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Abstract

Let 2 be an algebra. A linear mapping § : A — 2 is called a derivation if §(ab) = §(a)b + ad(b)
for each a,b € . Given two derivations § and ¢’ on a C*-algebra 2, we prove that there exists a
derivation A on 2 such that 60’ = A? if and only if either ¢’ = 0 or § = sd’ for some s € C.
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1. Introduction

Let 2 be an algebra. A linear mapping 0 : % — 2 is called a derivation if it satisfies the Leibniz
rule 6(ab) = 6(a)b + ad(b) for each a,b € A. When 2 is a x-algebra, 0 is called a *x-derivation if
d(a*) = 6(a)* for each a € 2.

Let 6 be a *derivation on a C*-algebra 2, then §2 is a derivation if and only if § = 0. To see
this, note that 62 is a derivation if and only if

8 (x)y + 26(x)8(y) + 20%(y) = 0% (xy) = 6*(x)y + 26°(y).

The latter is equivalent to the fact that §(z)d(y) = 0 for each x,y € A. Thus §(x)d(z)* = d(z)d(x*) =
0 for each x € A. Hence ||§(x)||? = ||6(z)d(x)*|| = 0. This shows that §(x) = 0 for each = € 2.

As a typical example of a non-zero derivation in a non-commutative algebra, we can consider the
inner deriwation 6, implemented by an element a € 2 which is defined as 0,(z) = za — ax for each
x € 2. Even for an inner derivation d, on an algebra 2, it is very probable that §2 is not a derivation.
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These considerations show that the set of derivations on an algebra 2l is not in general closed
under product. There are various researches seeking for some conditions under which the product
of two derivations will be again a derivation. Posner [9] was the first one who studied the product
of two derivations on a prime ring. He showed that if the product of two derivations on a prime
ring, with characteristic not equal to 2, is a derivation then one of them must be equal to zero.
The same question has been investigated by several authors on various algebras, see for example
[T, 2 3, 5], 6, [7, 8] and references therein. In the realm of C*-algebras, Mathieu [5] showed that, if
the product of two derivations § and 0’ on a C*-algebra is a derivation then 00’ = 0. The same result
was proved by Pedersen [§] for unbounded densely defined derivations on a C*-algebra.

There are known algebras 2l such that each derivation on 2l is inner which is implemented by
an element of the algebra 2 or an algebra B containing 2. For example, each derivation on a von
Neumann algebra 91 is inner and is implemented by an element of 9JI. Moreover, each derivation
on a C*-algebra 2 acting on a Hilbert space §) is inner and implemented by an element of the weak
closure M of A in B(H) (See [4, 10]).

In the present paper, we are concerned with the following problem: “Given two derivations § and
0" on a C*-algebra A, find necessary and sufficient condition under which there exists a derivation A
on A satisfying 66’ = A%.”

We affirm that the condition is: either ¢’ = 0 or § = s¢’ for some s € C. We do this in two steps;
for the matrix algebra M, (C) and for an arbitrary C*-algebra.

2. The equation for the case of matrix algebras

In this section we are mainly concerned with the structure of derivations on the matrix algebra
M, (C). Let A = [a;;] € M,(C). We denote the diagonal matrix whose diagonal entries are a;; by
AP,

Proposition 2.1. Let A = [a;;], B = [b;;] € M,(C). Then there exists a C' = [c;j] € M,(C) such
that 5405 = 66> if and only if either g =0 or 64 = sdp for some s € C.

Proof . Let {E;;}1<ij<n be the standard system of matrix units for M, (C). First we show that
aikbej = bigay; for all 1 < i, k,¢,j < nif and only if AXB = BXA for all X € M,(C).
To see this, suppose that a;zbe; = biras; for all 1 < ¢, k, ¢, 7 < n then we can write

(EiiAEw)(EwBE;;) = aibei Eij = bivarj Eij = (Eiy BEge)(EwAEj;).
We thus have . . N "
(D Ed)AEWB() Ej) = (Y Ea)BEwAQY | Ej)-
i—1 j=1 i=1 J=1

This shows that AE,,B = BE,A for each 1 < k,¢ < n. We can therefore deduce that AXB = BXA
for all X € M, (C). On the other hand, if AXB = BXA for all X € M,(C), then

;b B0 = (EiAE; ) (Exg BEy) = (Ei BEj ) (ExgAEw) = bijareEp.

We can assume that a;; = by; = ¢33 = 0. This is due to the fact that d4—q,,7 = 04, dp—p,,7 = 0B
and 50—011[ = 50. Then 6A5B = (502 if and only if

ABEy, — AEyB — BEwA + EywBA = C?Eyy — 20FE3C + EC?,
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for each 1 < k,¢ < n. This is equivalent to the fact that
Ei(ABEy — AEB — BEwA + EwBA)Ej; = E;;(C*Eyy — 2CEwC + EwyC?)Eyj,
for each 1 < 4,4, k,¢ < n. Now for i # k and j # ¢ we have
(0 — airbej — bikag; + 0)Eij = (0 — 2¢i,c05 + 0) B35 (2.1)

For i # k and j = ¢ we have

(> @imbmi — airber — binaee + 0)Eip = () _ CimConk — 2cincer + 0)Eye. (2.2)
m=1 m=1

For ¢ = k and j # ¢ we have

(0 — akkbgj — bkkagj + Z bgmamj)Ekj = (0 — QCkagj —+ Z Cgmcmj)Ekj. (23)

m=1 m=1

And finally for ¢ = k and j = ¢ we have

O akmbmk — akbee = berse + Y bomme) Exe = (O ComCok — 20kxCo0 + Y ComCme) e (2.4)

m=1 m=1 m=1 m=1

If k # ¢ then putting i = £ and j = k in the equation (2.1)) we have ¢, = agbg. Thus for i # k
and j # € we have (aibe; + birag;)® = 4ciicp; = 4airbipag;by;. This implies that

aikbgj = bikagj, for 4 # /{Z,] 75 /. (25)

Now, if by; # 0 for some 1 < /¢, j < n with £ # j, then the equation

Gy .
ai, = by, for i # k,
be;

implies the existence of some a and 3 with || + |3] # 0 such that
af(A — AP) = B(B - BP). (2.6)

If by; = 0 for all 1 < ¢, j < n with £ # j, then B = B and so the equation (2.6) holds for @ = 0 and
any nonzero 3 € C.
Interchanging ¢ <» i, 7 <> k and k <> £ in ([2.3) we have

n

> bimmk — @bi — buetir = > CimCmi — 2cucir, for i # k. (2.7)

m=1 m=1

It follows from (2.2)) and ({2.7]) that

n

Z Wi bk = z”: bim A, for i # k.
m=1

m=1

Returning to the fact that a;,bmr = bimams for m # i, k, we have

@iibir + aibrr = biiai, + bigagy, for ¢ # k.



112 Ekrami, Mirzavaziri, Ebrahimi Vishki

This implies that

ik (bii — brr) = bir(asi — ark). (2.8)
Putting k = ¢ in (2.4) we get
> bk — ekbrk =Y ChmCmk — CkCri-
m=1 m=1

Thus it follows from (2.4)) that
arkber — arrbee — brrag + beeape = CriCri — 2CkKCor + CoeCop-
For ¢ =1 we have

2
Cxk = pkbp,

and then agrbe + brraw = 2ckrcee. Thus for all 1 < k, ¢ < n we have (agrbee + brraw)? = 4¢3 ¢ =
4(kabkkaabzg. This implies that
akkbgg = bkkaa, for all ]{3, L.

A similar argument as about the equation ([2.5)) implies the existence of some o’ and " with |o/| +
|B’| # 0 such that
o AP = p'BP.

Using ([2.8) we have
bjjair(bii — bii) = bikb;j(as; — agk) = biga;; (b — bey).

Now let BP ¢ CI. Then b;; # by for some i and k. This shows that bjjai = ajjbi. So we have
a =o' and B = (. By a similar argument we can say that if A? ¢ CI then o = o/ and 8= /3. We
therefore have

if AP ¢ CI or B” ¢ CI then oA = 3B for some a and 3 with |a| + |3| # 0.
On the other hand, if AP = sI and BP = tI for some s,t € C then
AP + a(A — AP) = s(a/ — )l + aA,

and
B'BP + B(B — BP) =t(3' — p)I + B.

Therefore s(a/ — a)I + aA = (8 — B)I + BB. Summarizing these we can say that 0,65 = do° if
and only if oA = B+l for some «, 5,r € C with |a| + |5| # 0. This is equivalent to the fact that
either g = 0 or 64 = sdp for some s € C. [J

A natural question is the following: Is it true in general that 66’ = A? on an algebra A is
equivalent to either 0’ = 0 or § = s¢’ for some s € C? In this case we of course have A = /sd’. The
following example shows that the answer is not affirmative in general.

Example 2.2. Let A be the subalgebra of M;(C) generated by F; and Fis. If § = 0, and ' = 0g,,
then for each X = xFEq, + yFE12 € A we have

(S(SI(X) = 5($E11 + yElg — LL‘EH) = 5(:{/E12) = O

Thus 66’ = 62. But &’ # 0 and ¢ is not a multiple of &'
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Lemma 2.3. Let A be the subalgebra of My(C) generated by E11 and E1s. Then each derivation on
A is of the form 6 = d.g,,_ap,, for some c,d € C.

Proof . Let 6 : A — A be a derivation defined by §(xE1; + yE12) = f(x,y)E11 + g(z,y)E2. Since
0 is linear,

f(z,y) = f(z,0) + f(0,y) = 2 f(1,0) + y£(0,1).
We therefore have f(x,y) = ax + by and g(x,y) = cx + dy for some a,b, c,d € C. Moreover,

5((13E11 —+ yElg)(l‘/En —+ y’E12))
= 0(zEn +yFEw) (@' En +y' F) + (xEn + yE)d(2' By + ' o)

implies
flza! 2y ) By + g(xa’, 2y ) By = fa,y)2'Ex + f(x,y)y B + o f(2',y ) By + xg(2', y') Ers.
We thus have

flaa ay’) = flaz,y)2" +af(2'y),
glxa',xy’) = f(x,y)y +xg(a’,y).

By using the fact that f(z,y) = ax + by and g(z,y) = cx + dy, we have f(x,y) = 0. Whence
6 = 50E127dE11- ]

Proposition 2.4. Let A be the subalgebra of My(C) generated by Ey; and Eip and 6,6" be two
derivations on A. Then 66’ = A% if and only if &' = 0 or §' = Sy, for some o/ € C implies
8 = bap,, for some a € C, or equivalently &' =0 or §% = 0 implies 6> = 0.

Proof . Let 0 = dap,—551,,0 = OwBs—pE, and A = 6,5, sp,. Then 60’ = A? if and only if
rs = o’ and s* = B’. The latter is equivalent to the fact that ¢’ = 0 or ¢ = 6,5, for some o/ € C
implies 0 = 0,p,, for some a € C. On the other hand, a derivation d on A is of the form d,z,, for
some A € C if and only if 42 = 0. O

3. Derivations on C*-algebras

Theorem 3.1. Let 2 be a C*-algebra and 0,6 be two derivations on . Then there exists a derivation
A on A such that 56’ = A% if and only if either & =0 or 6 = s8' for some s € C.

Proof . Let 2 act faithfully on the Hilbert space $) with the orthonormal basis {}icr. For a
bounded operator T' € B(9), let t;; = (T;,&;) for i, j € I. We thus have T'§; = >, t;;¢; and we can
write T = [t;;]; jer. The latter is called the matrix representation of 7'. For i,j € I, let E;; € B($)
be the operator defined by E;;§; = & and Ej;§ = 0 for k # j. Then we have T'= 3 > 1t Eyp
for every T' € B(9).

By the Kadison-Sakai theorem [4] [10], 6 = 0,0’ = dg and A = 07 for some R, S and T in B($)).
Thus 66" = A? if and only if

g€l

RSE. — RES — SE R+ ESR = T2Ek4 — 2TEyT + EMT2,
for each k,¢ € 1. This is equivalent to the fact that

7
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for each 7, j, k,¢ € 1. For i # k and j # ¢ we have
TikSej + SikTe; = Qtiktgj.

Similarly, for ¢ # k and j = ¢ we have

E TimSmk — TikSee — SikToe = E Limbmk — 2tiktoe.

mel mel

Also, for i = k and j # ¢ we have

— TkiSej — SkkTej + Z SemTmj = —2tppte; + Z Lombm-

mel mel

And finally for ¢ = k£ and j = ¢ we have

Z TkmSmk — TkkSee — SkkTee + Z SemTme = Z temlmk — 2tertee + Z temtme-

mel mel mel mel

Now a similar verification as in Proposition [2.I] implies the result. [
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