Banach algebra over F and ¢ € A(A) U {0}. We denote by M4(A, @) (ML(A, @),
respectively) the collection of all complex Banach space X for which X is a Banach A-bimodule over F
with the right (left, respectively) module action defined by z-a = p(a)z (a-x = p(a)z, respectively)
for all (a,x) € A x X.

Definition 1.1. Let (B, || - ||) be a complex Banach algebra and let ¢ € A(B) U {0}. Then B is
called left (right, respectively) p-amenable if HL(B, X*) = {0} for all X € ML(B, ¢) (X € ML(B, ),
respectively).

The concepts of left and right p-amenability of complex Banach algebras were first introduced by
Hu, Sangani Monfared and Traynor in [I1] which is modified by Nasr-Isfahani and Soltani in [19] as
the definition above.

Let (A, || -||) be a real Banach algebra and ¢ € A(A)U{0}. It is easy to see that if X € Mi(A, ¢)
satisfying i(a - ) = a - (iz) for all (a,z) € A x X (X € ML(A, p) satisfying i(z - a) = (iz) - a for all
(a,r) € A x X, respectively), then X* € M&(A, p) and i(f-a) = (if)-a holds for all (f,a) € X* x A
(X € ML(A,¢)and i(a- f) = a- (if) holds for all (a, f) € A x X*, respectively ), where i = /—1.
We now introduce the left and right ¢-amenability for real Banach algebras A as the following.

Definition 1.2. Let A be a real Banach algebra and let ¢ € A(A)U{0}. We say that A is left (right,
respectively) ¢-amenable if Hg(A,X*) = {0} for all X € ML(A,p) (X € ML(A, p), respectively)
satisfying

i(x-a)=(ix)-a (i(a-x)=a- (ix),respectively),
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for all (a,z) € A x X.

Definition 1.3. Let A be a Banach algebra over F.

(i) For ¢ € A(A)U {0}, we say that A is p-amenable if A is left and right ¢-amenable.

(ii) A is called left (right, respectively) character amenable if A is left (right, respectively) -
amenable for all ¢ € A(A) U {0}.

(iii) A is called character amenable if A is left and right character amenable.

Let E be a real linear space (real algebra, respectively). A complex linear space (complex algebra,
respectively) Eg is called a complezification of E if there exists an injective real linear mapping (a
real algebra homomorphism, respectively) J : F — FE¢ such that Ec = J(E) ®iJ(E).

If X is a real linear space, then X x X with the additive operation and scalar multiplication defined
by

(z1,91) + (v2,92) = (21 + 22, Y1 + 1) (w1, 22, 91,12 € %),
(a+if)(x,y) = (ax — By, ay + Bx) (o, B €R, 2,y € X), (1.1)

is a complexification of X with respect to the injective linear map J : X — X x X defined by
J(z) = (z,0), z € X.
If A is a real algebra, then A x A with the algebra operations

(a1,01) + (az,b2) = (a1 + az, by + by) (a1, as,b1,by € A), (1.2)
(o +iB)(a,b) = (aa — Bb, ab + Ba) (a, B €R,a,b e A),
(ay,b1)(az,by) = (aras — bibe, a1by + bias) (a1,b1,a0,by € A),

is a complexification of A with the algebra homomorphism J : A — A x A defined by J(a) =
(a,0), a € A.

Let (E, || -||) be a real normed linear space (algebra, respectively), E¢ be a complexification of F
with respect to an injective real linear mapping (algebra homomorphism, respectively) J : E — E¢
and ||| - ||| be a norm (an algebra norm, respectively) on Ec. We say that ||| - ||| satisfies in the (k)
condition if there exist positive constants k; and ko such that

max{|[al, [|bI[} < ku[l[J(a) + i J (D)[]] < ke max{]|al], [[b[]},

for all a,b € E. By [8, Proposition 1.1.13], there exists a norm (an algebra norm) ||| - ||| on E¢
satisfying in the (%) condition with k; = 1 and k3 = 2 where Ec = E x F and J : E — Eg¢ is
defined by J(a) = (a,0), a € E. Note that the (x) condition implies that (F, || - ||) is a real Banach
space (a real Banach algebra, respectively) if and only if (Eg, ||| - |||) is a complex Banach space (a
complex Banach algebra, respectively).

Let (A, ]| -||) be a real Banach algebra, A¢ be a complexification of A with respect to an injective
real algebra homomorphism J : A — Ac and ||| - ||| be an algebra norm on Ac satisfying in the ()
condition. It is known [3, Theorem 2.4] that A is amenable if and only if A¢ is amenable. In Section
2, we prove that A is left (right, respectively) p-amenable if and only if A is @-amenable, whenever
¢ € A(A). Moreover, we give a characterization of left and right ¢-amenability of A whenever
¢ € A(A) with © = . In Section 3, we show that A is right character (right character, character)
amenable if and only if Ac is left character (right character, character) amenable, respectively. In
Section 4, we give a characterization of the left (right, respectively) O0-amenability of A. In Section
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5, we show that if ¢ € A(A) and X is a complex Banach space, then A is left p-amenable if and
only if the real left Banach A-module X, with the left module action a -z = ¢(a)x ((a,z) € A x X),
is injective. In Section 6, for a complex Banach algebra B we assume that Bg is B regarded as a
real Banach algebra and show that By is right character amenable if and only if B is right character
amenable. In Section 7, applying certain known results for left and right character amenability of
complex Banach algebras and some obtained results in Sections 2-6, we give some results for the left
and right character amenability of certain real Banach algebras.

2. p-amenability and g-amenability

We first investigate the relation between g-amenability and p-amenability for a real Banach
algebra A, where ¢ € A(A).

Theorem 2.1. Let (A, | -||) be a real Banach algebra with N(A) # 0 and let ¢ € N(A). Then the
following assertions hold.

(i) A is left p-amenable if and only if A is left p-amenable.
(ii) A is right p-amenable if and only if A is right G-amenable.
(iii) A is p-amenable if and only if A is p-amenable.

Proof . (i) We first assume that A is left p-amenable. Let X € M&(A, ) with the norm || - ||
such that i(x - a) = (iz) - a for all (a,x) € A x X. Let X denote X with the scalar multiplication
(a,x) —> axx : X x C — X defined by

axr=ar (aeC,zeX).

It is easy to see that X is a complex Banach space with the norm || - || and a real Banach A-bimodule
with the module actions (a,2) —> a©@z: AXx X — X and (a,2) —> 2 ® a: A x X — X defined
by

a®r=pla)xx=p(a)r (a€ A zxelX),
r@a=z-a (reXacA).

Hence, X € ML (A, ). Moreover, for each (a,z) € (A x X) we have

ix(x®a)=ilxr®a)=—i(r®a)=—((iz) - a)

= (—iz)-a= (i) -a= (i*xx) ®a.
It is easy to see that (X)* = {f: f € X*}. Moreover, one can show that
fra=foa, a-f=a0f (a€A fecX. (2.1)
Since A is left p-amenable, we deduce that
Hg (A, (X)") = {0}. (2.2)
Assume that d € Z}(A, X*). Define the map d : A — (X)* by

d(a) =d(a) (a€A). (2.3)
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It is easy to see that d is a bounded real linear operator from A to (X)* and ||d|| = ||d||. Moreover,
by (E33) and (1) we have

d(ab) = d(ab) = d(a) -b+a-d(b) =d(a)-b+ a-d(b)
= d(a) ©b+a®d(b) =d(a) ®b+a® d(b),
for all a,b € A. Hence, d € Z}(A, (X)*) and so, by (22), there exists g € (X)* such that

d = dax) g (2.4)

Applying (E34), for each a € A we get

d(a) = d(a) = da@yg(a) =a©g—gOa
=a0g—gOa=a-g—g-a=dsxz(a).

Hence, d = d 4 x- 3. Therefore, H}(A, X*) = {0} and so A is left p-amenable.

We now assume that A is left p-amenable. By the necessity part, A is left Z-amenable, that is,
A is left p-amenable. Hence, (i) holds.

(ii) It follows similar to (i).

(iii) This follows from (i) and (ii). O

We now characterize the p-amenability of a real Banach algebra A, where ¢ € A(A) with @ = .

Theorem 2.2. Let (A, ]| -||) be a real Banach algebra with A(A) # 0 and let p € A(A) with $ = .
Then the following assertions are equivalent.

(i) A is left p-amenable.
(i) HL(A,X*) = {0} for each real Banach A-bimodule X with the left module action a - x =
pla)x, (a,z) € A x X.
(iii) There is an element m € A** such that m(p) = 1 and m(f.a) = p(a)m(f) for all a € A and
fe A

Proof . (i)=(ii) Let (X,|| - ||) be a real Banach A-bimodule with the left module actions defined
by a -z =¢(a)r (r€X, acA). Set Xc = X x X. Then X¢ is a complex linear space with the
additive and scalar multiplication defined by (IT). Moreover, X¢ is a complexification of X with the
injective real linear mapping J : X — X¢ defined by J(z) = (z,0), It is known that there exists a
norm ||| - ||| on X¢ satisfying in the (*) condition with the positive constant k; = 1 and ky = 2. Hence,
(Xc, ||| - ||]) is a complex Banach space. It is easy to see that X¢ is a real Banach A-bimodule with
the module actions (a, (z,y)) — a(x,y) : AxXc — Xc and (a, (z,y)) — (z,y)a : AxXc — X¢
defined by

a(x,y) = (a-z,a-y) (a€ A, (x,y)€ Xc),
(x,y)a= (z-a,y-a) ((z,y) € Xc, a€A).

On the other hand, for all (a, (z,y)) € A x X¢ we have
'L(({E,’g)&) = Z(:E "4,y a) = <_(y ) U,),l‘ ) CL)

= (_y "a, T a) = (—y,a:)a
= i(z,y)a.
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Since ¢ is real-valued, for each (a, (x,y)) € A x X¢c we have
a®(z,y) = (a-z,a-y) = (pla)r, pla)y) = p(a)(z, y).
Therefore, X¢ € M&(A, ¢) and so by (i) we have
Hy (A, (Xc)") = {0} (2.5)
Assume that d € Z} (A, X*). Define the map D : A — (X¢)* by
D(a)(z,y) = d(a)(x) +id(a)(y) (a€ A, (2,y) € Xc).

It is easy to see that D is a real linear mapping from A to (X¢)*. Let a,b € A, since for each
(z,y) € Xc we have

D(ab)(z,y) = d(ab)(z) + id(ab)(y)

= (d(a) - b+ a-d(b))(z) +i(d(a) - b+ a-d(b))(y)

= [d(a)(b-z) +id(a)(b - y)] + [d(0)(x - a) +id(b)(y - )]
= D(a)(b-z,b-y)+ DO)(x-a,y - a)
= D(a)(b(z,y)) + D(b)((x,y)a)

= (D(a)b)(z,y) + (aD(b))(z,y)

= (D(a)b+aD(b))(z,y),

we deduce that D(ab) = D(a)b+ aD(b). Therefore, D is an (X¢)*-derivation on A over R. On the
other hand, ||D(a)|| < 2||d||||a]| for all @ € A. Hence, D is bounded and ||D| < 2||d||. Therefore,
D € Zi(A, (Xc)*) and so, by (E3), there exists f € (X¢)* such that

D = da,xe) s (2.6)
Define the function A : X — R by
Az) =Re f(z,0) (z€X).
Clearly, A € X*. Let a € A. Since d(a)(z) € R for all z € X, we have

d(a)(x) = Re d(a)(z) = Re da,xq)~s(a)(z,0)
= Re (af(x,0) — fa(z,0) = Re (f((z,0)a) = f(a(z,0))
=Re (f(z-a,0) — f(a-x,0)) =Re f(z-a,0) — Re f(a-z,0)
=XNz-a)—MNa-x)=a-Az)— X a(x)
=(a-A=X-a)(z) =dax-r(a)(x),
for all z € X. Hence, d(a) = dax-x(a). Since this equality holds for all a € A, we deduce that

d = dax- . Hence, Hi(A,X*) = {0} and so (ii) holds.
(ii)=-(iii) Clearly, A* is a real Banach A-bimodule with the module actions defined by

fa<b) :f(ab) (fEA*a a,bEA),
a-f(b)=¢(a)f(b) (a€ A, feA", beA).
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Since ¢ is real-valued, we deduce that ¢ € A*. Set M = {rp: r € R}. Then M is a closed real
subspace of A*. Let a € A. Then a- ¢ = ¢(a)p € M. Since for each b € A we have

- a(b) = p(ab) = p(a)p(b) = (#(a)p)(b),

we deduce that ¢ - a = p(a)p and so ¢ - a € M. Therefore, M is a closed A-submodule of A*. Set
X = A*/M. It is easy to see that X is a real Banach A-bimodule with the module actions

a-(f+M)=(a-f)+ M (a€ A, feA)
(f+M)-a=(f-a)+ M (a€ A, [feA).

Moreover, for each a € A and f € A* we have

a-(f+M)=(a-f)+M=gp(a)f +M=p(a)(f + M) (2.7)

Define the map 7 : A* — X by
m(f)=f+M (feA).

Then 7 is a surjective continuous linear mapping. Moreover, 7 is module homomorphism. Hence, 7* :
X* — A*, the adjoint of 7, is a injective linear operator. Moreover, 7* is module homomorphism.
Since ¢ € A*\ {0}, there exist v € A* with v(¢) = 1. Define the map d : A — A* with
d = da a,. We claim that for each a € A there exists a unique A, € X* such that 7*(A,) = d(a).
Let a € A. Then

d(a)(p) = (a-v—v-a)(p) = (a-v)(p) = (v a)(p)
=v(p-a)— ( p)=vip-a—a-p)
= v(p(a)p = pla)p) = v(0) =

This implies that d(a)(M) = {0} and so M C ker(d(a)). Define the function A, : X — R by

Ao(f + M) =da)(f) (f €A).

Then, A, is well-defined since M C ker(d(a)). It is easy to see that A, € X*.On the other hand, for
each f € A* we have

T (Aa)(f) = Daom(f) = Na(7(f)) = Aa(f + M) = d(a)()-

Hence, 7(A,) = d(a). The injectivity of 7* implies that A, is unique. Hence, our claim is justified.
Now define the map D : A — X* by D(a) = A, for all a € A. It is easy to see that D is a real
linear operator. The surjectivity of 7 implies that there exist a 6 > 0 such that [|[7*(2*)| > d]|z*||
for all z* € X*. Hence, for each a € A, we have

1, 1 1
ID@) = 1Al < 517 (A = 5@ < Sldlall.

Therefore, D is continuous. Since 7* is a module homomorphism from X* to A**, we deduce that

7*(D(ab)) = d(ab) = d(a) - b+ a - d(b)
= 1 (Ag) b+ a7 (Ay) = 7 (A - b) + 7(a - Ay)
= 1" (Ay-b+a-Ay) =7 (D(a)-b+a- D)),
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for all a,b € A. The injectivity of ©* implies that D(ab) = D(a) - b+ a - D(b) for all a,b € A.
Therefore, D € Zi (A, X*). Since the left module action of A on X* is given by (E77), we deduce that
Hi (A, X*) = {0}. Thus, there exists A € X* such that D = d4 x-. This implies that

a-mAN) —7"(A\)ra=7"(a-A—X-a) =71"(D(a)) =d(a) =a-v—v-a, (2.8)
for all a € A. Take m = v — (). Then m € A™ and

m(e) =v(p) =7 (A)(p) =1 = Aom(p) =1 - A7(p))
=1-MNe+M)=1=-XM)=1-A(0g) = 1.

On the other hand, by (2Z3) for each a € A we have

am=a-(v—n"(A\)=a-v—a-7"(\)
=a-v—(a-v—v-a)—7m"AN)-a=v-a—7"(\)-a

=wv—7"(\)-a=m-a.

Therefore,
m(f-a)=a-m(f) =m-a(f) =mla-f)=m(p(a)f) = pla)m(f),
for all a € A and f € A*. Hence, (iii) holds.
(iii) = (i) Let X € M&(A, ) and d € ZE (A, X*). Let # € X. Define the map d, : A — R by

d,(a) = Re d(a)(z) (a€ A).
Clearly, d, is a real linear functional on A and
d,(@)] = [Re d(@)(@)] < |d(a)(=)| < lld@llz] < ldlllalll],
for all @ € A. Therefore, d, € A* and ||d.|| < ||d||||x]]. We now define the map D : X — A* by
D(x)=d, (z€X).

Suppose that z,y € X with d,, # d,,. Then there exist a € A such that d,(a) # d,(a), i.e, Re d(a)(x) #
Re d(a)(y). This implies that x # y. Therefore, D is well-defined. It is easy to see that D is a real
linear mapping. On the other hand,

ID()|| = llda < lldf|]]l,

for all z € X. Thus, D is bounded and ||D|| < ||d||. According to ¢ = @ and a -z = ¢(a)x for all
(a,z) € A x X, we deduce that

D(a-x)=p(a)D(z) (a€ A, x€X). (2.9)
Since X € ML(A, @), p =p and d € ZL(A, X*), for each (a,2) € A x X and every b € A we have

D(z - a)(b) = dz.a(b) = Re (a - d(b))(x)
= Re (d(ab) — d(a) - b)( ) Re d(ab)(z) — Re (d(a) - b)()
= d,(ab) — Re d(a)
= D(x) - a(b) — (b
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This implies that
D(z-a)=D(z)-a— D(z)(a)p, (2.10)

for all (a,z) € Ax X. Assume that X denotes X regarded as a real Banach space. Let D* : A* —
(Xg)* be adjoint operator of D. Take A = D*(m). Then A € (Xg)*. Let a € A be given. By (239),
we have

for all x € X. This implies that
A-a=@(a). (2.11)
By the definition of A, (2Z10), (iii) and (Z1) for each € X we have
(a- M) (@) = D*(m)(x - a) = m(D(z) - a — D(z)(a)y)
=m(D(z) - a) = D(z)(a)m(p) = p(a)m(D(x)) - Re d(a)(z)
= ¢(a)D"(m)(z) — (Re d(a))(z) = p(a)A(z) — (Re d(a))(z)
= (p(@)A = Re d(a))(z) = ((A - a) = Re d(a))(z).

Therefore,

a-A=(\-a)—Red(a). (2.12)
Define the map ¥ : X* — (Xg)* by

UIT)=Rel' (I'e€Xx").
It is known that W is a surjective real linear isometry. The surjectivity of W implies that there exist
A € X* such that

A=T(A). (2.13)
By the definition of ¥ and (213), for each x € X we have
U(a-A)(x) =(Re (a-A))(z) =Re (a-A)(z) =Re (A)(x-a)
=(Re (A))(x-a) =V(A)(z-a) =Nz a)=(a-\)(x).
Therefore, W(a - A) = a- A. One can similary show that (A -a) = A - a. Hence, by (Z212) we get
U(d(a)) =Red(a)=A-a—a- A
=V(A-a—a-A)=Y(dax—a(a)).
This implies that d(a) = dax-_a(a). Since a was arbitrary chosen, we deduce that d = dx- _x.
Therefore, Hj (A, X*) = {0} and so A is left p-amenable. Hence, (i) holds. [J
Similarly, we obtain the following result.

Theorem 2.3. Let (A, ]| -||) be a real Banach algebra with /A(A) # () and let p € N(A) with $ = .
Then the following assertions are equivalent.
(i) A is right p-amenable.
(i) Hi(A,X*) = {0} for each real Banach A-bimodule X with the left module action z -a =
pla)x, (a,z) € A x X.
(iii) There is an element m € A™ such that m(p) =1 and m(a - f) = p(a)m(f) for all a € A and
fe A
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3. Character amenability of A and A¢

Let (A, || - ||) be a real Banach algebra, let Ac be a complexification of A with respect to an
injective real algebra homomorphism J : A — Ac and let ||| - ||| be an algebra norm on Ac satisfying
in the (%) condition. For ¢ € A(A) U {0}, we define the map ¢c : Ac — C by

po(J(a) +iJ (b)) = p(a) +ip®)  (a,b€ A). (3.1)

Clearly, pc € A(Ac) if ¢ € A(A) and po = 0 if ¢ = 0. Moreover, the map ¢ : A(A) U {0} —
A(Ac) U {0} defined by
() = vc (¢ € A(A)U{0}), (3:2)

is bijection and ®(0) = 0. For ¢ € A(A), p¢ is called the character of A¢ induced ¢. Here, we show
that character amenability of real Banach algebra (A, | -||) is equivalent to character amenability of
complex Banach algebra (Ac, ||| - |||)-

Theorem 3.1. Let (A, || -||) be a real Banach algebra, let Ac be a complexification of A with respect
to an injective real algebra homomorphism J : A — Ac, and let ||| - ||| be an algebra norm on Ac
satisfying in the (x) condition. Then the followings hold.

(i) For ¢ € A(A)U {0}, A is left (right, respectively) p-amenable if and only if Ac is left (right,
respectively) pc-amenable.
(ii) A is left (right, respectively) character amenable if and only if Ac is left (right, respectively)
character amenable.
(iii) A is character amenable if and only if Ac is character amenable.

Proof . (i) Since the algebra norm ||| - ||| satisfies in the (x) condition, there exist positive constants
ki and ko such that

max{|[al, [|bI[} < ki[l[J(a) + i J (B[] < ke max{]|al], [[b]]}, (3:3)

forall a,b € A. We first assume that ¢ € A(A)U{0} and A is right p-amenable. Let X € M{(Ac, ¢¢)
with the norm || - || and the module actions (¢, z) — ¢z and (¢, z) — - ¢. It is easy to see that
X is a real A-bimodule with the module actions (a,z) — a ® = and (a,x) — x @ a defined by

a®zr=Ja) -z (a€AzxeX), (3.4)
r@a=z-J(a) (a€AzxeX). (3.5)

Since X is a Banach Ac-module with the norm || - ||, there exists a positive constant k such that
1(J(a) +3J () - 2| < K[[[J(a) +iJ )| =]l (a,b € A,z e X), (3.6)

- (J(a) + i ()| < E[[[J(a) + iSO Nzl (a,0€ A,z € X).
Applying (B33), (B34), (83), (BMH) and (B22), we have
kko

1

kk
k—fHGH x| (a,b€ A,z €X).

la © 2| = [|J(a) - 2| < K[[[J@)] [lzll < ==llall llz]| (a,b€ A,z € X),

[z ©all = [lz - J(a)[| < K[[[T(@)[] [l=]| <
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Thus X is a real Banach A-bimodule. Since X € M{.(Ac, ¢c), we have z - J(a) = pc(J(a))z for all
(x,a) € X x A. This implies that © ® a = ¢(a)x for all (z,a) € X x A. Hence, X € M%(A, ). On
the other hand, for each (a,z) € A x X we have

ila®x)=1i(J(a) z)=J(a)- (ix) =a© (iz).
Since A is right ¢-amenable, we have
Hg (A, X*) = {0}. (3.8)
Let D € Z{(Ac, X*). Define the map d : A — X* by
d(a) = D(J(a)) (a€ A).

It is easy to see that d is a real X*-derivation on A. Since
k2
ldta)ll = 1P @)l < P11 (@llF < 1P el

for all @ € A, we deduce that d is bounded and ||d|| < Z—fHDH Thus d € Zi (A, X*). According to
(BR), there exists A € X* such that
d = dA’:{*,A. (39)

It is easy to see that
a®A=J(a)- AN (a€A), Aoa=A-J(a) (a€A). (3.10)
By the definition of d and applying (89) and (B10) we get

D(J(a) +iJ(b)) = D(J(a)) + iD(J(b))
— d(a) + id(b)
= dpzen(a) +idzn(b)
—aOA-AOa+tibOA—AOD)
= J(a)-A—A-J(a) +i(J(b) - A—A- J(b))
= (J(a) A=A~ J(a) + ((iT(B) - A — A - (i.J(b)
= (J(a) +iJ(b) - A — A (J(a) +iJ(b))
= daxen(J(a) + (b))

for all a,b € A. This implies that D = da. x+.a and so
He(Ac, X7) = {0}

Therefore, Ac is right ¢c-amenable.

We now assume that ¢ € A(A) U {0} and Ac is right pc-amenable. We show that A is right
p-amenable. Let X € Mg(A, ¢) with the norm || - || and with the module actions (a,z) — a -z and
(a,x) — x - a such that

ila-x)=a- (iv), (3.11)

for all (a,z) € A x X. Define the map (J(a) + iJ(b),x) — (J(a) +iJ(b))x : Ac x X — X by
(J(a)+iJ(b)x = (a-x)+i(b-z) (a,b€ A x€X), (3.12)
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and the map (J(a) +iJ(b), z) — x(J(a) +iJ(b)) : Ac x X — X by
z(J(a)+1J(b) = (x-a) +i(z-b) (xe€ X, abecA). (3.13)
Applying (B1d) and (B2), we can show that

(a+iB)((J(a) +iJ(b))r) = ((a +iB)(J (a) + i (b)))x
= (J(a) +iJ(b))((a +if)x)

for all (o, 8,a,b,2) € RxR x Ax AxX. Since ¢ € A(A) U {0} and X € M}(A, ), we have
z-a=p(a)r for all (z,a) € X x A. This implies that

x(J(a) +1J(b)) = pc(J(a) +iJ (b)), (3.14)
for all z € X and a,b € A. Applying (B14) and (B13), we get

(a+iB)(z(J(a) +iJ (1)) = ((a +if)(zJ(a) +iJ (b))
= z((a+1iB)(J(a) +iJ(D)))

for all (o, B,a,b,2) € R x R x A x A x X. Hence, X is a complex Ac-bimodule. Since X is a real
Banach A-bimodule, there exists a positive constant k such that

la-zll < Kllall [lz]| (o€ A zeX), (3.15)
[z all < Ellal| [z} (a € A,z € X). (3.16)

Applying (B33), (B12) and (BI3), we get
1(J(a) +iJ(b))x|| < 2kkq|[J(a) + i (O] (]I,
for all (a,b,2) € A x A x X and applying (B4), (B13) and (BIH), we get
[2(J(a) + ] (0)]| < 2Kk [ (a) + 2 (O] (]I,

for all (a,b,x) € A x A x X. Hence, X is a complex Banach Ac-bimodule and so, by (814),
X € ME(Ac, ¢c). Therefore,
HL(Ac, x%) = {0}, (3.17)

Let d € Z4 (A, X*). Define the map D : Ac — X* by
D(J(a)+1iJ(b)) = d(a) +1id(b) (a,be A). (3.18)

It is easy to show that D is a complex linear operator. According to d € Zg(A, X*) and applying
(B12), (B13) and (BIR), one can show that

D((J(a) +iJ(b))(J(d') +iJ (b)) = D((J(a) +iJ (b)) (J (a') +iJ (V)
+ (J(a) +iJ(b))D(J(a) +iJ(V)),
for all a,b,a’,b’ € A. Hence, D is a complex X*-derivation on A¢. By (BI8) and (B33), we have
1D(J(a) +iJ ()] = lld(a) +id(b)[| < [|d(a)|| + [|d(®)]
< lldll llall + lidll |6l < 2[|d|| max {{|a]|, ||o][}
< 2k |[d[| I/ (a) + i (D)l
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for all a,b € A. This implies that D is bounded and ||D|| < 2ki||d||. Hence, D € Z{(Ac,X*). By
(BIM), there exists A € X* such that
D = du.xa. (3.19)

It is easy to see that
J@A=a-A, AJ(a)=A-aq, (3.20)

for all a € A. Applying the definition of D, (B19) and (B=20), we have

d(a) = D(J(a)) = da.x*a(J(a)) = J(a)A — AJ(a)
=a-AN—AN-a=dyzx.(a),

for all @ € A. Hence, d = dyx-» and so Hg(A, X*) = {0}. Therefore, A is right p-amenable.

Similarly, we can show that if ¢ € A(A) U {0} then A is left p-amenable if and only if Ac is left
@c-amenable. Hence, (i) holds.

(ii) Since the map @ : A(A)U{0} — A(Ac)U{0} defined by (B32) is bijection, (ii) follows from
().

(iii) Clearly, (ii) implies that (iii) holds. O

4. A hereditary property of left and right 0-amenability

A hereditary property of the left 0-amenability of complex Banach algebras studied by Nasr-
Isfahani and Soltani [T9, Proposition 3.4(i)] which is modified as the following.

Proposition 4.1. Let (B, || - ||) be a complex Banach algebra. Then B is left (right, respectively)
0-amenable if and only if B has a bounded right (left, respectively) approximate identity.

Applying Proposition B0 and part (i) of Theorem BT for ¢ = 0, we obtain a hereditary property of
left and right 0-amenability for real Banach algebras as the following.

Proposition 4.2. Let (A, || - ||) be a real Banach algebra. Then A is left (right, respectively) 0-
amenable if and only if A has a bounded right (left, respectively) approzimate identity.

Proof . Take Ac = A x A. Recall that Ac is a complex algebra with the algebra operations defined
by () and so it is a complexification of A with respect to the injective real algebra homomorphism
J : A — Ac defined by J(a) = (a,0), (a € A). By [8, Proposition, 1.1.13], there exists an algebra
norm ||| - ||| on Ac satisfy the (%) condition with k; = 1 and ky = 2.

We first assume that A is left (right, respectively) 0-amenable. By part (i) of Theorem BT for
¢ = 0, the complex Banach algebra (Ac, ||| - |||) is left (right, respectively) O0-amenable. Hence, Ac
has a bounded right (left, respectively) approximate identity {(uw,,v,)} er by Proposition BTN It is
easy to see that {u,},er is a bounded right (left, respectively) approximate identity for A.

We now assume that A has a bounded right (left, respectively) approximate identity {u,},er. It
is easy to see that {(u,,0)},er is a bounded right (left, respectively) approximate identity for Ac.
Hence, Ac is left (right, respectively) 0-amenable by Proposition B. Therefore, A is left (right,
respectively) 0-amenable by part (i) of Theorem BT for ¢ = 0. O As consequences of Propositions
B0 and B=4, we obtain the following results.

Corollary 4.3. Let (A, | - ||) be a commutative Banach algebra over F. Then A is left 0-amenable
if and only if A is right 0-amenable.
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Corollary 4.4. Let (A, || - ||) be a Banach algebra over F. Then A is 0-amenable if and only if A
has a bounded approximate identity.

Corollary 4.5. Let (B, || -||) be a complex Banach algebra and let Bg denote B regarded as a real
algebra. Then B is left (right, respectively) 0-amenable if and only if Bg is left (right, respectively)
0-amenable.

5. Right p-amenability and injectivity

In this section, we assume that A is a real Banach algebra with A(A) # () and ¢ € A(A). We
discuss the relation between left p-amenability of A and injectivity of real Banach left A-modules.

Let A be a Banach algebra and X be a left Banach A-module over F. We say that X is faithful
if A-x#{0} for all z € X\ {0}, where A- 2 ={a-z: ac A} forz € X.

The following result is a modification of [I9, Proposition 4.1] which is useful in the sequel.

Proposition 5.1. Let A be a Banach algebra over F with /A(A) # 0, let ¢ € A(A) and let X be a
complex Banach space. Then X is a faithful Banach left A-module over F with the left module action
(a,2) —> a-x: AXx X — X defined by a- v = ¢(a)r, (a,z)€ AxX.

Let X and ) be Banach spaces over F. We denote by Br(X,%)) the Banach space of all bounded
linear operators from X to ) over F with the operator norm. We say that T € Br(X,92)) is admissible
if ToSoT =T for some S € Br(), X).

Let A be a Banach algebra over F and let X and ) be Banach left A-modules over F. We denote
by ABr(%X,2) the set of all T € Bp(%,2)) for which T" is an A-module morphism. Clearly, 4Br(X,9))
is a closed subspace of Br(X,9)) over F. An operator T' € 4Br(X,%2)) is called a coretraction if there
exists S € 4B(2,X) with S o T = Iy, the identity self-map on X.

Let A be a Banach algebra and let 7 be a Banach left A-module over F. We say that 7 is injective
if for any Banach left A-modules X and Q) over F, each admissible monomorphism T € 4Br(X,9))
and each S € ABp(X,J), there exists R € 4Bp(2),J) such that RoT = S.

Let A be a Banach algebra and let X be a Banach space over F. It is known [6, Example 2.6.2(viii)]
that Br(A, X) is a Banach A-bimodule with the module actions (a,7) — a-T and (a,T) — T - a
defined by

—~
S
~

~—

—~
=

~—

I

T(ba) (a€ A, T e Br(AX), be A),
(T-a)(b) =T(ab) (a€ A, T eBp(AX), beA).
Let A be a Banach algebra and let X be a Banach A-bimodule over F. For each z € X, define the

map T, : A — X by
Ty(a)=a-z (a€A).

It is easy to see that T, € Br(A, X) for all z € X. Define the map Iy : X — Bp(A, X) by
p(z) =T, (v€X).

It is easy that Il € 4Br(X, Br(A, X)). Il is called the canonical embedding from X to Br(A, X).
The following result is due to Helemskii which is useful in the sequel.

Proposition 5.2. [4, Proposition II1.1.31]. Let A be a Banach algebra and let X be a faithful left
A-module over F. Then X is injective if and only if the canonical embedding Iy € 4Br(X, Br(A, X))
18 a coretraction.
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For a real Banach algebra (A, || - ||) and a complex Banach space (X, || -||), we show that X is
an injective real Banach left A-module with a suitable left module action if and only if X is an
injective complex Banach Ac-module with a suitable left module action. For this purpose we need
the following lemma which its proof is straightforward.

Lemma 5.3. Let (A, | - ||) be a real Banach algebra and let (X, || - ||) be a complex Banach space.
Then the followings hold.

(i) Br(A,X) with the operator norm is a complex Banach space whenever the scalar multiplication
1s determined by

(aS)(a) =aS(a) (ae€C, SebBr(AX), acA). (5.1)
(ii) Real Banach left A-module Br(A, X) satisfies
ifa-T)=a-(T) (ac A, TeBr(AX)). (5.2)

Theorem 5.4. Let (A, | -||) be a real Banach algebra and let ¢ € A(A) and let Ac be a complexi-
fication of A with respect to an injective real algebra homomorphism J : A — Ac, let ||| - ||| be an
algebra norm on Ac satisfying in the (x) condition. Suppose that X is a complex Banach space. Then
the following assertions are equivalent.

(i) X is an injective real Banach left A-module with the left module action (a,x) — a-xz : AXX —
X defined by a -z = ¢(a)r, (a,r)€ AxXX.

(ii) X is an injective complex Banach left Ac-module with the left module action (J(a)+iJ(b), z) —
(J(a)+1iJ (b)) -z : Ac x X — X defined by (J(a)+1iJ (D)) -z = ¢c(J(a)+iJ(b))z, (a,b,x) €
AxAXZX.

Proof . Clearly, X is a real Banach left A-module (a complex Banach left Ac-module, respectively)
with the left module action defined in (i) (in (ii), respectively). Hence, A (Ac, respectively) is
a faithful real (complex, respectively) Banach left Ac-module by Proposition 6. Let Ilg : X —
Br(A, X) be the canonical embedding from X to Br(A, X) and Il¢ : X — Bc(Ac, X) be the canonical
embedding from X to Bc(Ac, X). Then

g(z)(a) =a-z=ypla)xr (re€X, acA),

and

Te(x)(J(a) +iJ (D) = J(a) + iJ(b) -z = pe(J(a) +iJ (D) (x€X, abe A).

Applying (B32), one can show Bg(A, X) is a complex Banach left Ac-module with the left module
action

J@) +iJB)S=a-S+i(b-S) (a.be A, S € BalAX)

Moreover, we can easily show that for each T € Be(Ac,X), T o J € Br(A,X) and ||T o J|| < Z—THTH
We now define the map © : Be(Ac, X) — Br(A, X) by

@(T) =TolJ (TEB@(A(&%)).

Clearly, O is a real linear mapping from the complex Banach space B¢ (Ac, X) to the complex Banach
space Bg(A, X). Since for each T' € B (Ac, X) we have

O(iT)(a) = ((iIT") 0 J)(a) = (iT)(J(a)) = iT(J(a)) = (1O(T))(a),
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for all a € A, we deduce that ©(iT) = 1©O(T) for all T € Bc(Ac,X). Hence, © is a complex linear
mapping. Since || T o J|| < Z—f||T|| for all T' € Be(Ac, X), we deduce that © is bounded and ||©] < Z—f
Let a,b € Aand T € Be(Ac, X). Then

O((J(a) +iJ(b)) - T)(c) = ((J(a) +1J (b)) - T)(J(c))
((J(

for all ¢ € A.Hence,
O((J(a)+iJ(D))-T) = (J(a)+1iJ(b)O(T).

Therefore, © € 4.B.(Bc(Ac, X), Br(A, X)).
For each S € Bg(A, X)), define the map Ag : Ac — X by

As(J(a) +iJ(b)) = S(a) +iS(b) (a,be A).
It is easy to see that Ag € Be(Ac, X). Define the map I' : Br(A, X) — Be(Ac, X) by
I(S)=As (S € Ba(A, X))

It is easy to see that ©@ o' = Ig,(ax) and I' 0 © = I (a.x). Therefore, I' = ©7! and I' €
Be(Br(A, X), Be(Ac, X)) by open mapping theorem for complex Banach spaces.
Clearly, Bc(Ac, X) is a real Banach left A-module with the left module action

CL@T:J(G) -T ((IGA, TEBC(A(C,%)).
Let c € A and S € Br(A,X). Then for each a,b € A we have

P(c- S)((J(a) + (1) = Aes(J(a) + iT(0)) = ¢ 5(a) + (e~ S)(b)
= S(ac) 4+ 1S(bc) = As(J(ac) +iJ(bc))

= As((J(a) +3J (b)) (¢) = (J(c) - As)(J(a) +iJ (b))

= (c© Ag)(J(a) +iJ(b)) = (cOT(5))(J(a) +iJ (D).

Therefore, I'(c-S) = c®T'(S) and so I' € 4Bc(Br(A, X), Be(Ac, X)). Let € X. Since

(@ olle)(x))(a) = (O(llc(2))(a) = (Tc(z
vol(J(a))r = pla)z =

for all @ € A, we deduce that (O oIl¢)(z) = lg(z). Therefore,

Oo H(C = HR. (53)
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Since I' = ©7!, we have
H(C =TIo HR. (54)

By (B33) and the complex linearity of II¢z and ©, we deduce that Ilg is complex linear. To prove
(1) = (ii), assume that X is a injective real Banach left A-module with the left module action defined
by

a-z=ypla)r (a€AxeX).

By Proposition bl for F = R, X is faithful real Banach left A-module. Therefore, by Proposition b2
for F = R, we deduce that Il is a coretraction. Hence, there exists @ € 4B, (Bgr(A, X), X) such that

Qollg = Ix. (5.5)
Define the map Q¢ : Br(A,X) — X by
Qc(S) = Q(S) —iQ(iS) (S € Br(A, X)).
It is easy to see that Q¢ € B.(Br(A, X), X). Applying (B32), we get
Qc(J(a)S) = Qcla-S) =Q(a-S) —iQ(i(a- S))
=Q(a-5) —iQ(a- (iS)) = a-Q(S) —i(a- Q( ))
= ¢(a)Q(S) — i(p(a)Q(iS)) = p(a)(Q(S) —
= pc(J(a)(Q(S) —iQ(iS)) = J(a) - c(S)
for all a € A and S € Br(A, X). This implies that
Qc((J(a) +1J(b))S) = (J(a) +iJ (b)) - Qc(S),

for all a,b € A and S € Bgp(A,X). Hence, Qc € a.B.(Br(A,X),X). Therefore, 3Qc 0 © €
AcBe(Be(Ac, X), X) since © € ACBC(B@(AC,%),BR(A,%)). Applying (63) and (54) and complex
linearity of Ilg, we have

5(Qc 00 0 Tle)(2) = 5(Qe o Ta)(x) = 5 (Qc)(ITx(a)
(QITa() — iQiTT (1)) = J (Q(ITa()) — iQ(TT (i)

T2

= S((@o TIa(x)) — i(Q o THa(ir)) = 3 (Tx(x) — iTx(i))
1

= 5(33 +z)==x

for all z € X and so (Qc 0 ©) o Il = Ix. Therefore, Il¢ is a coretraction. Since X is a faithful
complex Banach left Ac-module, by proposition b2 for F = C, we deduce that X is an injective
complex Banach left Ac-module with the module action defined in (ii). Hence, (i) implies (ii).

To prove (ii) = (i), assume that X is an injective complex Banach left Ac-module with the left
module action (J(a) +iJ(b),z) — (J(a) +iJ (D)) - x : Ac X X — X defined by

(J(a)+iJ(D)) -z =pc(J(a)+iJ(b)x (a,be Az eX).

By Proposition B for F = C, X is a faithful complex Banach left Ac-module. Therefore, by
Proposition b2 for F = C, the complex canonical embedding Il¢ : ¥ — Bc(Ac, X) is a coretraction.
Thus, there exists P € 4.B.(Bc(Ac, X), X) such that
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Define tha map P’ : Bg(A,X) — X by
P'=Por. (5.7)

Applying (68), (657) and (64), we get
P/OHR:(POF)OHR:PO<FOHR)IPOHC:Ix

Hence, Iy is a coretraction. Since X is a faithful real Banach left A-module, we deduce that X is an
injective real Banach left Ac-module by Proposition b2 for F = R. Hence, (ii) implies (i). OJ

A relation between p-amenability of a complex Banach algebra B and the injectivity of certain
Banach left B-modules is given in [I9, Theorem 5.2]. We obtain similar result for real Banach
algebras as the following.

Theorem 5.5. Let (A, ||-||) be a real Banach algebra and let ¢ € A(A). Then the following assertions
are equivalent.

(i) If X is a complex dual Banach space, then X is an injective real Banach left A-module with the
left module action (a,x) —> a-x: Ax X — X defined by a-x = p(a)r, (a€ A,z e X).
(ii) C is an injective real Banach left A-module with the left module action (a,z) — a-z : AXC —
C defined by a -z = ¢(a)z, (a€ A,x e C).
(iii) There is a complex Banach space X such that X is an injective real Banach left A-module with
the left module action (a,x) — a-x: AX X — X defined by a-z = p(a)z, (a€ Ax € X).
(iv) A is right @-amenable.

Proof . (i)= (ii) Since C is a complex dual Banach space, we deduce that C is an injective
real Banach left A-module with the left module action (a,z) — a -z : A x C — C defined by
a-z=p(a)z, (a€ AxeC), by (i).Hence (ii) holds.

(ii)= (iii) Take X = C. Then (iii) holds by (ii).

(iii)= (iv) Set Ac = A x A. Then Ac is a complex algebra with the algebra operations defined in
(I22) and it is a complexification of A with the injective real algebra homomorphism J : A — Ac¢
defined by J(a) = (a,0), a € A. By [8, Proposition 1.1.13], there exists an algebra norm ||| - |||
on Ac satisfying in the (%) condition with k; = 1 and k; = 2. By (iii), there exists a complex
Banach space X such that X is an injective real Banach left A-module with the left module action
(a,2) — a-x : A XX — X defined by a -2 = p(a)z, (a € A,x € X). By Theorem 54,
X is an injective complex Banach left Ac-module with the left module action (J(a) + iJ(b),x) —>
(J(a)+iJ (b)) -z : Ac x X — X defined by (J(a)+iJ(b))-x = pc(J(a)+iJ(b))z, (a,be Az € X).
Therefore, Ac is right ¢c-amenable by [19, Theorem 5.2]. Hence, A is right p-amenable by part (i)
of Theorem BT and so (iv) holds.

(iv)= (i) Let X be a complex dual Banach space. Clearly, X is a real (complex, respectively)
Banach left A-module (Ac-module, respectively), with the left module action a - x = ¢(a)z for all
a€c Az eX (J(a)+iJD)) v =pc(J(a)+iJ())z for all a,b € A,z € X, respectively). By (iv)
and part (i) of Theorem BT, we deduce that Ac is left pc-amenable. Therefore, X is an injective
complex Banach left Ac-module with the mentioned left module action by [19, Theorem 5.2]. Hence,
by Theorem b4, X is an injective real Banach left A-module with the left module action defined by
a-z=p(a)r, (a€ A xeX). Thus (i) holds. O

6. Character amenability of B and By

Let (B,] - ||) be a complex Banach algebra with A(B) # () and let Bg denote B regarded as a
real algebra. Clearly,
A(B)U{p: pe A(B)} C A(Bg).
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For each ¢ € A(B), we give a characterization of right ¢-amenability of B as the following.

Theorem 6.1. Let (B, || -||) be a complex Banach algebra and let Bg denote B regarded as a real
algebra. Then the following assertions are equivalent.
(i) B is right p-amenable.
(ii) C is an injective complex Banach left B-module with the left module action (b,z) — b - z :
B xC— C defined by b-z=¢(b)z, (be B, zeC).
(iii) C is an injective real Banach left Br-module with the left module action (b,z) — b ® z :
Br x C — C defined by b ©® z = ¢(b)z, (be B, zeC).
(iv) Bg is right p-amenable.
Proof . (i)= (ii) It follows by |19, Theorem 5.2].
(ii)= (iii) Clearly, C is a real Banach left Bg-module with the left module action (b, z) — b©® z :

Bg x C —s C defined by
boz=p()z, (be Bg, xe€C).

Take B’ = B,(Bg,C). By part (i) of Lemma B3, B’ is a complex Banach space. Let IIg : C — B’
be the canonical embedding of C in B’. Then

g (2)(b) = ¢(b)z (2 € C, be Bg).
Moreover, for each z € C we have
Ig(2)(ib) = @(ib)z = ip(b)z = illp(2)(b),

for all b € B. Therefore, [Iz(z) € B* for all z € C.
Let II¢ : C — B.(B,C) = B* be the canonical embedding of C in B*. Clearly, IIg = IIc. By (ii),
there exists Q) € pB.(B*,C) such that

Qolle = Ie. (6.1)

It is easy to see that B* x B* is a complex Banach space with the additive operation, scalar multi-
plication defined by

(fr,91) + (fo,92) = (fr + fos 1 +92)  (f1, f2,91.92 € BY),
a(f,9) = (af,ag9) (a€C, fgeB).

and with the norm ||| - ||| defined by

I I = max{[[ [l lgll} (.9 € BY).

Define the map Q2 : B* x B* — B’ by

Q(f,g)=Re f+ilmg (f g€ B").

We can easily show that 2 is well-defined and it is a real linear mapping. Let (f,g) € B* x B* with
Q(f,g) =0. Then Re f =0 and Im g = 0. Therefore, f = 0 and g = 0 since for each h € B* we
have

h(b) = Re h(b) — iRe h(ib),

for all b € B. Hence, (f,g) = (0,0) and so 2 is injective.
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Let A € B’. Thus Re A,Im A € (Bg)*. Define the maps f,g: B — C by
f(b) = Re A(b) — iRe A(ib) (b€ B),
g(b) = Im A(ib) +iIm A(b) (b€ B).

It is easy to see that f,g € B*, Re f =Re A and Im g = Im A. Therefore, (f,g) € B* x B* and

Q(f,g) =Re f+ilm g =Re A +ilm A = A.

Hence, € is surjective.
Since

192(f, )|l = [IRe f +ilm g|| < [|Re f]| + [[Im g]]
111+ gl < 2max{|[ £, llg]l}

= [l 9,

for all f, g € B*, we deduce that € is bounded. Therefore, Q € B, (B* x B*, B'). It is easy to see that
B’ is a real Banach left B-module with the module action (b,A) — b- A : B x B' — B’ defined by

(b-A)(c) =A(cb) (b,ce B, Ae B).
We can show that B* x B* is a complex Banach left B-module with the module action (b, (f,g)) —
b-(f,g9): Bx (B*x B*) — B* x B* defined by

It is easy to see that
Re(b-h)=0b-Reh, Im(b-h)=>b-Imh

for all b € B and h € B*. We claim that
b-ilm h=1i(b-Im h)

forall b€ B and h € B*. Let b € B and h € B*. Since for each ¥’ € B we have

(b-ilm h)(b') = (ilm h)(b'b) = i(Im h)(V'b)
=i(b-Im h)(') = (i(b-Im h))(b'),

we deduce that (E33) holds.
Let b € B and f,g € B*. Then, by the definition of 2, (62) and (633) we have

Q- (f,9) =Q0b- f,b-g) =Re (b- f) +ilm (b-g)
=b-Re f+i(b-Img)=0b-Re f+b-ilmg
=0b-(Re f+ilm g) =0b-Q(f,9).

Therefore, 2 € g, B, (B* x B*, B'). This implies that Q! € p B, (B’, B* x B*). Now define the map

w: B* x B* — B* by .
p(f,g) = §(f+g) (f,g € BY).
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Clearly, p € . B,(B* x B*, B*). Thus Qo puoQ™! € g B,(B',C). According to Q(f, f) = Re f +
ilm f = f for all f € B*, we deduce that Q7(f) = (f, f) for all f € B*. Let 2 € C. Then
Q-1(ITz (=) = (ITa(2). TTx(2)) and so, by Ig(2) = He(=) and (1), we get

(QopoQ ) olln(z) = (Qop)(Q ' (IIk(2))) = (Q o p)(Iz(2), n(2))
= Qllr(2)) = QIle(2)) = (Q o lc)(2)

Therefore, (Q o po Q1) oIlg = Ic. This implies that Il is a coretraction. Since ¢ € A(Bg) and C
is a real Banach left Br-module with the left module action (b,z) — b® 2z : Bg x C — C defined
by b® z = p(b)z (b € Bg,z € C), we deduce that C is an faithful real Banach left Bg-module by
Proposition b for F = R. Hence, C is an injective real Banach left Bgr-module with the left module
action defined in (iii) and so (iii) holds.
(iii)= (iv) It follows by Theorem BH.
(iv)= (i) Let X € M{(B, ¢) with the module actions (b, z) — b-z and (b, z) — x - b. Clearly,
X is a real Banach Bg-module with the module actions (b, z) — b ® x and (b, z) — = ® b defined
by
boz=b-z=pbz (b€ Bg, z€X),
rOb=z-b (reX, be Bg).

Since ¢ € A(Bg), we deduce that X € My (Bg, ). On the other hand
i(r®b)=i(x-b) = (ix) - b=1ix ®b,

for all x € X and b € B. Hence,
Hy (B, X*) = {0}, (6.4)

by (iv). Let D € ZL(B,X*). Define the map d : Bg — X* by
d(b) = D(b) (b€ Bg).
It is easy to see that d € Z}(Bg, X*). According to (E4), there exists f € X* such that
d = dp, x . (6.5)
Since B = Bg, by (E3) we have

D(b) = d(b) = dp, x+s(b) =bO f = fODb
b-f—f-b=dpxs(b),

for all b € B. Hence, D = dp 3+ and so HL (B, X*) = {0}. Therefore, (i) holds. O

By [06, Remark 1.2.8], it is known that if B is a complex commutative Banach algebra with

identity, then
A(Br) = AB)U{p: v € A(B)}. (6.6)

Here, we give an extension of the mentioned result as the following.

Proposition 6.2. Let (B, | -||) be a complex Banach algebra and let Bg denote B regarded as a real

algebra. Then
A(Br) = AB)U{p: ¢ € AB)}.
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Proof . Clearly,
AB)U{p: p € A(B)} C A(Bg). (6.7)
Suppose that ¢ € A(Bgr). Then ¢(B) is real subalgebra of C and {0} is a proper subset of (B).

Thus, ¥(B) = R or ¢(B) = C. Therefore, 1 € 1(B) and so there exists by € B with (b)) = 1. It
follows that

((ib0))? = ((ib)%) = 6(~5) = ~0(5) = ~(W(b,))? = ~1.
Therefore, either ¥ (iby) =i or ¥ (iby) = —i. If ¢(iby) = i, then for each b € B we have

P(ib) = (1) (ib) = 1(ibrb) = ¥ (ib1)1h(b) = i) (b).

This implies that ¢ ((a +if)b) = (o +iB)y(b) for all @, 8 € R and b € B. Hence, ¢» € A(B). If
Y(ib1) = —i, then by a similar calculation we get ¥)(b) = d1)(b) for all b € B which implies that
Y € A(B). Therefore, v € A(B)U{®: ¢ € A(B)}. Thus,

A(Ba) € AB)U{B: € AB)}. (6.8)
From (67) and (63), we have

A(Br) = A(B)U{p: ¢ € A(B)},
and so the proof is complete. [

Theorem 6.3. Let (B, || -||) be a complex Banach algebra and let Br denote B regarded as a real
algebra. Then B is right character amenable if and only if Br is right character amenable.

Proof . We firt assume that B is right character amenable . Let ¢ € A(Bg). Then ¢ € A(B)
or € A(B) by Proposition B2. If ¢ € A(B), then B is right ¢-amenable and so By is right ¢-
amenable by Theorem B1. If § € A(B), then B is right @-amenable and so By is right p-amenable
by Theorem Bl. Therefore, By is right p-amenable by part (ii) of Theorem Z70. Suppose that ¢ = 0.
Then B is right 0-amenable and so by Corollary B=3, By is right O-amenable. Therefore, Bg is right
character amenable.

Conversely, we assume that By is right character amenable. Let ¢ € A(B). Then ¢ € A(Bg)
and so Bg is right ¢-amenable. Hence, B is right ¢-amenable by Theorem Gl. Suppose that ¢ = 0.
Then By is right 0-amenable and so B is right 0-amenable by Corollary BH. Therefore, B is right
character amenable. [J

7. Applications and examples

Applying some results in Sections 2-6 and some known results of character amenability for complex
commutative Banach algebras, we obtain the following theorems.

Theorem 7.1. Let (A,]| - ||) be a commutative real Banach algebra. If A is reflexive and character
amenable, then A is finite dimensional.

Proof . Let A be reflexive and character amenable. Set Ac = A x A. Then Ac¢ with the algebra
operations defined by (=) is complex algebra which is complexification of A with respect to the
injective real algebra homomorphism J : A — Ac¢ defined by J(a) = (a,0) a € A. Moreover, by
[5, Proposition 1.1.13], there exists an algebra norm ||| - ||| on A¢ satisfying the (*) condition with
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the positive constants k; = 1 and ke = 2. Hence, Ac is character amenable by part (iii) of Theorem
B and also reflexive Banach space by [, Lemma 2.3(vii)]. Therefore, Ac¢ is finite dimensional by
[T, Theorem 3.5] and so there exists a finite subset {(a1,b1),---, (an,b,)} of Ac which generates
Ac. It is easy to see that A is generated by the finite set {ai, b1, -, an,b,}. Hence, A is a finite
dimensional real linear space. []

Let (B,]| - ||) be a complex Banach algebra with A(B) # (). The relative topology on /A (B)
induced by weak topology (B**-topology) on B* is called the weak topology on A(B).

Let (A4, ||-]]) be areal Banach algebra with A(A) # ). set A’ = Bg(A,C). Then A(A) C A" and A’
is a complex Banach space by Lemma B23. The relative topology on A(A) induced by (A’)*-topology
on A’ is called the weak topology on A(A).

Theorem 7.2. Let (A,| - ||) be a real Banach algebra and let ¢ € A(A). If A is left or right
p-amenable, then ¢ is an isolated point in A\(A) with the weak topology.

Proof . Let A be left p-amenable. Set Ac = A x A. Then A¢ with the algebra operations defined
by () is complex algebra which is a complexification of A with respect to the injective real algebra
homomorphism J : A — Ac defined by J(a) = (a,0) a € A. Moreover by [6, Proposition 1.1.13],
there exists an algebra norm ||| - ||| on A¢ satisfying the (x) condition with the positive constants
k1 = 1 and ky = 2. Hence, Ac is left pc-amenable by Theorem Bl Thus, there exist m € (A¢)*™
such that m(¢pc) = 1 and m(n) = 0 for all n € A(Ac) \ {¢c} by [I3, Remark 5.1]. Define the map
o: A" — (Ac)* by
o(N)(a,b) = Ala) +iA(D) (A€ A, a,be A).

Clearly, o is well-defined and o(¢) = ¥ for all » € A(A). It is easy to see that o is a bounded
complex linear mapping. Thus, o* : (A¢)™ — (A")*, the adjoint operator of o, is a complex
bounded linear mapping. Therefore, o*(m) € (A’)* and

a*(m)(p) = m(a(p)) = m(pc) = 1.
Let v € A(A) \ {¢}. Then vc € A(Ac) \ {pc} and so m(ic) = 0 Thus,

o (m) () = m(a (1)) = m(tc) = 0.

Therefore, A(A) N (o*(m))~1({0}) = A(A) \ {¢}. This implies that A(A) \ {4} is a closed set in
A(A) with the weak topology and so {¢} is an open set in A(A) with the weak topology. Hence, ¢
is an isolated point of A(A) with the weak topology. O

The following example shows that the converse of Theorem is not true in general.

Example 7.3. Let S = NU {0} and define the semigroup operation on S by

m*n:{m ofn=m (m,n € 9).

0 ifn#m

The semigroup algebra ! (S) with the convolution product is a complex commutative Banach algebra
with the ['-norm. It is known that {'(S) generate by {e,, : m € S}, where e,, = {€,,,}52, for all
m € S and
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Moreover, A(I*(S)) = {ps} U{p:: t € N}. where pg(e,) =1, (m € 5) and for each t € N;

@t(em):{(l) nml;i (meS).
Let B be the unitisation of I!(S) with unit eg. Then A(B) = A(I1*(S)) U {¢s}, where
Yoolem) =0 (mes) and @(ep) =1.
Let Bg be B regarded as a real Banach algebra. Then By is a commutative real Banach algebra and
A(Br) = A(B)U{p: ¢ € A(B)}.

We claim that ¢ is an isolated point in A(Bg) with the weak topology. Define the function
f: B — Cby
F(A) = Alies) (A< B).

It is easy to see that f € (B’)*. Suppose that ¢, is not an isolated point in A(Bg) with the weak
topology. Then there exists a net {¢, },er in A(Bg) \ {¢o} such that

limp, = g (in A(Bgr) with the weak topology).
v

This implies that
liglf(%) = f(¥) = Pocliep) = ipsc(en) =i (7.1)

On the other hand, f(y,) € {0, —i} for all v € I'. This implies that lim f(p,) # 4, which contradicts
v

to (D). Hence, our claim is justified.
It is known [8, Example 2.2] that B is not p-amenable. Therefore, By is not ¢..-amenable by
Theorem BG.

In continue we study character amenability of certain real Banach algebras.

Let X be a compact Hausdorff space. We denote by Cr(X) the set of all continuous F-valued
functions on X. Then Cr(X) is a unital commutative Banach algebra over F with unit 1y, the
constant function on X with value 1, and with the uniform norm || - ||x on X defined by

Ifllx = sup{[f(x)] : v € X} (f € Ce(X)).

We write C(X) instead of C¢(X). A complex subalgebra B of C(X) is called a Banach function
algebra on X if B separates the points of X, 1x € B and B is a unital Banach algebra under an
algebra norm || - ||. A complex uniform algebra on X is a complex Banach function algebra on X
with the uniform norm || - || x.

Let B be a Banach function algebra on X. For each x € X, the map ep, : B — C defined by
ep.(f) = f(x) (f € B), is a character of B which is called the evaluation character on B at x. B
is called natural if A(B) ={ep,: =z € X}. The Choquet boundary of B is denoted by Ch(B, X)
and definded as the set of all x € X such that ¢,, the point mass measure on X at z, is the unique
probability measure p on X such that p is a representing measure for ep,, i.e. ep.(f) = [ < fdu
for all f € B. Hu, Sangani Monfared and Traynor studied character amenability of complex Banach
function algebra on compact Housdorff space in [[1] and obtained the following results which are
useful in the sequel.
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Theorem 7.4. [, Theorem 5.1] Let B be a complex Banach function algebra on a compact Haus-
dorff space X. If B is character amenable, then Ch(B,X) = X.

Theorem 7.5. [, Corollary 5.2] Let B be a complex natural uniform algebra on a compact Haus-
dorff space X. Then B is character amenable if and only if Ch(B,X) = X.

Let X be a compact Hausdorff space. A self-map 7 : X — X is called a topological involution on
X if 7 is continuous and 7(7(z)) = z for all x € X. Let 7 : X — X be an topological involution
on X. Then the map 7* : C(X) — C(X) defined by 7*(f) = for (f € C(X)), is an algebra
involution on C'(X) which is called the algebra involution on C(X) induced by 7. Set

CX,7m)={fecX): 7°(f) = f}

Then C'(X, 7) is a self-adjoint real uniformly closed subalgebra of C'(X) containing 1y and separating
the points of X. Moreover, C'(X) = C(X,7) @ iC(X,7) and

max{|| fllx, [lglx} < [If +2g9llx < 2max{[[f]lx, l[gllx},

for all f,g € C(X, 7). Furthermore, C(X,7) = Cr(X) if and only if 7 is the identity map on X. A
real subalgebra A of C(X,7) is called a real Banach function algebra on (X, ) if A separates the
points of X, 1x € A and A is a unital real Banach algebra with an algebra norm || - || on A. If the
norm on real Banach function algebra on A is || - || x, then A is called a real uniform algebra on X.
Let A be a real Banach function algebra on (X, 7). For each z € X, the map e4, : A — C
defined by ea.(f) = f(z) (f € A) is a character of A which is called evaluation character on
X. A is called natural if A(A) = {eax : =« € X}. The Choquet boundary of A with respect to
(X, 7) is denoted by Ch(A, X, 7) and defined the set of all z € X such that m, is the unique real part
representing measure j for e, i.e. ean(f) = f(x) = [ fdpforall f € A, where m, = %(5x+5‘r(x))'
Here, we study character amenability of real Banach function algebras on (X, 7) as the following.

Theorem 7.6. Let X be a compact Hausdorff space, let 7 : X — X be a topological involution on
X and let (A,| - ||) be a real Banach function algebra on (X, 7). If A is character amenable, then
Ch(A, X,7)=X.

Proof . Take B = {f+ig: f,g€ A}. Then B is a complex function algebra on X, B = A& iA
and there exists a complex norm algebra ||| - ||| on B and C' > 1 such that |||f||| = || f]| for all f € A
and

max{|[|f[|. g/} < ClIIf +igll| < 2Cmax{[|f]|. 9]}
for all f,g € A. Then B is a complexification of A with the injective real algebra homomorphism

J: A — B defined by J(f) = f (f € A) and ||| - ||| satisfies in the (%) condition with k; = C and
ko = 2C. Thus, (B, |||-]]|]) is a complex Banach function algebra on X. Let A be character amenable.
Then B is character amenable by part (iii) of Theorem Bl Therefore,
Ch(B,X) = X, (7.2)

by Theorem 4. On the other hand,

Ch(B,X) =Ch(A, X, 1), (7.3)
by [4, theorem 16]. From () and ([=3), we get

Ch(A, X, 1) =X,

and so the proof is complete. [
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Theorem 7.7. Let X be a compact Hausdorff space, let 7 : X — X be a topological involution on
X, and let (A, || - ||) be a natural real uniform algebra on (X, 7). Then A is character amenable if

and only if Ch(A, X, 1) = X.

Proof . Take B ={f+1ig: f,g€ A}. By [16, Theorem 1.3.20], B is a complex natural uniform
algebraon X, B=A®iA and

max{|[| fllx, [lgllx} < [If +igllx < 2max{[|f[x, [[gllx}

for all f,g € A. Then B is a complexification of A with the injective real algebra homomorphism
J: A — Bdefined by J(f) =f (f € A) and | - ||x satisfies in the (%) condition with k&1 = 1 and
ke = 2. By part (iii) of Theorem BT, A is character amenable if and only if B is character amenable.
By Theorem [, B is character amenable if and only if

Ch(B,X) = X.
On the other hand,
Ch(B,X) =Ch(A, X, 1)

by [16, Theorem 4.3.7]. Therefore, A is character amenable if and only if Ch(A, X,7) = X and so
the proof is complete. [

The following example show that in sufficient case of Theorem [[Z4, we can not omit the naturality
condition on A.

Example 7.8. Let T = {z € C: |z| = 1} and P(T) be the set of all f € C(T) for which f is a
uniform limit of a sequence of polynomials with coefficients in C on T. It is known that P(T) is a
complex uniform algebra on T, Ch(P(T),T) = T and P(T) # C(T). By [, Theorem 5.3], P(T) is
not character amenable. Define the map 7: T — T by

7(2) =% (z€C).
Clearly, 7 is a topological involution on T. Moreover, it is easy to see that 7%(P(T)) C P(T). Define

A={fepP(): 7°(f) =1}
Then A is a real uniform algebra on (T, 7), P(T) = A®iA and

max{|[fllr, [gllr} < [If +iglle < 2max{(|fz, [lgllr}

for all f,g € A. Moreover, A is not natural and Ch(A, T, 7) = T. Thus, P(T) is a complexification of
A with the injective real algebra homomorphism J : A — P(T) defined by J(f) = f (f € A) and
| - ||r satisfies in the (%) condition with k; = 1 and ky = 2. Therefore, A is not character amenable
by Theorem B. F'

Let (X, d) be a compact metric space and «a € (0, 1]. By Lipg(X, d*), we denote the set of all F-valued
functions f on X for which

M: r,y € X,x #y} < o0,

p(X,d"‘)(f) = Sup{ |f do‘< y)
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Then Lipy(X,d®) is an algebra over F containing 1x and separates the points of X. Lipg(X,d®) is
called Lipschitz algebra of order av over F. For o € (0, 1), we denote by lipp(X,d®) the set of all

f € Lipp(X, d®) for which
@) )

d(zy)—0  d*(z,y)

Then lipp(X, d*) is a subalgebra of Lipg(X, d*) over F. The algebra lipg(X, d*) is called little Lipschitz
algebra of order o over F. We know that Lipp(X, d?) C lipp(X, d®) C Lipp(X,d*) C Cp(X) whenever
0 < a < B. The Lipschitz algebra Lipg(X,d*) and the little Lipschitz algebra Lipg(X,d*) were
first introduced by Sherbert in [20, 21]. We write Lip(X,d®) (lip(X,d®), respectively) instead of
Lipe (X, d*) (lipe(X, d®), respectively). It is known that Lip(X,d®) is a natural complex Banach
function algebra on (X, d) under the algebra Lipschitz norm || - ||rip(x,qae) defined by

I fllLipexaey = Iflx +pxa(f)  (f € Lipg(X,d?)).

Moreover, lipg(X,d*) is a closed subalgebra of (Lip(X,d®), || - ||Lip(x,ae)) Whenever o € (0,1). Also,
(lip(X, d*), || - |lLip(x,de)) is & natural complex Banach function algebra on (X,d). A self-map 7 :
X — X is called a szschitz mapping on (X, d) if

p(T)ZSUP{W: r,y€ X, x#y}<oo.

=0.

A Lipschitz mapping 7 on (X,d) is called a Lipschitz involution on (X,d) if 7(r(x)) = z for all
xr € X. It is easy to see that if 7 : X — X is a Lipschitz involution on (X, d), then 7*(Lip(X, d*)) =
Lip(X,d®) for a € (0, 1] and 7*(lip(X, d*)) = lip(X,d*) for a € (0,1). Define

Lip(X,d*,7) = {f € Lip(X,d%) : 7°(f) = f} (a € (0,]),
lip(X,d*, 7) ={f €elip(X,d*): 7°(f) = f} (a€(0,1)).

It is known [2, Theorem 2.7] that if B = Lip(X,d*) (B = lip(X,d®), respectively) and A =
Lip(X,d*, ) (A =lip(X, d“, 1), respectively), then B = A @ iA,

max{ || fl|Lipcx,da)s |9l Lipx.ay b < @) + igl|Lipx.ae)
< 2(p(7))* max{|| fl|Lip(x,a2), |9l Lip(x.de) }

for all f,g € A and (A, || - ||Lip(x,d~)) is a natural real Banach function algebra on ((X,d), 7). The
real Lipschitz algebras Lip(X, d®, 7) and lip(X, d, 7) were first introduced in [2].

Theorem 7.9. Let (X,d) be a compact metric space, let T : X — X be a Lipschitz involution on
(X,d) and let A = Lip(X,d*, 1) for a € (0,1] or A =lip(X,d*, 1) for a € (0,1).

(i) If v € X, then A is ea-amenable if and only if w is an isolated point in (X, d).

(ii) A is character amenable if and only if X is finite.

Proof . (i) Let B = Lip(X,d*) for a € (0,1] (B = lip(X,d®) for a € (0, 1), respectively). Then
(B, || lLip(x,d)) is a natural complex Banach function algebra on (X, d) and B is a complexification
of A with the injective real algebra homomorphism J : A — B defined by J(f) = f (f € A) and

max{ || f||Lipcx,doys |9l Lipx.a } < @) + igl|Lipx.ae)
< 2(p(7))* max{|| f{|Lip(x,a2), [|9l|Lip(x.de }
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for all f,g € A. According to ep, = (eas)c, we deduce that A is e -amenable if and only if B is
ep ~amenable by part (i) of Theorem BTl Since B is a natural complex Banach function algebra on
X contained in Lip(X,d®), by [8, Theorem 2.6], B is ep -amenable if and only if z is an isolated
point of X. Hence, (i) holds.

(ii) By part (iii) of Theorem B, A is character amenable if and only if B is character amenable. On
the other hand, by [8, Corollary 2.7], B is character amenable if and only if X is finite. Hence, (ii)
holds. J

Let G be locally compact group. We denote by M(G) the set of all complex Borel measures on
G. It is known that M (G) is a complex Banach algebra with the norm

el = ul(@) (n € M(G)).

Let A be a left Haar measure on G and L'(G) = L'(G, )\), the group algebra on G with respect to
measure A, equipped the L!'(G)-norm

1l = /G flax  (feIN@).

A map 7: G — G is called a topological group involution on G if T is a continuous group automor-
phism on G and 7(7(x)) = z for all z € G.

Let G be locally compact group and let 7 : G — G be a topological group involution on G. It
is easy to see that po7 € M(G) for all 4 € M(G). Define

MG, 7)={pe M(G): pot = j}.

It is shown [[4, Proposition 2.2] that M (G, 7) is a closed real subalgebra of M (G), M(G) = M (G, T)®
iM(G,7) and
max {[|ul], [V} < [+ iv]l < 2max{[[ul], I},

for all u,v € M(G, 7). Let A be a Haar measure on G. By [[d, Theorem 2.4], Ao 7 = . Define

LNG,7)={feL'(G): for=f}
By [[@, Theorem 2.5], L*(G, 7) is a closed real subalgebra of L'(G),
LYG) = LY (G, 7) @il (G, ),
and

max {|| fll 1), |9l vy} S f +iglleve) < 2max {||fllzy @), lgllr@) )
for all f,g € LY(G,T).

Theorem 7.10. Let G be a locally compact group and let T : G — G be a topological group
wmwolution on G. Then the following assertions are equivalent.

(i) LY(G,7) is left character amenable.
(ii) LY(G,T) is right character amenable.
(i) G is amenable.



Character amenability of real Banach algebras1l (2020) No. 2, 255-284 283
Proof . Since L}(G) = LY (G, 1) ®iL'(G, 1),

max { || fll 1), |9l v} < f +iglleve < 2max{||fllzy @), lgllr@ )

for all f,g € LY(G,7), we deduce that L'(G) is left (right, respectively) character amenable if and
only if L'(G,7) is left (right, respectively) character amenable by part (ii) of Theorem B. On the

other hand, G is amenable if and only if L'(G) is left (right, respectively) character amenable by [I8,
Corollary 2.4]. Therefore, the result holds. [

Theorem 7.11. Let G be a locally compact group and let T : G — G be a topological group
involution on G. Then M(G,T) is character amenable if and only if G is a discrete amenable group.

Proof . Since M(G) = M(G, 1) ®iM(G, 1),
max {||pl, [v][} < llp+ivl] < 2max{[ull, [|v]},

for all u,v € M(G, 1), we deduce that M (G, 7) is character amenable if and only if M (G) is character
amenable by part (iii) of Theorem Bl Therefore, the result holds by [IR, Corollary 2.5]. OJ

Let G be locally compact group, A be a left Haar measure on G and L'(G) = L'(G,\). Let
7 : G — G be a topological group involution on G. Since L'(G) is a complexification of L'(G, 1)
with respect to the injective real algebra homomorphism J : L'(G,7) — L'(G) defined by J(f) =
[ (feLYG, 1)) and

max {[| fl| L), |l9llzvey} < I +iglloie) < 2max {||fllzie), l9llzie)}s

forall f,g € L'(G, 1), by [, Lemmas 2.3 and 2.4], ((L*(G))**,0) is a complexification of ((L*(G, 7))**,0)
with respect to the injective algebra homomorphism Jy : (LY(G,7))* — (L'(G))** defined by
Jo(®) =P (@ € (LG, 7))*) and

max {[| @[], |W]|} < 4/[J2(®) +iJ5(V) || < 32max {[|@]], ||},

for all ®, ¥ € (L'(G,1))*.
Applying part (iii) of Theorem Bl and [T, Theorem 3.10], we get the following result.

Theorem 7.12. Let G be locally compact group with a left Haar measure X, let L'(G) = L*(G, \)
and let 7 : G — G be a topological group involution on G. Then (LY(G,7)**,0) is character
amenable if and only if G is finite.
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