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Abstract

In the present article, we propose the (p,q) variant of genuine Baskakov Durrmeyer operators. We
obtain moments and establish some direct results, which include weighted approximation and results
in terms of modulus of continuity of second order.
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1. Introduction

The quantum calculus has many applications in different areas of mathematics, physics and engineer-
ing sciences. In the last two decades it was used widely by researchers in the field of approximation
theory. Several new generalizations to the well known operators have been proposed and their ap-
proximation behavior has been discussed, see for instance [2], [7], [8], [13], [14], [15], [I1], [16]-[19]
and references therein. The extension of quantum calculus based on two parameters (p, q) was dis-
cussed in special functions by Sahai and Yadav [22]. Very recently some approximation properties
of certain (p, q) operators have been discussed in [9], [12] and [I0]. One can capture the quantum
calculus results from (p, ¢)-calculus, but not conversely. Some basic notations and definitions of the
(p, q)-calculus are mentioned as follows:

The (p, ¢)-numbers are defined as
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The (p, g)-factorial is defined by [n], ! = [I;_, [k],,,n > 1,[0], ! = 1. The (p, ¢)-binomial coefficient
is given by
n [n]p q!
= . ,0<k <n.

The (p, q)-derivative of the function f is defined as

f(pz) — f (q)

(p—q)z @70

Dyof (v) =

and D,,f (0) = f (0), provided that f is differentiable at 0. Note also that for p = 1, the (p, q)-
derivative reduces to the g—derivative.

Definition 1.1. ([20])Let n is a nonnegative integer, we define the (p, ¢)-Gamma function as

PO adp,

Lpq(n+1) = b—qr [n]p,q!7

0<qg<p,

where (a © b)), = H?:_Ol (p'a — q'b).

Definition 1.2. The (p, ¢)-Beta function of second kind is defined as

o) tmfl
B,,(m,n) = /0 (—dp,qt,m, n €N,

1 pt)" "

where the (p, ¢)-power basis is defined as (a ® b); , = [T, (P'a + ¢'b).

Theorem 1.3. Let m,n € N. We have the following relation between (p, ¢)-Beta and (p, ¢)-Gamma

function:

m(m—1)]/2, Lpq (M) Tpq (n)
B _ ,2-m(m-1)]/2,—m(m+1)/2- P4 P )

In the present paper, we propose the (p, q¢)-genuine-Baskakov-Durrmeyer operators and estimate some
approximation properties, which include weighted approximation result and direct results in terms
of modulus of continuity of second order.

2. (p, q)-Baskakov-Durrmeyer Operators and Moments

The (p, ¢)-analogue of Baskakov operators for x € [0,00) and 0 < ¢ < p < 1 is defined as
N n—1
A P Ky,
Bn,p#]( ,l’) = bﬁ%(fﬂ)f ( PQ> ) (21)

where i
+k—-1 _ _ x
W (z) = {n ] pk+n(n 1)/2qk(k 1)/2 _
' S o)t
In case p = 1, we get the ¢-Baskakov operators [I]. If p = ¢ = 1, we get at once the well known
Baskakov operators.
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Remark 2.1. It can easily be verified

n—1
Bupg(1,2) =1, Bupg (£,2) = @, Bupg (2,7) = 2 + T2 (1 + ?x) .
[n]p,q q

Definition 2.2. Using (p, ¢)-Beta function of second kind, we propose below for x € [0,00),0 <
g < p <1 the (p,q) genuine Baskakov-Durrmeyer operators

oo 1 [e%¢} tk*l
pra(fe) = 3 0 a) / F (@™ t)dy gt
2 k B,,(k,n+1) /g (1 pt)l;:;nﬂ Psq
+by6(2) f(0) (2.2)

where b))% () is as defined in (2.1).

Lemma 2.3. Forz € [0,00), 0 < g <p <1, we have

1. Dpa(1, 1) = 1,
2. DPi(t,x) =,

(12 _ [n41]pq2?+[2)pqp" 2qa
3. Dpa(t2,x) = tllpar HBparar.

Proof . Using (2.2) and Remark [2.1, we have

0 1 00 tk—l
9 —_ 7q 7q
Dflq (17 l’) - Z bfl,k(m) Bp7q(kj, n -+ 1) \/0' D k+n-+1 dpﬂt + bﬁ,O(l‘)

1 [e%¢} tkqpn+k
DPi(t,x) = b (x / dp gt
( ) n,kz( ) ) 0 (1 @ pt)l;:;n—l-l Y2
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Also, using [k + 1], = ¢ + plk]pq and [0+ 1], 4 = p" + q[n],q, we

iy ( ) ) i - ( ) 1 0 tk+1q2p2n+2k
Dra(t* x) = b, ( / dp gt
— k Bp,q<k7 n+ 1) 0 (1 e pt)llj;n+1 P>q

1
b q
- ’k(m)Bp,q(k, n+1)

p%_g [k + 1]p,q [k]p,q

gkl (1] pgln — 1pg

213" + plia) M
b (o .p (4" + plklp.g) [Klpg
w0, T — U

q2p2”+2kBp,q(k‘ + 1’ n)

M8I

373

b
Il

Il
WE
==

()

k=1

I
- i

n—2 [n]
= ——— Byt ——LL B, pq (£
n—1,, pa (6T) + an—1,, " ( 7x)
n—2

n—1
- L . "l [z:? +2 = (1 + 1—7:1;)}
m—1lpe  qn—1], []p.q q
[n+ 1]p,qx2 + [2]p,qpn_2933
¢*[n — 1]p,q

O

Remark 2.4. For x € [0,00), 0 < ¢ < p < 1, we have

1. DPA(t —x,x) =0,
"2z (px
2. Dpa((t — 2)?, @) = Beaprlerta)

3. Direct Approximation

We consider the following class of functions:

Let H,2 [0, co) be the set of all functions f defined on [0, co) satisfying the condition |f (x)| <
My (1 + 2%), where M; is a constant depending only on f. By C,2 [0, 00), we denote the subspace of
all continuous functions belonging to H,2 [0, co). Also, let C%, [0, co) be the subspace of all functions

f(z) |/ ()]

f € Cyp2[0, 00), for which |l\ii>n i,z is finite. The norm on C7; [0, 00) is || f[[ .2 = SUP,ep, o) 1322

We discuss below the weighted approximation theorem:

Theorem 3.1. Let p = p, and q = q, satisfies 0 < q, < p, < 1 and for n sufficiently large p, — 1,
¢ — 1 and q} — 1 and p; — 1. For each f € C, [0, 00), we have

T (|22 (£) — f]» = 0.
Proof . Using the Theorem in [6] we see that it is sufficient to verify the following three conditions
lim || D2~ (tV,x) — 2| ,. =0, v=0,1,2. (3.1)

n—oo

Since Db~ (1,x) = 1 and DP9 (t,x) = x the first condition of (3.1)) is fulfilled for v =0, 1.
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For n > 1, we can write

Dnsqn 2 2 [n_’_l]Pan ) x?
| Do (2, 2) —2?|| , < (—qg[n—l]pn,qn xesi(lfpoo) 2

2 n—2 n
+ ([ ]pn#]npn q > sup

q,%[n - 1]pn,qn z€[0, oo) 1+ %

which implies that for v = 2

Jim [ D5 (£, ) — 2] =

Thus the proof is completed. [

73

Let Cp [0, 00) denote the space of all real valued continuous and bounded functions on [0, c0) . In

this space we consider the norm

Iflle, = sup |f ()]

z€[0,00)

For 6 > 0, the second order modulus of continuity of function f € Cp[0,00) (see [5]) is defined

as
B2 (f,0) = sup |f (x+2u) —2f (x+utv) + f (& +20).

z,u,v>0
ju—v|<6

The Steklov mean function for f € Cp is considered as

fh(ﬁ):%/:/o2 2f(x4+u+v)— f(x+2(u+v))|dudv.

Since f, € Cp we can write

fh(x)—f(x)—%/oz/02[2f(:c+u+v)—f(a:+2(u+v))—f(a;)]dudv.

It is obvious that
[fn = flley, S @2 (f,R).

If f is continuous, then f;' € Cp and

9
17l < 532 (F:h).

Theorem 3.2. Let g € (0,1) and p € (q,1]. The operator D24 maps space Cg into Cg and

D7 (Dl < N flley -
Proof . Let ¢ € (0,1) and p € (g,1]. From Lemma [2.3) we have

) 1 00 k—1
Dy (fo)l < Y i) | e Dl + @O
k=1 0o |

p#](]fan"i_ 1 1 @pt)
= sup [f(2)| Dy (L2) =|flc, -

z€[0,00)

p.q

O

(3.2)

We study in the following theorem the degree of approximation in terms of second order modulus

of continuity. We apply linear approximate method viz. Steklov mean to prove the theorem.
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Theorem 3.3. Let g € (0,1) and p € (q,1]. If f € Cp, then

n—2
D2 (f,) = f(2)] < 9% (fﬁ) l”w

Proof . We use the Steklov function f;, defined by (3.2). For z > 0 and n € N, we have

DR (fox) = f (@) < DRt(f = ful o) + (DR (fn = i (), 7))
+1fn (@) = f ()]

By we can write
DR = ful o) < NIDRCF = fudlloy < NF = fulle, < w2 (f,h).

By Taylor’s expansion, we have
1
D5 (= fu (), 0)| < 1 ()] DR (¢ = ,2) + 5 il DR (2= 207 )

By Lemma and (3.4) we have

9

DY (fn — fr(x),x)] < Tm@z(fah)Dg’q((t—ﬂﬁ)Q,f),

where DP4 ((t — x)Z , x) is as defined in Remark for x > 0, h > 0. Setting h = /m7 we get
the desired result. [

For f € Cp[0,000) the K —functional are defined as

KQ(f75> = lnf{ ||f_g||CB +4 ||g” ||CB}7

where § > 0 and W? = {g € C3[0,00) : ¢, ¢" € C5[0,00)}. By [3, p. 177, Theorem 2.4] there exists
an absolute constant C' > 0 such that

K(f,0) < C s (f,V5), (3.5)

where

wr (f,V8) = sup  swp |f(x+2h) = 2f(x+ h) + ()]

0<h<+/§ z€[0,00)

is the second order modulus of smoothness of f € C[0,0).

The following theorem is also in terms of modulus of continuity, here we use K-functional.

Theorem 3.4. Let f € Cg[0,00), with ¢ € (0,1). Then for every x € [0,00) and n > 1, we have

D2, 2) — f(2)] < Clos (f, \/ Blpore(pe + q)) ,

¢*[n — 1]p7q

where C is an absolute constant.
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Proof . Let g € W2, by Taylor’s theorem, we have

g(t) = g(x) + 4/ (@)(t — ) + / (t—u) ¢"(u) du, te0,00).

Using Remark 2.4] we get

Dtg.) = ofe) + 03 ([ (=) @) )

Obviously, we have
t
!/ (t—u) ¢"(w)] < (t—2)?|g"||cy-
Thus

|Dh(g,2) —g(x)] < Dyt — ), 2)llg"lley

— [2]p,qp”_2x(px + q) Hg//HC ]
¢*[n — 1,4 "

Using Theorem [3.2] we have

|DPA(f z) — f(x)] < |Di(f—g,x)—(f—g)(x)|+ |DP(g,x) — g(x)]
< 21 — gl + ek TR0
ln =1,

Taking infimum on the right hand side over all g € W2, we get the desired result. This completes
the proof of the theorem. [

19" les-

Remark 3.5. For g € (0,1) and p € (g, 1] it is seen that lim,, . [n],, = 1/(¢—p). In order to obtain
convergence estimates of (p,q) genuine Baskakov operators, we assume p = (p,) and ¢ = (g,) such
that 0 < ¢, < p,, <1 and for n sufficiently large p, — 1,¢, — 1, p! = a,q} — b and [n],, 4, — 0.
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