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Abstract

This paper presents an approach for solving nonlinear stochastic differential equations (NSDEs)
using a new basis functions (NBFs). These functions and their operational matrices are used for
representing matrix form of the NBFs. With using this method in combination with the collocation
method, the NSDEs are reduced a stochastic nonlinear system of 2m + 2 equations and 2m + 2
unknowns. Then, the error analysis is proved. Finally, numerical examples illustrate applicability
and accuracy of the presented method.
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1. Introduction

The stochastic differential equations arise in many problems in mechanics, finance, biology, medical,
social sciences and etc [2]. These equations are often dependent on a noise source, on a Gaussian
white noise, so modeling such phenomena naturally requires the use of various stochastic differential
equations or, in more complicated cases, the NSDEs and stochastic integro-differential equations.
In many problems such equations of course cannot be solved explicitly, hence the study of such
problems is very important in find their approximate solutions by using some numerical methods
[3, 14, [, 6l 7], [, [@].
In the presented work, we consider

dz(s) = f(s,z(s))ds + g(s,z(s))dB(s), s € (0,7),
{ 2(0) = 1, (1.1)
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z(t) = xo +/0 f(s,z(s))ds +/0 g(s,x(s))dB(s), t,s€(0,7), T <1, (1.2)

where f(t,z(t)), g(t,z(t)) : (0,7) x R — R and z(t) are the unknown stochastic processes on
probability space (€2, F, P). Also, B(s) be the standard Brownian motion defined on probability
space.

The Eq. has been studied by some authors with using various techniques that can be classified
into main groups: solving the NSDEs by using the runge-kutta methods [3] and the bluck pulse
functions [7], but we use from the stochastic operational matrix based on properties of the NBFs
without integration. The benefits of this method are lower cost of setting up the system of equations,
moreover, the computational cost of operations is low. Also, convergence of this method is faster
than other methods.

The rest of the paper is organized as follows: In Section 2, we introduced some properties of the
standard Brownian motion and the necessary properties of the NBFs that are essential for the rest
of this paper. In Section 3, the first we prove a theorem then, with using properties of the NBFs in
combination with the collocation technique, Eq. is reduced to the stochastic nonlinear system.
In Section 4, the error analysis is done for proposed method. In Section 5, the presented method is
illustrated by some examples. Finally, in Section 6, is given a brief conclusion.

2. Preliminaries

Let the functions f(t,z(t)) and g¢(t,z(t)) hold in Lipschitz conditions and Linear growth ( for all
t € (0, 1)), i.e. there are constants my, mg, l; and ly such that:

Al lf(t,x) — f(t,y)| < mi|z —y| (lipschitz continuity),
| f(t )| < L(1+|x]) (linear growth).

A9 lg(t,z) — g(t,y)| < malx —y| (lipschitz condition),
| gt x)| < lo(1+ |z]) (linear growth).

For x,y € Rand t € (0,7T)

Theorem 2.1. (Oksendal [2]) Let f(¢,z(t)) and g(¢, z(¢)) hold in conditions A1, A2 and E||z|* <
oo. Then, there exists a unique solution for Eq.

In the sequel, we introduce the basic properties of the NBFs that are necessary for the rest of
this paper. For more details see [1].

1. In [1], m—sets of the NBF's are defined as follows:

((+1)x 22—z . A
Ni(t) = m iL<t<(i+1))L,
Z 0 otherwise,
and s
2L _ ‘
N2t = 4 Grnximp  tw SE<OHD)E
Z 0 otherwise,

where 1 =0,1,..,m — 1.



Application of new basis functions ... 7 (2016) No. 2, 59-68

2. A function g(t) € L?([0,T7]) is approximated by using properties of the NBFs as follows:

where
NY(t) = [Ny (), ., Nppa (D]
Ni2(t) - N2<t> - [Ng(t)v”ri?@fl(tﬂT’
N(t) = [N'(t), N* D),
and
G = [91,92]T,

with g1 = (g(ih))mx1 and g2 = (g(i + 1)h)mx1 (i =0,1,..,m — 1).

3. In [1], it is stated that

where
Pl P2
PT:(BL.Q )’
2 2
with
2 4 4 . 4
h024. 4
Pl=—=10 0 2 . 4
6 o ’
000 2
mXxXm
and
0 4 4 . 4
00 4 . 4
po_"lo oo 4
6 .
000 0
mXxXm

3. Application of NBFs for solving NSDEs

Theorem 3.1. Let N}(t) and N} (t) (: =0,...,m — 1) denotes the NBFs, then

(0 0<t<ih,
t
/ NI (s)dB(s) ~ { ali) ih<t<(i+1)h,
0
| B(i) (i+Dh<t<T.
and
(0 0<t<ih,
t
/ NZ2(s)dB(s) =~ ¢ 6(i) ih <t < (i+1)h,
0
A(4) (+Dh<t<T.
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with o L
(i) = S B((i + 0.5)h) — — [0S dB(s),

2i+1 (2i+1)h?

i) = SEIB((i + 1)h) — B(ih)] — [S" o2 dB(s),

2i+1 (2i+1)h2
| (3.1)
5(i) = [ GimdB(s) — 55 [B((i + 0.5)h) — B(ih)),
| AG) = FeTmdB(s) — 37 [B((i + 1)h) — B(ih)].
Proof . By using the definitions N} (¢) and N}!(¢) (i =0, ..., m — 1), we can write
L1.
/t N!(s)dB(s) = 0, t € [0, ih),
and
/t N2(s)dB(s) = 0, ¢ € [0, h).
L2.
/ N (s)dB(s / N(s)dB(s / N(s)dB(s) — ;;1112
[B(t) — B(ih)] — /mw( s), t € [ih, (i + 1)h),
and
/N2 )dB(s / NZ(s)dB(s /N2 YdB(s / 2z+1)h
dB(s) — 22,H[B( ) — B(ih)], t € [ih, (i + 1)h).
L3.
(i+1)h t
/ N (s)dB(s / N (s)dB(s / N (s)dB(s) + /( N eanG)
i (i+1)h g2
_ 22111 [B((i + 1)h) — B(ih)] —[h Gy B, LE [+ DhT)
and
(i+1)h t
N?(s)dB(s NZ(s)dB(s NZ(s)dB(s
/ / )+ [N (”/@m 2(s)dB(s)
(i+1)h
- [h mdB(s) -5 +1[B((z + 1)h) — B(ih)], t € [(i + 1)h, T).
Also, let
(i +1)2 b2 i1y
21 (B~ Bk _/ it et BE) ~ G 1B+ 05)h)
(i4+0.5)h 52
_B(in)] /ih eyl (3.2)
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and

b 2 05k 2
/h @it D P~ g B — Blib)] > /h (RS

" _[B((i + 0.5)h) — B(ih)].

2+ 1
From L1, L2 L3, Eqs[3.2] and we can conclude

(0 0<t<ih,
/t N}!(s)dB(s) =~ ¢ afi) ih <t < (i+1)h,
0
L B(1) (i+1)h<t<T.
and
(0 0 <t<ih,
/Ot N2(s)dB(s) ~ 4 4(i) ih<t<(i+1)h,
| AG) (+Dh<t<T.

where a(7), £(7), d(i) and (i) are defined in O
From Theorem [3.1] we get

{fo (s)dB(s %[0,-"70704(@')75() LB (N(E) + N2(1)),

Jo N2(s)d [0,-,0,8(i), AGD), - ... MA@ (N (2) + N2(2)),
consequently
{ [y N'(s)dB(s) = P1g.N'(t) + P1g.N*(t),
[y N2(s)dB(s) = P25.N'(t) + P25.N?(t),
where
a(0) p(0) p(0) B(0)
0 a(l) B(1) p(1)
0 0 a2 ... B(2)
Pls’ - )
0 0 0 .. Bm-2)
0 0 0 a(m—1)

mxXm

63

(3.3)
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5(0) A(0) A(0) A(0)
0 5(1) A1) A1)
0 0 482 A2)
P2g =
0 0 0 A(m —2)
0 0 0 sm-1)/
For computation fot N(s)dB(s) we can write
/0 N(s)dB(s) ~ (iéi Ilj;i ) N(t) = Ps.N(t), t € [0,T) (3.4)
- (5) = F(s,2(s)
p(s) = f(s,x(s)),
L et (35)
with substituting Eq. in Eq. [I.2] we get
= d dB(s). 3.6
o) =+ [ popis+ [ als)iBls) (3.
Also, by using properties of the NBFs, we have
p(s) = PTN(s),
Lo 3D
where

P = (pi)amx1 = (p(0), p(h), ..., p((m — D)h),p(h),p(2h), ..., p(mh)), .,
and

Q = (Qi)mel = (q<0>7 Q<h)7 s 7Q((m - 1)h>7 Q<h’)7 Q(zh)ﬂ cee 7q(mh’))2m><1.
With substituting Eqgs. and [3.4 in Eq. 3.6, we can write

¢ t
x(t) =~ 20 +/ PTN(s)ds +/ QTN (s)dB(s), (3.8)
0 0
or
z(t) = 29 + PP PyN(t) + QT PyN(t). (3.9)
Now, with replacing ~ by =, then with substituting Eq. into Eq. [3.5] and the collocation
technique in m + 1 nodes t; = #ﬂ and 7 =0, 1,..., m, we obtain
T
p(t;) = f(tj, 0 + PTPyN(t;) + Q" PsN(t;)), (3.10)
q(t;) = g(tj,z0 + PP PyN(t;) + QT PsN(t;)), ’
or
PTT(t;) = f(t;,z0 + PTPyN(t;) + QT PsN(t;)), (3.11)
QTT(t;) = g(tj, xo + PTPyN(t;) + QT PsN(t;)), '

where the stochastic nonlinear system of 2m + 2 equations and 2m + 2 unknowns be. Hence, we can
conclude
2(t) & zp(t) = 20 + PTPyN(t) + QT PsN(t). (3.12)
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4. Error analysis

Theorem 4.1. Let g(t) be an arbitrary real bounded function on (0,1), |¢'(t)] < M, ¢(t) be the
NBF's approzimation of g(t) and e(t) = g(t) — g(t). Then,

le()[[* < O(r?),
where ||e(t)||* = fo (t)|2dt.

Proof . By using properties of the NBF's, we have

01 =lo) =50 = 1) = (X oW + ol + DG )
Let t € (ih, (i + 1)h), so we can write
(8] = latt) = 900 = la(t) ~ a1 ~ G 1002) + -+ DW= o)) =
900) = (i) + (o) = -+ D) (G i) < late) = 9G] + i) -
o6+ D G < 1g(0) = o]+ I9() — -+ D)
L DR ) < o) — ]+ i) = o+ 1), (4.)
by the mean value theorem, we get
e(6)] < 19 (It — ih) + |9/ ()h] < M,
consequently )
eI = [ lePde < 271 < 00)
]
- (1) = F(tan(t)
P = » Tm )
Lt Z (e 42
" (1) = f(t. (1)
p(t) = f(t,x,(1)),
L0 st )

where p(t) and ¢(t) are defined by properties of the NBFs. Also, let x,,(t) be numerical solution of
Eq. defined in Eq. [3.12] so we can write

£(t) — 2lt) = / (p(s) — p(s))ds + / (a(s) — 4(s))dB(s).



66 Sadati

Theorem 4.2. Let x,,(t) be the numerical solution of Eq. defined in Eq. and let conditions
(A1), (A2) and E || o ||*< oo hold. Then,

l2(t) = 2m(t) [IP< O(R%), € (0,1), (4.4)
where || x ||*= E[z?].

Proof .
£(t) — 2lt) = / (p(s) — p(s))ds + / (a(s) — 4(s))dB(s). (4.5)

by using (21 + x2)2 < 2(2? + 23), we have
I 2(t) — enlt) [P< 2 ||/ ds||2+||/ dB(s) |?) <2

([ 1906 =506 12 st | / aB) | ). (46)

Now, by using the property of the isometry for the Standard Brownian motion defined in [2], we can
write

t
I 2(t) = on(t) IP< 2 / 1906 =506 17 s+ [ 1ats) = a0 17 s <22 [ 1t
|!2ds+2/ P& |\2ds+2/ I a(s) - ¢ >szs+2/ g™ (s)
0
t
() |12 ds) < 4( / I p(s) — p™(s) | ds + / | 57 (s) — p(s) |12 ds + / I a(s)
17 ds+ [ 1176 = als) I ) (4.7
By using Theorem [4.1], we can write
{ | 97 (s) = 5(s) IP< kah?, hu >0, s
| g™ (s) — q(s) ||>< koh?, ko > 0. '
Also, by using conditions A1 and A2, we have
{ i 1 9() = (6) [P ds < 1y || () = n(s) [P d, Lo
S0l als) = qm(s) I ds < Lo [} || #(5) — 2m(s) |1 ds.

Now, with substituting Eqs. and [£.§ in Eq. [1.7, we get
¢
| 2(t) — zm(t) < 4(k1h* + ll/ | 2(s) — 2 (s) ||* ds + koh?® +
0

b /0 | 2(s) — 2ms) | ds), (4.10)

pu(t) <0+ n/o p(s)ds,
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where 0 = 4(k1h? + koh?), n = 4(ly + I3) and p(s) =|| z(s) — xu(s) ||*. Furthermore, from Gronwall
inequality, we get
t
u(® <01+ 0 [ exp (ot~ 9)ds). ¢ ©0,1)
0

SO

I 2(t) = zm(t) [|°< O(R?).

5. Numerical examples

Example 5.1. Let
t t
x(t) = xo + / z(s)(A — x(s))ds + / ox(s)dB(s),
0 0
where be model of the population growth [7], with exact solution
0 zoexp((A — 30%).t + 0 B(t))
x(t) = .
1+ [ zgexp((\ — Lo2).5 + 0 B(s))ds

The numerical results have been shown in Table (1), where T and s are error mean and standard
deviation of error, respectively. In addition, we assume xo = 0.5, A =1 and ¢ = 0.25.

Table 1: Mean, standard deviation and confidence interval for error mean (T=0.25, m=16)

t T s %95 confidence interval for mean
Lower \ Upper
0.05 | 1.2038 x 1072 | 7.9800 x 103 | 7.0915 x 1073 1.6984 x 1072
0.1 |2.6744 x 1072 | 1.5035 x 1072 | 1.7425 x 1072 3.6063 x 102
0.15 [ 5.1791 x 1072 | 3.3294 x 1072 | 3.1155 x 102 7.2427 x 1072
0.2 | 4.0886 x 1072 | 2.5340 x 1072 | 2.5180 x 1072 5.6592 x 102

Example 5.2. Let

dz(s) = o5 s°x(s)ds — 555%2(s)dB(s), s € (0,T), T < 1,

-1
507

2(0) =

be the stochastic differential equations with exact solution

= —ex
50 P 1000

The numerical results have been shown in Table (2), where T and s are error mean and standard

x(t)

deviation of error, respectively.

Ly

7 ].

2800

_%O

s°dB(s)).

Table 2: Mean, standard deviation and confidence interval for error mean (T=0.25, m=16)

t T s %95 confidence interval for mean
Lower \ Upper
0.05 | 2.200 x 107° 2.785 x 107° 4.37 x 1077 3.92 x 1076
0.1 8.400 x 1076 5.953 x 107 7.410 x 1076 1.208 x 107
0.15 | 3.9400 x 107> | 3.3344 x 10~® | 1.8733 x 1075 6.0066 x 107
0.2 | 1.52300 x 107 | 1.20548 x 1074 | 7.7583 x 10~® | 2.27016 x 10~*
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6. Conclusion

This paper suggests a computational technique for solving of the nonlinear stochastic differential
equation. We use from the stochastic operational matrix based on the NBFs in combination with
the collocation technique. The advantage of this method is lower cost of setting up the system of
equations without integration, moreover, the computational cost of operations is low. For showing ef-
ficiency, the method is applied to some numerical examples. The results show accuracy of the method.
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