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Abstract

The aim of this paper is to investigate stable approximation of almost quartic Lie x-derivations asso-
ciated with approximate quartic homogeneous mappings by quartic Lie *-derivations on p-complete
convex modular algebras by using As-condition via convex modular p.
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1. Introduction

Ulam [20] raised the question concerning the stability of group homomorphisms: Let G be a group
and let G' be a metric group with the metric d(-, -). Given ¢ > 0, does there exist a § > 0 such that
if a mapping f: G — G’ satisfies the inequality

d(f(zy), f(x)f(y)) <0

for all z,y € G, then there exists a homomorphism F : G — G’ with d(f(x), F(z)) < ¢ forallz € G?
Hyers [6] had answered affirmatively the question of Ulam under the assumption that the groups are
Banach spaces. A generalized version of the theorem of Hyers for approximately additive mappings
was given by Aoki [] and for approximately linear mappings was presented by Rassias [[7]. Since
then, many interesting results of the stability problems to a number of functional equations have
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been investigated. The reader is referred to the references |2, B, @, I5, [9] for many information of
stability problem with a large variety of applications.

Now, we recall some basic definitions and remarks of modular spaces with modular functionals,
which are primitive notions corresponding to norms and metrics, as in the followings [10, 21]. The
concept of modular spaces was first introduced by Nakano [I3], and then by Musielak and Orlicz [12].
As for the stability theory in modular spaces, Sadeghi [[8] has established generalized stability via
the fixed point method of a generalized Jensen functional equation in convex modular spaces. The
authors [Z1] have presented the generalized stability of quadratic functional equations via the exten-
sive studies of fixed point theory in the framework of modular spaces whose modular is convex, lower
semicontinuous but does not satisfy any relatives of Ay-condition (refer to [9, 25]). Lately, the sta-
bility problems of various functional equations in modular spaces have been intensively investigated
(see for example, [0, 21, 22]).

Definition 1.1. Let x be a linear space.

(1) A function p : x — [0,00] is called a convexr modular if for arbitrary x,y € X,

(ml) p(z) =0 if and only if x =0,

(m2) p(ax) = p(x) for every scalar a with |a| =1,

(m3) plax + By) < ap(x) + Bp(y) for every scalars «, 5, where a+ =1 and a, f > 0,

acting on real linear space x. In this case, we say that p is a convex modular on real linear space x.

(2) Alternatively, if (m3) is replaced by
(m3)" plax + By) < |a|p(z) + |B|p(y) for every scalars o, € C, where |a| + |5| =1,

acting on complex linear space x, then it is said that p is a convex modular on complex linear space
X. As a matter of fact, it is well known that a modular p defines a corresponding modular space, i.e.,
the linear space x, given by

Xp={re€x:pAzr) =0 as X— 0}

Now let p be a modular on x,. Then we observe that p(tz) is an increasing function in ¢t > 0
for each fixed x € y, that is, p(ax) < p(bx) whenever 0 < a < b. In particular, if p is a convex
modular on y, then p(azx) < ap(z) for all x € x and for all & with 0 < o < 1. Moreover, we see that
plazx) < |a|p(x) for all z € x and all « with || < 1.

Remark 1.2. (1) In general, we note that p( .1, cux;) < >0 cip(a;) for all z; € x and a; > 0
(i = 1,---,n) whenever 0 < o == Y ", a; < 1 ( Cf [10]). (2) Consequently, we lead to
p(Xm, qiw) < S |oulp(;) for all z; € x and all a; € C whenever 0 < o := Y7 oy < 1.

Definition 1.3. Let x, be a modular space and let {x,} be a sequence in x,. Then,
(1) {x,} is p-convergent to x € X, and write x,, 2 x if p(x, — ) — 0 as n — oo;
(2) {zn} is called p-Cauchy in x, if p(x, — xm) = 0 as n,m — 0o;

(3) A subset K of x, is called p-complete if and only if any p-Cauchy sequence in K is p-convergent
to an element in K.
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It is said that x, is called a convex modular x-algebra if the fundamental space x is a *-algebra
with convex modular p subject to p(ab) < p(a)p(b) and p(c*) = p(c) for all a,b,c € x. We say that
a linear mapping d is a Lie *-derivation if d([z,y]) = [d(z),y] + [z,d(y)] and d(z*) = d(z)* for all
x,y, z, where [a,b] = ab — ba. Similarly, a quartic mapping d is said to be quartic homogeneous if
d(A\x) = Md(z) for all x and scalars )\, and a quartic homogeneous mapping d is called a quartic Lie
x-deriation if d([x,y]) = [d(z),y*] + [z*,d(y)] and d(z*) = d(2)* for all z,y, 2.

From now on, x, will denote a p-complete convex modular x-algebra. It is said that the modular
p has the Fatou property if and only if p(x) < liminf, ., p(x,) whenever the sequence {z,} is p-
convergent to . A modular function p is said to satisfy the Ay-condition if there exists k£ > 0 such
that p(2z) < kp(z) for all z € x,,.

In [16], Rassias has studied the stability problem of the quartic functional equation

fle+2y) + flz —2y) +6f(2) =4f(x +y) +4f(z —y) + 24/ (y), (1.1)
of which the general solution is called a quartic mapping. The stability theorems of *-derivations on
Banach #-algebras and C*-algebras, respectively, can be found in the references [, I, 4, 23, 24].

Concerning the stability theory of approximate quartic Lie %-derivations in p-complete convex mod-
ular algebras, we first investigate stable approximation of almost quartic Lie x-derivations associated
with the following functional equation

fBr—y)+ fBr—2y) + f(y) =9f (22 —y) + 9f(x —y) + 9f(x) (1.2)

in p-complete convex modular algebras without using both Fatou property and As-condition, and
then alternatively present generalized stability result of the equation (I2) associated with almost
quartic Lie x-derivations using necessarily As-condition but not using the Fatou property in p-
complete convex modular algebras.

2. Approximate quartic Lie *-derivations

We first note that the equation (Z2) is equivalent to the original quartic functional equation
(m). In this case, every solution of equation (IZ2) is a quartic mapping.

For convenience, we denote the difference operators for quartic equation (IZ4) and quartic deriva-
tion, respectively, as follows:

QE}(z,y) = [z —\y)+ f(3Az — 2\y) + f(My)
N f (22 —y) = INf(x — y) — N f (=),
QDy(x,y) = f(lz,y]) = [f(x),y"] = [a*, F ()]
forall z,y and A € T := {z € C : |2| = 1}, which act as perturbing terms of quartic Lie *-derivations.
Now we present a generalized stability of the equation (IZ2) via direct method associated with

approximate quartic Lie x-derivations in p-complete modular algebras without using both Fatou
property and As-condition.

Theorem 2.1. Suppose that a mapping f : x, = X, with f(0) = 0 satisfies

p(QE} (z,y) + f(z*) = f(2)") < ¢i(z,y,2), (2.1)
p(QDs(z,y)) < é2(z,y) 2.2
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and ¢y : x5 — [0,00) and ¢y : x% — [0,00) are mappings such that

- ¢1 (QJQ:? 2jy7 ) 2]’2)
>

2Mx, 2"

n—o00 44n

O(z,y,2) = =0 (2.3)

for all z,y,z € x, and A\ € T. Furthermore, if for each x € x, the mapping r — f(rz) from R to x,
is continuous, then we can find a unique quartic Lie x-derivation dy : x, — X, near f which satisfies
the equation C)Ec’l\1 (z,y) =0, QDy,(x,y) =0 and

1
p(f () — da(x)) < -0z, ,0) (2.4
for all x,y € x, and all X\ € C.

Proof . Putting y := z and z := 0 in (Z) with A = 1, we obtain

p(QE}(z, z)) = p(f(22) — 16f(2)) < d1(x, 2,0), (2.5)
which yields

P (f (z) = f<126x)> = 116

for all z € x,. Since Z?;& 24(J—1+1) < 1, we prove the following functional inequality

1
pf(20) = 16/(2)) < s61(.2,0)

1

(0~ LEDY = [ (120 L2y 26)

94n 247
Jj=0
n—1

- p[ 24(J1'+1> (24f(2j"7>_f<2j+1x))]

IN

s (2 (@) - f(27a))
=0
. izl o (22,20, 0)

94 94j
J

<.

I§
o

for all € x, by using the property of convex modular p.
Now, replacing x by 2"z in (Z8), we have

m+n—1 )

f(@2mx)  f2mtr) &1(2z, 22,0
p ( ) =16 Z o6

924m 24(m+n)

(2.7)

which converges to zero as m — 0o by the assumption (223). Thus the above inequality implies that

the sequence {f (2247;9:)} is a p-Cauchy for all € x, and so it is convergent in Y, since the space x, is

p-complete. Thus, we may define a mapping d; : x, — X, as

f(224”x) < lim p(f(22;x> — d1(x)> =0,

n—o0

di(z) == p— lim

for all x € x,.
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Now, we proclaim d; is a quartic mapping satisfying the equation (I2) and the approximation
(232). In fact, if we put (z,y, z) := (2"x,2"y,0) in (Z0), and then divide the resulting inequality by
24" one obtains

QE; (2", 2"y)\ _ p(QE}(2"2,2")) _ ¢1(2"2,2"y,0)
p( 94n ) — 94n — 94n )

which implies

EXN2ng, 2n EXN2ng, 2n
p(@ F(2" y)> o PREF2"r,2%))

24n - 24n
le (2n$7 2ny> 0)
- 24n
— 0
27| \4|+4

for all 7,y € x, and all A € T. Thus, noting =5;-— < 1, we figure out by use of Remark 2

p(5-QE} (x.9))

— p%Q E) (5,y) QEJ;?;M) N QEé(lzfl;ngny))
< Lo — ) - LEC W)Y L L g oy - LB 22
LY RACC ) R v (CACAE)] BN
bk (o) - FEMY L X (I 4 L <QE}(ZS,2@)>

for all z,y € x,, and all positive integers n. Taking the limit as n — oo, one obtains p(;QE) (z,y)) =
0, and so

QE) (2,y) =0 (2.8)

for all z,y € x, and all A € T. Hence d; satisfies the equation (I2) for the case of A = 1, and so it
is quartic. Next, since Y i sy + ¢ < 1 for all n € N, it follows from (Z3) and Remark T2 that

AT
p(f(x) — di(z))

1=0
- 1 N oi . oi 1 f(2n+15’7)
1=0

- d1(2x)>

- 1 i, oi 1 f@2"-2x)
< ; mﬁbl@ z,2'z,0) + ?/)(T - d1(2$>>,

without applying Fatou property of the modular p for all = € x, and all n € N, from which we obtain

the approximation (24) of f by the quartic mapping d; by taking n — oo in the last inequality.
On the other hand, we claim that d; is a quartic Lie *-derivation. By (Z3R), we have QEQ1 (x,2) =0

which yields d;(A\z) = A*d;(x) for all z € x, and A € T. By the assumption that the mapping r —
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f(rz) is continuous, it follows from the same argument as in the paper [8, I'7] that d;(rz) = rid;(z)
for all « € x, and r € R. Thus, for any nonzero A € C,

0w = (22 B o (2 (L)

_ o (&)4 (’—;')4dl(x) — Nd; ()

for all € x,, which concludes that d; is quartic homogeneous over C. In addition, in view of the
inequality in (22) and the second condition in (223), we arrive at

p(3QDa(29))

- p(iQDdl (ZE, y) - QDf(an7 2ny) + QDf(an? 2ny))

1 4in 14
oty A LI )
(DI 14y 0).1) +—p(QDy (270 279))

for all ,y € x,, which tends to zero as n tends to co. Therefore, one obtains p(%‘QDdl(:c,y)) =0,
and so d; is a quartic Lie derivation. In addition, we get the following inequality
1 1 2" 2*
p(3 (0~ 7)) < to(an - TE2)
1 f(2"2)" N L Lo f@rEr) f(20e)°
+§p< g~ ) > * §p< gin gl >
1 f(2mz*)

§p<d1(z*) T o )
1 2m2)* » 1(0,0,2"2

(T ) + 25
for all vector z. Taking n — oo, one concludes d; is a quartic Lie x-derivation.

Finally, applying the same argument as in the proof of Theorem [I], we prove the uniqueness of
d; satisfying the approximation (Z4) near f.

Therefore, one concludes that the mapping d; is a unique quartic Lie *-derivation near f satisfying
the approximation (24) in the modular algebra x,. O

IN

As a result, we obtain a stability theorem of quartic Lie *-derivations by quartically contractive
conditions of control functions ¢; for perturbing terms QE} and QDy.

Theorem 2.2. Suppose there exist two functions ¢y : X?; — [0,00) and ¢ : Xﬁ — [0,00) and two
constants l; with 0 < l; <1 (i =1,2) for which a mapping f : x, = x, with f(0) =0 satisfies
p(QE])‘\(:an) + f(Z*) - f(Z)*) < ¢1(ZE, Y Z)v ¢1<21E, 2y7 22) < 24l1¢1(513, Ys Z)v
p(QDf(xay)) S ¢2($,y), ¢2(2x72y> S 44l2¢2<1',y)
for all z,y, 2 € x, and all X\ € T. Moreover, if for each x € x, the mapping r — f(rz) from R to x,

is continuous, then we can find a unique quartic Lie x-derivation dy : x, — X, near f which satisfies
the equation QEC;\1 (x,y) =0, QDy,(x,y) =0 and

pUw) = (2) € a0 29

for all x,y € x, and all X € C.
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Proof . In view of quartically contractive conditions for control functions ¢; and ¢, one leads to
¢1(2n$72ny7 2nz) < (24ll)n¢1(x7y7 Z) and ¢2(2nx,2ny) < (44l2)n¢2<x7y) for all r, Y,z € Xp and all
A € T. Hence, applying Theorem 1 to the theorem, we obtain the desired estimation. []

We recall that if the modular p satisfies the As-condition, then x > 1 for nontrivial modular p,
and x > 2 for nontrivial convex modular p. See references [0, IR, 1.

Now in here, we are going to investigate alternatively generalized stability of the equation (I2) as-
sociated with approximate quartic Lie %-derivations via direct method using necessarily As-condition
but not using the Fatou property in p-complete convex modular algebras.

Theorem 2.3. Let x, be a p-complete convex modular x-algebra with As-condition. Suppose there

exist two functions o1 : Xp [0,00) and ¢y : x5 — [0,00) for which a mapping f : x, — X, satisfies
kY x oy oz
]:
p(QDy(x,y)) < ea(x,y), (2.12)
lim ko (272,27 "y) = (2.13)
n—oo

forallx,y,z € x, and all X\ € T. Then there exists a unique quartic Lie x-derivation dy : X, = X,
which satisfies the equation QEy (z,y) =0, QDg,(2,y) =0 and

1
p(f(z) — da(z)) < @\I/(x,x,()) (2.14)
for all x,y € x, and all X € C.

Proof . First, we remark that since Z] 1 5 52 51(0,0,0) = ¥(0,0,0) < oo and p(QE}0,0)) <
©1(0,0,0), we lead to ¢1(0,0,0) = 0, QE}(0,0) = 0 and so f(0) = 0. Thus, it follows from (23) that

T K Tr X

30 =505y

pf (@) —16(5) S p1(5,2,0) < 2

for all € x,. Thus, one obtains the following inequality by the convexity of the modular p and
Ay-condition

p(F(0) —168Fg)) < o270 ~2-165(5)) + 5n(27 - 16£(5) — 221677 (5,))
< Zo(L20) + S (S 2.0)
-2 272’ 22 227 227
for all x € x,. Then using the repeating process for any n > 1, we prove the following functional
inequality

,0)

p(f(z) — 16”f <5 Z —%( 0) (2.15)
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for all z € x,. In fact, it is true for j = 1. Assume that the inequality (2I3) holds true for n. Then,

using the convexity of modular p, we deduce

(@) — 167 F()
:p(§{2f( )—2-16£(5)} +3 Lo, 16f(5

< Zo(r@) - 16f<—>)

IN

K (l'fﬂ)
2%\

—9¥i\y Yy
1 G K5I T T
Y LNER
97 97 97

j=1

which proves (E13) for n + 1. Now, replacing = by 2~

p(16" F(5) = 16" ()

K4 4
J=1

(f<2> ~ 16"/
p Z _901 <23+1’ 2;11 ) 0)

- 216" f(577)} )

2511>>

IN

IN

x
9j+17 9j+17 O>

"y in (E13), we have

33 n T

5 x x
55 F1 (2]+m 9j+m’ O)

T T 0 K™
_‘p1<21+m ) jtm )2_m

27*01<2J ') )
+1

which converges to zero as m — oo by the assumption (Z11). Thus, the sequence {16™f(55)} is a
p-Cauchy for all z € x, and so it is p-convergent in ), since the space x, is p-complete. Hence, one

may define a mapping ds : X, — X, as

dy(x) == p — lim 16”f(

n—oo

for all x € x,.

) =l p(167f(5) — da() =0,

Now, we prove the mapping d, satisfies the equation (IZ2). Letting z := 0 and setting (x,y)
= (27"z,27"y) in (ZM), and then multiplying the resulting inequality by 2", we get

p(2"QEN27"x,27"y))

<

<

m4"g01(2_"x, 27"y, 0)

KM (27", 27"y, 0) - n

on

(27"z,27"y,0),
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which tends to zero as n — oo for all z,y € x,. Thus, it follows from Remark 2 that
1 A
p(ﬁQEdg (l’, y))
1 n y n y
= p(5QEL(5.0) - 322" QBN o 2+ s L)

o o
<3ip<d2(3/\x—>\y) 24"f(2—Ay)) ﬁp(dg(SAx—%y) 24"f(%))
2o (2B — (e — ) + a2 y)—d2<x—y>)
o) 271 0) + D2 ) + o (2mQENE L))

for all z,y € x, and all positive integers n. Taking the limit as n — 0o, one obtains

QE;,(z,y) =0

for all z,y € x, and all A € T. Thus, for any nonzero A € C we deduce the identity da(\z) = Ada(z)
for all x € x, and all A € C, which concludes that dy is quartic homogeneous.

Now, we are going to prove that ds is a quartic Lie *-derivation. First, it is easy to see that

the mapping ds is quartic homogeneous by the same reasoning as in Theorem EZI. From the last
inequality (212) and the last condition (Z13), it follows that

p(iQD@ (z, y)>

1 D 2*774 2777, D 27n 27TL
zp(—QDdQ(:c,y)—m?"Q 272, 2) @D, y))
1 1 1

1

< qo(dbllo o) = 16722 o)) + 101670, £277)) - lat, dafy)
4301671270, = [0, ) + 70 (167QDs (270, 277))

< 1ol s) — 167 7@ 0)) + (et 167 (@) — ()
+i ([16” f(2") — d2($)7y4]> + %&LW (2_%7 Q_Hy)

for all z,y € x,, from which QDg,(x,y) = 0 by taking n — 0o, and so ds is a quartic Lie derivation.
In addition, it follows from the definition of dy that the following inequality

(L () - o)) < %p<d2<z*> -167(5;)

+2p (6"f( ) —dz(z)> p(16" (5 )‘16nf(2in>*>
3o(ee-1677(57))
(167 (2) - o) + o (0.0,.2)

holds for all vectors z, which goes to zero as n — oo. Hence, one concludes dy is a quartic Lie
x-derivation.

IN
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On the other hand, by As-condition without using the Fatou property, one can see the following
inequality

o)~ do(e)) = p(G{2(w) ~ 216" ()} + {2167 F() — 2a(x)})
p

< i@ -1ey (27>>+5P(16”f <2—n>—d2<$>>
< X als 5 0+ 518G — b))

1 = kY A 1
< %;§¢1(§a§70):%\1’($7$70);

for all positive integers n, which yields the approximation (E-I4) by taking n — oc.

Finally, applying the same argument as in the proof of Theorem [[IT], we prove the uniqueness of
dy satisfying the approximation (214) near f.

Hence, one can find a unique quartic Lie #-derivation dy satisfying the estimation (ZI4) near f.
OJ

Remark 2.4. In Theorem 23, if x = X, is a Banach *-algebra with norm | - | = p, and so

p(2z) = 2p(x), k=2, then it follows from (ZZD),(Z11),(Z12) and (ZI3) that there exists a unique

quartic Lie x-derivation da : x — X, defined as dy(x) = lim, . 16" f(55), = € X, which satisfies the
equation (IB) and

oo

@) = o) < 1D 2(5, 2,0)

7=1

for all x € x.

As a corollary of Theorem P and Theorem =3, we obtain the following stability result of the
equation () associated with quartic Lie x-derivations, which generalizes stability result in normed
x-algebras.

Corollary 2.5. Let x = x, be a complete normed *-algebra with norm || - ||. For given nonnegative
real numbers 6;,9; together with 4 # r; (i = 1,2,3) and a,b with 4 # a + b, suppose a mapping

f i x — x satisfies
1QE} (z,y) + (=) — f(2)"]
1QDy(z, y)

forall x,y,z € x and all X € T. If for each x € x the mapping r — f(rx) from R to x is continuous,
then there exists a unique quartic Lie x-derivation dy : x — x such that

Ouflz)™ , Gollz O]t
p(f( ) d2< )) |27«1 _24’ |2r2 _24| |2a+b_24|

Ol + allyl™ + Os (Il (1]l + [121™),

<
< OullalP + Dallyl* + Osll |y

for all x € .

In the following, we obtain a stability theorem of quartic Lie x-derivations by quartically contrac-
tive conditions of control functions ¢; for perturbing terms QE} and QDy.
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Theorem 2.6. Let x, be a p-complete convex modular x-algebra with Ay-condition. Suppose there

exist two functions ¢ : Xi — [0,00) and ¢ : Xf; — [0,00) and two positive constant l; with l; < i—z

and ly < i—i for which a mapping f : x, — X, satisfies

hL

p(QE;}(flf,y) + f(Z*) - f(Z)*) < QOl(ZC,y,Z), 901(;7 %a %) < 1_6901($ay72)7

l
p(QDy(x,y)) < ¢a(z,y), 902(;%)31—622902(9:,@/)

for all z,y,z € x, and all X\ € T. Then there exists a unique quartic Lie x-derivation dy : X, — X,
which satisfies the equation QE) (z,y) =0, QDg,(z,y) =0 and

2

p(f(z) —da()) < 2(2%%@1@7%0)

for all x,y € x, and all X € C.
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