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Abstract

In this paper, the notion of maximal m-open set is introduced and its properties are investigated.
Some results about existence of maximal m-open sets are given. Moreover, the relations between
maximal m-open sets in an m-space and maximal open sets in the corresponding generated topology
are considered. Our results are supported by examples and counterexamples.
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1. Introduction

Generalized topological spaces and generalized open sets play a very important role in almost all
branches of pure and applied mathematics, specially in General Topology, Real Analysis, Convex
Analysis and etc. One of the most well-known notions and also an inspiration source are the notions
of m-structure and m-space introduced by H. Maki, J. Umehara and T. Noiri [17].

The concepts of minimal open sets and maximal open sets in topological spaces are introduced and
considered by F. Nakaoka and N. Oda in [18], [19] and [20]. More precisely, in 2001, Nakaoka and Oda
[19] characterized minimal open sets and proved that any subset of a minimal open set is pre-open.
Also, as an application of a theory of minimal open sets, they obtained a sufficient condition for a

locally finite space to be a pre- Hausdorff space. The authors in [20] obtained fundamental properties
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of maximal open sets such as decomposition theorem for a maximal open set and established basic
properties of intersections of maximal open sets, such as the law of radical closure. By a dual
concepts of minimal open sets and maximal open sets, the authors in [I8] introduced the concepts
of minimal closed sets and maximal closed sets and obtained results easily by dualizing the known
results regarding minimal open sets and maximal open sets.

Several authors have used these new notions in many directions. For instance, maximal and
minimal f-open sets and their properties are considered by M. Caldas, S. Jafari and S. P. Moshokoa
[T1] and also -generalized open sets are investigated by M. Caldas, S. Jafari and T. Noiri [12]. The
concept of minimal y-open sets are introduced and considered by S. Hussain and B. Ahmad [15].
Moreover, S. Bhattacharya [8, O] introduced the new concepts of generalized minimal closed sets
and IF generalized minimal closed sets. Finally, S. Al Ghour [13, [I4] have applied the notion of
minimality and maximality of open sets to the fuzzy case.

The purpose of this paper is to introduce and investigate the concept of a new generalized class of
maximal open sets in m- spaces, called maximal m-open set. Indeed, the concept of maximal m-open
set is introduced and its properties are established. Some results about existence of maximal m-open
sets are given. Further, the relations between maximal m-open sets in an m-space and maximal
open sets in the corresponding generated topology are considered. We have supported our results by

examples and counterexamples.

2. m-Structure and m-Space

The concept of m-structure and m-spaces, as a generalization of topology and topological spaces
were introduced in [I7]. For easy understanding of the material incorporated in this paper we recall
some basic definitions and results. For details and more results on the following notions we refer to
[1-7], [10, 16, 17, 21] and references cited therein.

Let P(X) denote the set of all nonempty subsets of X. A family M C P(X) is said to be an
m-structure on X if ), X € M. In this case (X, M) is called an m-space. For examples in this
setting see [16]. In an m-space (X, M), A € P(X) is said to be an m-open set if A € M and
also B € P(X) is an m-closed set if B¢ € M. We set m-Int(A) = |J{U : U C A,U € M} and
m-Cl(A) = ({F : AC F,F° e M}. For any x € X, N(z) is said to be an m-neighborhood of x, if
for any z € N(x) there is an m-open subset G, C N(z) such that z € G..

Definition 2.1. We say that, the m-space (X, M) enjoys the
(a) property 3, if any finite intersection of m-open sets is m-open;
(b) property §, if any finite union of m-open sets is m-open;

(c) property M, if any arbitrary union of m-open sets is m-open.

Proposition 2.2. [2]] For an m-structure M on a set X, the following are equivalent.
(a) M has the property 1.
(b) If m-Int(A) = A, then A € M.
(¢) If m-Cl(B) = B, then B° € M.



Some Results on Maximal Open Sets3 (2012) No. 2,59-66 61

Proposition 2.3. [16] For any two sets A and B,
(a) m-Int(A) C A and m-Int(A) = A if A is an m-open set.
(b) A Cm-Cl(A) and A =m-CIl(A) if A is an m-closed set.
(¢) m-Int(A) C m-Int(B) and m-Cl(A) C m-Cl(B) if A C B.
(d) m-Int(AN B) C (m-Int(A)) N (m-Int(B)) and (m-Int(A)) U (m-Int(B)) C m-Int(AU B).
(e) m-Cl(AU B) 2 (m-Cl(A)) U (m-Cl(B)) and m-Cl(AN B) C (m-Cl(A)) N (m-Cl(B)).

(f) m-Int(m-Int(A)) = m-Int(A) and m-Cl(m-Cl(B)) = m-CIl(B).

(g) (m-Cl(A))® = m-Int(A°) and (m-Int(A))® = m-Cl(A®).

3. Maximal m-Open Sets

Definition 3.1. Let (X, M) be an m-space. A nonempty proper m-open subset A of X is said to
be maximal m-open if any m-open set which contains A is X or A. We denote the set of all maximal

m-open sets of an m-space (X, M) by max (X, M).

First, we represent an existence theorem of maximal m-open sets in a special case. Recall that a
cofinite subset is a subset which it’s complement is finite.

Theorem 3.2. Let (X, M) be an m-space and B a nonempty proper cofinite m-open set. Then there

exists at least one (cofinite) mazximal m-open set A such that B C A.

Proof . If B is a maximal m-open set, put A = B. Otherwise, there exists an (cofinite) m-open set
By in which B ¢ B; # X. If By is a maximal m-open set, we may put A = B;. If B; is not maximal
m-open, then there exists an (cofinite) m-open set By such that B & By & By # X. By continuing
this process, we have a sequence of m-open sets

BGDBIGBy G @B & & X

Since B is a cofinite set, this process will stop somewhere. Then, finally we will find a maximal
m-open set A = B,, for some n € N. [J

Example 3.3. Let X =N, B = {1,3} and A = {1,3,5}. Set M = {0, A, B,N}U{C, : n € N},
where C,, = {2,4,6,...,2n}. Clearly, B is not cofinite, while it has a mazimal m-open extension A.
This shows that a set which is not cofinite may has a mazximal m-open extension. Moreover, C,,’s
are not cofinite and also they do not have any maximal m-open extension. This means that Theorem
may not hold, when the set is not cofinite.

For a nonempty proper cofinite m-open set in an m-space, the maximal m-open extension is not
always unique. As in the following example, it is possible that an m-open set has many maximal

m-open extensions.
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Example 3.4. Let X = N, C; = {1,3,5}, Cy = {1,3}, C5 = {2,4,6}, C;, = {2}, C5 = {4} and
Cs = {6}. Set M = {0, By, Ay, By, A4, A5, A,N}, where B; = N\ C; fori=1,3 and A; = N\ C}
for j =2,4,5,6. Fvidently, B; and Bs are cofinite and By, has a unique maximal m-open extension
Ay whereas Bs has three mazimal m-open extensions Ay, As and Ag.

Theorem 3.5. Suppose that (X, M) is an m-space with the property of §. Let S be a nonempty
proper m-open set such that each element of it’s complement is contained in a finite m-closed set.

Then there ezists at least one (cofinite) mazimal m-open set A with S C A.

Proof . Since S is a proper subset of X, so there exists an element x of S¢. By the assumption
there exists a finite m-closed set F' such that x € F. One can easily check that SU F° is a nonempty
proper cofinite m-open set. Therefore, by Theorem [3.2] we can find a maximal m-open set A satisfying
SUF°¢C A. Evidently A is a (cofinite) maximal m-open extension of S. [J

Example 3.6. Let X = N and Uy, = N\ {2n+ 1,2n + 3,...} for each n € N. Consider the
m-structure M = {§, N\ {1}, N\ {2}, N\ {1,2}, U5, N} U {Uzpy1 : n € N} on X. Clearly (X, M)
is an m-space with the property of §. Set S; = N\ {1,2}. It is easy to see that Sy satisfies in all
conditions of Theorem [3.5] and so it has two extensions N\ {1} and N\ {2}. Now, imagine Sy = Us,
for 5 € US there is no finite m-closed set containing 5. Note that Sy does not have any mazimal

m-open extension, because of the following chain.
Uy CUs C--- CUppy1 C--- CN.

Finally, set S = U§. For 4 € S5, there is no finite m-closed set containing 4 while Ss has two
mazimal extensions N\ {1} and N\ {2}.

Corollary 3.7. Suppose that (X, M) is an m-space with the property of §. Let each element of X
1s contained in a finite m-closed set. Then for any nonempty proper m-open set S there exists at

least one (cofinite) mazimal m-open set A with S C A.
Proof . It is an immediate consequence of Theorem [3.5] O

Remark 3.8. Let X, M and Us,41 be the same as in Example 3.6l One can find that Theorem [3.5
is stronger than Corollary [3.7]

Proposition 3.9. Let (X, M) be an m-space with the property of § and let A, B € max (X, M) and
W be an m-open set. Then

(a) AUW =X or W C A,

(b) AUB=X or A=B.

Proof . Suppose W is an m-open set such that AU W # X. Since A is a maximal m-open set,
A C AUW and the space enjoys the property of §, we have AUW = A. Therefore W C A; (a)
is proved. For (b), let AU B # X. Since A, B € max (X, M), by (a) we have A C B and B C A.
Therefore A = B. This is the end of proof. [

If the space has not the property of §, last proposition is not true in general as you can see in
following example.
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Example 3.10. Let X = {z,y,2,t}, A={x,y}, B={y,z} and W = {z}. Put M ={0, A, B,W, X},
then clearly A, B € max(X, M) and W is an m-open set whereas

(a) AUW # X and W € A.

(b) AUB # X and A # B.

Also, it is possible that Proposition holds whereas the space does not enjoy the property of
§. The following example shows that.

Example 3.11. Let X = {z,y,2,t}, A = {x,y,z}, B = {y,z,t}, Wy = {x} and Wy = {t}. Put
M = {0, A, B;Wy,Wa, X}, then clearly A, B € max(X, M). It is not hard to check that the results
of Proposition hold here whereas the space does not enjoy the property of §.

Corollary 3.12. Let (X, M) be an m-space with the property of § and A € max(X, M). Ifx € A,
then AUW =X or W C A for any m-open neighborhood W of x.

Proof . The result is obvious by part (a) of Proposition [3.9] O

Proposition 3.13. Let (X, M) be an m-space with the property of §, A1, Az, A3 € max (X, M)
such that Al 7é AQ. [fAl N A2 Q Ag, then Al == Ag or A2 == A3.

Proof . It is clear that

AiNAs=AN(A3NX)
=A;N(A3N (A1 U Ay)) (bypart(b)o f Proposition[3.9)
=A1N((A3NA) U (A3N Ay))
=(A1NA3) U (A NA3N Ay)
=(A1NA;3) U (A N Ay (byassumption)
— A, N (AU Ay).

That is AjNA3z = AjN(AyUA3). If Ay # As, then by part (b) of Propositionwe have AyUA; = X
and hence we can say AN A3 = A; which means that A; C A3. Since A; and Az are maximal m-open
sets, we get A = As. I

Example 3.14. Let X = {z,y,z,t}, Ay = {x,y}, A2 = {y,z} and A3 = {z,t}. Put M =
{0, Ay, Ay, A3, X}, so Ay, Ay, Ay € max(X, M), A; # Ay, Ay N Ay C Az while neither Ay = As
nor Ay = Asz. This shows that Proposition [3.13| may not hold when the space does not enjoy the
property of §.

Example 3.15. Let X = {z,y,z,t} and M = {0,{z},{y},{z,y}, {y, 2}, X}. Let Ay = {z,y} and
Ay = As = {y,z}. Clearly, Ay # Ay, Ay N Ay C Ag and Ay = Az whereas the space does not enjoy
the property of §. This represents it is possible that Proposition holds even the space does not
enjoy the property of §.
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Theorem 3.16. Let (X, M) be an m-space with the property of §, Ay, As, A3 € max (X, M) which
are different from each others. Then A; N A; € A; N Ay, where {i,j, k} = {1,2,3}.

Proof . Suppose this is not the case. Thus A, N A; C A; N Ay, so
(AN A)UA;NAL) C(ANA)U(A; NA).

Hence
AN (A UAL) C(AUA)N A

Since A;UA; = A; U A, = X, we get A; C Ai. Now, it follows from Definition that A; = Ay,
which contradicts with our assumption. []

Example 3.17. Let X = {x,y, 2, t}, A1 = {x,t}, Ay = {y,t}, A3 = {z,t}. Pt M ={0, Ay, Ay, A3, X},
then Ay N Ay C Ay N Az. This shows that Theorem [3.16] may not hold when the space does not enjoy
the property of §.

Example 3.18. Let X = {z,y,z2,t}, A1 = {x,y,t}, Ay = {y,z,t}, A3 = {z,2}. Put M =
{0,{y}, A1, As, A3, X}. It is easy to see that A; N A; & A; N Ay, where {i,j,k} = {1,2,3}. This
shows that it is possible that Theorem holds even the space does not enjoy the property of §.

Proposition 3.19. Let (X, M) be an m-space with the property of §, A € max (X, M) and x € A.
Then

A = U{W : Wisanm—openneighborhoodo f rinwhich AU W # X}.

Proof . Since the maximal m-open set A is an m-open neighborhood of x, Corollary implies
that

A CU{W : Wisanm—openneighborhoodo fxinwhich AUW # X} C A.

So, we have done. []

Example 3.20. Let X = {x,y,2,t}, A = {z,y}, Ao = {t} and W = {x,2}. Put M = {0}, Ay, Ay, W, X }.
Clearly Ay, Ay € max (X, M). One can easily verify that Ay satisfies in the conclusion of Proposition
while Ay dose not satisfy it. Note that the space dose not have the property of §.

4. Maximal Open Sets in Generated Topology

We know that any topology on a set X is an m-structure on it and also the converse is not true in
general. But, always there exists a smallest topology containing the m-structure. In the rest of this
paper 7 is denoted for the topology generated by M. In the next results we consider relationships
between max (X, 7) and max(X, M).
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Proposition 4.1. Let (X, M) be an m-space and T be the topology generated by M. Then max(X, )N
M C max(X, M).

Proof . If max(X,7) N M = (), there is nothing to prove. Assume that A € max(X,7)N M. On
the contrary suppose A ¢ max(X, M) then there exists U € M such that A & U & X which is a

contradiction since M C 7. (OJ

Example 4.2. Let X = {z,y,2,t}, U = {z}, V = {y}, A = {z,y}, B = {z,2,t}, M =
{0,U,V,B, X}. It is easy to see that T = {0,U,V, A, B, X}, max(X, M) = {V, B} and max(X,7) =
{A, B}.

Proposition 4.3. Let (X, M) be an m-space with property §. Then max(X, M) C max(X, 7).

Proof . If max(X, M) = (), there is nothing to prove. Let A € max(X, M) be such that A ¢ U
for some U € 7. Then for z € U \ A by the structure of the generated topology 7 there exist
U,Us,....,. U, € M withx € UynUy,N---NU, C U. It follows from Proposition that
UiUA = X for each i =1,2,...,m. Therefore, AU(U; NUyN---NU,) = X which it means that
U=X and so A € max(X, 7). O

Proposition 4.4. Let (X, M) be an m-space with property . Then max(X,7) C M.

Proof . If max(X,7) = (), there is nothing to prove. Let A € max(X, 7). According to the structure
of the generated topology 7 one can consider

A= U NU,N---NUH)U(ViNVan---NV,)U---

where Uy, Us, ..., Uy, Vi, Vo, ..., Vi, oo € M. We claim that U;U(ViNVaN...NV,)U- -+ & X for some
i€{1,2,...,n}. Because, the equality U;U(ViNVoN...NV,,)U- -+ = X foreach ¢ = 1,2,...,n, implies
that A = X which is impossible. Now suppose for example A C U; U (ViNnVen---NV,)U--- ¢ X.
Then maximality of A and the property of &l imply that A = U; U(ViNVon---NV,,)U---. Similarly,
weget A= (UyNUsN---NU,)UVIU---. Hence A=U; UV U+, s0 Ae M. O

Theorem 4.5. Let (X, M) be an m-space with property . Then max(X, M) = max(X, 7).
Proof . It follows from propositions and [£.4] O

Example 4.6. Let X =N, A, = {2,4,...,2n} for each n € N and A be the set of all even numbers.
Clearly M = {0, N} U{A, : n € N} is an m-structure on X with the property § whereas it does not
have the property of . Evidently, A € max(X, 1) while A ¢ M as a result A ¢ max(X, M). Indeed,
M does not have any mazimal m-open set.
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