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1. Introduction

Boundary value problems for nonlinear fractional differential equations belong to the important issues
for the theory of fractional differential equations and a lot of papers and books on fractional calculs are
devoted to the solvability of initial fractional differential equations, see [1 — 3, 8,10, 14, 16, ...] .

However, there are few papers that deal with the existence, uniqueness and positivity of solution to
nonlinear initial fractional differential equations by the use of techniques of nonlinear analysis ( fixed point
theorems, Leray-Schauder theory, etc...), see [1,13,17,20,...].

In this paper, motivated by [5 — 7,11,12,15,18...] we are concerned with the existence, uniqueness and
positivity of solution of the following fractional boundary value problem

{ Dgu(t)+ f (tu(t),Ddu(t)) =0, te(0,1). (1)
u(0)=u'(0)=0, wu(l)=pu(n), '

where: (i) f € C([0,1] xRxR,R), 5>0,0<n<land0<o < 1.
(ii) Dg, is the Riemann-Liouville differential operator, of order 2 < a < 3.

*Corresponding author
Email address: zenkoufi@yahoo.fr (Lilia ZENKOUFI)

Received: February 2020  Rewvised: October 2020


http://dx.doi.org/10.22075/ijnaa.2020.17970.1977

500 Zenkoufi

El-shahed [3], considered the following nonlinear boundary value problem

{ Dgu(t) +Xa(t) f(u(t) =0, t€(0,1),2<a<3.
u(0) =u' (0) =4 (1) =0,

where D{, is the Riemann-Liouville differential derivative. He used the Guo-Krasnosel’skii fixed point
theorem on cone expansion and compression to show the existence and non-existence of positive solutions
for the above fractional boundary value problem.

Li, Sun, Y. Li and P. Zhao, [12], considered the fractional differential equation of the type

Dgru(t)+ f(t,u(t) =0, te€(0,1), 1<a<2,
where Dy, is the Riemann-Liouville differential order derivative, subject to the boundary conditions
w(0) =0, DJu(l)=aDi u(€), 0<B <1,

They obtained the existence and uniqueness of solution by using Leray-Schauder nonlinear alternative and
Banach contraction mapping principle.

The organization of the paper is as follows. In section 2, we will recall briefly some basic definitions
and preliminary facts which will be used throughout the following sections. In section 3, we establish
the existence and uniqueness of the solution, by using the Leray-Schauder nonlinear alternative and Banach
contraction theorem. In section 4, using the Guo-Krasnosel’skii fixed point theorem, we discuss the positivity
of solution. In section 5, examples are presented to illustrate the main results.

2. Preliminaries

In this section, we present the necesary definition and several important preliminary lemmas to prove
our results.

Denote by L' ([0,1],R) the Banach space of Lebesgue integrable functions from [0, 1] into R with the
norm ||ul|;1 = fol |u(t)| dt. Let E be the Banach space of all continuous functions from [0, 1] into R such

that Df,u (t) € C([0,1],R), 0 < o < 1, endowed with the norm |lul|; = trél[gﬁc] lu(t)] + fél[aa,}ﬁ |Dgu (t)).

Now we provide some background definitions.

Definition 2.1. Let K be a set in a real or complex vector space. K is said to be convex if, for all x and
y in K and all t in the interval ]0,1], the point (1 —t)x +ty is in K. In other words, every point on the
line segment connecting x and y is in K.

Definition 2.2. Let E be a Banach space. A nonempty closed convex subset K C E is called a cone if it
satisfies the following two conditions

(1) x € K and A > 0 implies \x € K.

(1) z € K and —x € K implies x = 0.

Every cone P C E induces an ordering in F which is given by = < y if and only if y — x € P.

Definition 2.3. The fractional integral

t S
670 = F(la) /0 (tfi)z—

where a > 0, is called Riemann-Liouville fractional integral of order v of a function f : (0,4+00) — R and
I'(.) is the gamma function defined by

ds,

«
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Definition 2.4. The Riemann-Liouville fractional derivative of order o > 0, of a continuous function
f:(0,400) = R is given by

D3 (0= oy (5) [ G- s )as

I'(.) is the gamma function, provided that the right side is point-wise defined on (0,+00) and n = [a] + 1,
[a] stands for the greatest integer less than c.

Lemma 2.5. [10] Let a, 3 >0, f € L' (0,1), then
DgIg f () =f (), ISy f(t)=I5"F (1),
The following two lemmas can be found in [10, 16] .
Lemma 2.6. Let a > 0 and v € C(0,1)N L' (0,1), then fractional differential equation
Dgru(t) =0,

has
u(t) = At et 2 4+ ept®

-n, ¢ €eR, 1=1,2,...,n; n= o]+ 1,as solution.

Lemma 2.7. Assume that u € C (0,1) N L' (0,1) with a frational derivative of order o > 0 that belongs to
C(0,1)NL'(0,1). Then

DS u () = u(t) + et et 2 et

for some c; e R, i=1,2,...,n;n=[a] + 1.

Lemma 2.8. For Riemann-Liouville fractional derivatives, we have

Df =t p s = s [m e pas

(a—
where f € C'[0,1], «, B are two constants with a > 3 > 0.
Proof . From

DTG f (6) = F (), I I f(6) =7 f (1),
we get

Dy [ =9 f o) ds = DLT (@) s [ =9 () s

=Dy, T () Ig f (t) =T (o) DY, IS f (1),
=T (o) DI I F () =T () I5TP F (1)

Then we obtain the result. [J
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Lemma 2.9. Let2<a<3,8>0,0<n<1, n*1#1 andy € L']0,1], then the problem

Dgiu(t)+y(t)=0, 0<t<l,

has a unique solution

1 Btoc—l 1
ut)= [ Gyt T [ Gmsuds
; _
where )
1 (1 =) - (t—s)" 0<s<t<l1
Gt,s)= ——13 "o - ’ =9=t=4
(t,5) F(a){t Y1 =), 0<t<s<l1

Proof . Integrating the equation (2.1) over the interval [0,¢] for ¢ € [0,1], we have

u(t) = =I5y (t) + Cit”

Zenkoufi

(2.1)
(2.2)

S14Cot* 2 + C3t* 3 From u (0) =/ (0) = 0 we get C3 = Cy = 0. And, from u (1) = fu (1), we deduce

that 1
Cr = T ot Hovy (1) = BIgvy ()] -
Then

1 ta—l

u(t) = Tl /Ot [— (t—s)* ol (t — s)o‘_l} y(s)ds+ I (o) /tl (1—95)""1y(s)ds

a)

ta_lﬁ n o1
T a=srD / U

1-s 1 — (= 5)* Ly (s)ds

ta_lﬂ
I'(a) (1= Bnt

1
=11 —5)* Ly (s) ds.
4 >/n N1 - 82y (s)d

And, that is equivalente to

ﬁ + 1
/Gts d3+1_5a1/G777 ds, 0<t<1,

which implies the Lemma. O
We need some properties of functions G (t, s)and Df, G (t,s) .

Lemma 2.10. The function G (t,s) defined by (2.4) satisfies the following properties

(1) G(t,s) >0 and G (t,s) € C([0,1] x [0,1] ,R4).
(ii) If t,s € [1,1], 7 > 0, then

1
711G (s) < G (t,8) < =Gi (s),
T
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Proof . (i) The continuity of G is easily checked. For 0 <t < s < 1, it is obvious that

a—1
(1-s) ¢t
= % >
G (t,s) I () >0
In the case, 0 < s <t <1, we have
a— a—1
1 a— _ a—1 (t — tS) - (t - S)
- |(1— a=l _ (¢ — = >
G(t:9) = o3 [( §)" e (t—s) ] e 0
(47)
fo<t<s<l,
1 a—1 ,0—1
= < .
G (t,s) F(a)(l s) t < Gy (s)
If0<s<t<1, we have
_ 1 o a—1a-1 a—1
G(t.9) =1y [(1 5)* 1t (t—s)*1
then .
G(t,s) < ;Gl (s), Vs, tel0,1].
Consequently

G(t,s)ﬁ%Gl(s), s € [r1], t€0,1].

Now we look for lower bounds of G (t,s). f 0 <t < s <1,
1 a—1 a—1 1 a—1 a—1
t = —t 1-— > — ¢t 1-—
G(78) F(O[) ( S) —F(a) S( S) 9y
then
G (t,s) >t*71Gy (s), Vs,t€]0,1].

If 0 <s <t <1, we have

_ 1 a1 a-1 a—1
G(t.9) =1y [(1 5)* 1t (t—s)
> 0,and
(1—s)*" 12 (1 —s) —(
t-g—1 > 0,
G (t,s) >t*71Gy (s), Vs,te0,1].
Consequently

G (t,s) > 171G (s), fort,s € [r,1].
The proof is complete. [

Lemma 2.11. The function DJ, G (t,s), 0 <t <1 prossesses the following properties:
(1) D3, G (t,s) € C([0,1] x [0,1]) and D, G (t,s) > 0 fort,s €]0,1].

(2) a—1 a—o—1
(1—s) te=o=1_(t—s) 0<s<t<l1
D§G (s =4 o 7 : <s<t<l, 05
T T(a—o) 0<t<s<1
(3) For, t,s € [1,1], T > 0, we have
—o— o 1
771Gy (s) < D§LG (t,5) < Ta_a_lc:Q(

s,where Ga (s) = F(alia) 1—s)" s
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Proof . (1) The continuity and positivity of DF, G (t,s) is easily checked.

(2) Applying the relation DF,t*~! = ri@a

t*= =1 we get

/01 G () (5)ds = 15 /Ot [ (@ =)™ = (= 9 () ds

1 la—l
e

1591y (s) ds = 1% (s) dS—fJ (t_r(a) y (s) ds.Then

/ G (t,s)y(s)ds = DG, [t* gy (1) — ISy ()],

— 19y (1) DGt — DIy (1) = Iy (1) DG t™™" — DG Iy (1),

8)0{71 toe—a—l o S)afafl

o [ta- t(t
_/0 T (a—o) y(s)ds_/o Fla—o) V)0

/ D§ G (t,s)y(s)ds,
which implies that propertie (2) holds.
(3)
fo<t<s<lI,
- 1
D0+G(t,8) = T (a e
(1 _ S)a71 tafo'fl S
Ga (s).
If0<s<t<1, wehave
o 1
0+ G (1) MNa—-o
(1—s)" too
_1_(t . S)a70-71 :
1 a—1 1
<— (1- tomol < Ga (s).
“TI'(a—o0) (1=s) = ga—o—12 (s)
Consequently

D{ G (t,s) < ——G2(s), Vs,te[r1].

Now we look for lower bounds of G (t,s). If 0 <t <s <1,

1

Da’ t - -

O+G( 73) F(Oé — o
pa—o—1 (1— 5)04*1 > teo-1g, (s) If 0 <s<t<1, we have

D3 G (t,s) = Tla—o

(1 =)ot
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t-g¥ =0~ 1 > 0,

> F(al_a) [(1 — g)a—l t 7 1 —8) = (t — s)a—a—l} >0,

then

g >7
D0+G(t75) - F(Oé—O')

DE.G (t,5) > 171Gy (

—o— -1 ,a—0—
Saal(l_s)a taal:|’

s, Vs,t € [0,1].Consequently,
D8+G (t, S) > T

-1Ga (s), Vter1],
se [0,1].
This completes the proof of the Lemma. [

Definition 2.12. We define the operator T : E — E by

1
= /0 G (t,s) f (s,u(s),Diru(s))ds

1—&;7:1/(;

n,sf (s,u(s),Dgyu(s))ds, te[0,1].(2.1) The function u € E is a solution of the BVP (1.1) if and
only if Tu = u; (u is a fized point of T) .

Definition 2.13. An operator is called completely continuous if it is continuous and maps bounded sets
nto precompact sets.

3. Existence and uniqueness results

Now we give some results to prove the existence and uniqueness of a solution for the fractional boundary
value broblem (1.1).

Theorem 3.1. Assume that there exists a nonnegative function k,h € L' ([0,1],R,), such that
|f (tz,y) = f (Gu, o) S k() |z —ul+h(t) |y — vl (3.7)

Ve, y,u,v € R, t €0,1],

C:7<1+1—§na1>

fo (G1(s) +Ga(s))(k(s)+h(s))ds < 1.Where, v = max{T,Ta ), 0<7<1

Then the fractional boundary value broblem (1.1), has a unique solution in E

such that

Proof . We shall use the Banach contraction principle to prove that the operator 7" defined by (2.6) has a
fixed point. We shall show that T is a contraction. Let u,v € E, we have

1
Tu(t) — To (1) < /0 G (t,5) |f (5,u(s). Dgou(s)) —  (5,0(s), DGsv (5))] ds

B8
e | G
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|f (s,u(s),Dgu(s)) — f (s,v(s),Dg.v(s))| ds.So, we can obtain
|Tu (t) — To (t)| <

1 B
T <1+ 1—6770“‘1)

J3 G1(5) [k (s) [u(s) — v (s)] + h(s) |DIu(s) — Dgyv (s)|] ds,then

1
Tu) = ToO] < 7 (14 1= geamt ) luolls [ G0 G6) + b (o) as.

And

D Tu(t) - DGTo(t) < —— <1+1_5 )

Ta—a—l B a—1

xuu—qu/ Go (5) [k (5) + h ()] ds.

fol (G1(s)+ G2a(s)) (k(s)+h(s))ds < 1,where v = max {T, e —+—+}, 0<7 <1 Obviously, we have

By using

| Tu — T’UHE <Cllu— UHE .

Then T is a contraction, so it has a unique fixed point which is the unique solution of the fractional boundary
value broblem (1.1). O

We will employ the following Leray-Schauder nonlinear alternative [17].

Lemma 3.2. Let F' be Banach space and Q be a bounded open subset of F, 0 € Q. T : Q — F be a
completely continuous operator. Then, either there exists x € 0Q, A > 1 such that T (x) = Az, or there
exists a fized point x* € Q

Theorem 3.3. We assume that f (t,0,0) # 0, there exist nonnegative functions k,l,h € L' ([0,1],RT) and
¢1, 92 € C(RT,RT) nondecreasing, such that

|f (tu,0)| < k() b1 (Ju]) +h(t) d2 (Jv]) +1(t), Yu,v €R, t€[0,1], (3.8)
and there exists m > 0 such that

M, max{cbl (HUHE‘) 7¢)2 (HUHE)} + My < m.

Where,

= (1 =)
[ (G1 (s) + Ga (s)) (k () + h(s))ds, (3.1)

o= (0 =)

fo (G1(s) + GQ( )) 1 (s)ds.(3.2) Then the fractional boundary value problem (1.1) has at least one non-
trivial solution u* € E.
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Proof . To prove this Theorem, we apply Lemma 3.2. First, we need to prove that T is completely
continuous

1) T is continuous.

From the continuity of f and G, we conclude that 1" is continous operator

2) Let B, = {ue E: |lul|p <7} a bounded subset in E. We will prove that T' (2N B,) is relatively

compact:
(i) T (2N B;) is uniformly bounded. For some u € 2N B,., we have:

Tul < (1t =)
1
< [ 616 (561 (9 + 1 (5) 02 (DFu () + L () s,
And

o B
|IDg+Tu () < v (1 + 1—ﬂ7704—1)

1
x /0 Go (5) [ (5) 61 (u(5)) + B (5) b2 (DG (5)) + 1 (s)] ds.

Then,

Tullp <9 (14 1=y ) (M max 1 lullp) 62 ()} + D]

pne—t

then, T (2N B,) is uniformly bounded.
(73) T (2N By) is equicontinuous.
Let u € QN By, t1, ta € [0,1]; t; < t2, we have:

1
Wﬂﬁﬁ—TWUDHSAIKﬂw&)—G@h@UT&UQ%D&UGDMS

(15~ 1"
1—pnot

1
)5 /0 G (n,5) | (s, (s) DG (s))] ds.

L(g -6

[T (t2) — Tu(t)] <

I'(a)
1 1 ﬂ 1
X 1—29)"" ds+/Gn,s ds].
where, L= max |[f(s,u(s),Dgiu(s))|,
0<s<l1
lullg <r
and
DG Tu(t2) — DG
a—oc—1 a—oc—1
Tu(t1) < L(t2 F(O;i,l )

X {fol (1—9)*"tds+ 17/3’% fol G (n,s) ds] ;when ty — ¢ : |Tu (t2) — Tu (t1)| and ‘D&TU (t2) = D, Tu (tl)‘
tend to 0.

Consequently, T' (€2 N B;) is equicontinuous. From Arzela-Ascoli theorem, we deduce that 7" is a com-
pletely continuous operator.
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Let Q@ = {u € E: ||ul|p < m}. We assume that v € 0, A > 1 such that Tuw = Au, then

am = Allullp = [Tullp = [[Tull o + D5+ Tul o »

since ||Tul|, = m[(z]plc] |Tu (t)|, we have
t
ITull / G1(s) [k (s) 61 ([ullo) + 1 (s) 2 (I1DGwull ) +1(s)] ds

1
+1_§7a_1/0 %Gl (s) [k (5) o1 (lullo) + B (5) d2 (I DGrull,) +1(s)] ds.

[Tull, < v (1+ %) X

/ G (5) [k () &1 ([ulloe) + B (5) 6o (1DEull L) +1(

rule <7 (14 =0 ) [or Q) [ 6150

1 1
soa(lull) [ G s+ [ i) ds],

1
IDg. Tul, <~ (1 ¥ 1_57) [m (lullp) [ G (o) k(s)ds

1 1
o (Jlull ) /0 Ga (5) h (s) ds + /0 G (5)1(5) ds].

[Tull g < Mymax{¢1 ([[ullg) o2 ([[ull )} + Mo,

sds.

and

Then, we get

and we have
Am = Ml g = |Tull g < Mimax {1 ([[ullz), ¢ ([ullg)} + Mz < m.

Consequently A < 1. This contradicts A > 1. By applying Lemma 3.2, T has a fixed point u* € © and then
the fractional boundary value broblem (1.1), has a nontrivial solution v* € E. The proof is complete. [J

4. Positivity of the solution

In this section, we discuss the existence of positive solution for fractional boundary value problem (1.1).
We make the following additional assumptions.
(Q1) f(t,u, v) ( )fi(u,v) where a € C((0,1),R;) and f; € C(Ry x R, Ry).
(Q2) O<fO [G1 (s) + G2 (
sa(s)ds < 0.

Definition 4.1. A function u (t) is called positive solution for the fractional boundary value problem (1.1)
if u(t) >0, Vte|0,1] and satisfies the B.V.P..(1.1)
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Lemma 4.2. Let u € E, the solution of the fractional boundary value problem (1.1) is nonnegative and
satisfies

: H
+D >
tIeI[l(l)gl () gru(h) = v el

where v is defined in theorem 5.1 and p = min {7'0‘*1, Tc“*afl} .

Proof . Let u € E, it is obvious that u (¢) is nonnegative, t € [0,1]. From Lemma 2.10 and 2.11 , we have

1
uy < (14 —L ) [ Gi(s)als) fi(u(s), Deuls)) ds,
T 1—08n 0

and

1 5
Diiu(t) < —a—o—1 (1 . 577“_1>

fol Ga (s)a(s) f1 (u(s),Dg u(s)) ds.Then

il < (14 7o) [ @16+ G

» 8
v (” 1—,6’770“1>

“Hullp < fo (G1(s) +G2(s))a(s) f1 (u(s),DZu(s)) ds.On the other hand, for all ¢ € [r, 1], we obtain

sa (s) f1 (u(s), D, u(s)) ds.Hence

1
w) = (14 ) [ Gl i wls) D us) s
and .
DYvu(t) > ro=o! (1+1_§7a1) | G260 1 )5

u(s) ds.Therefore, we have

p
tgffi] (u()+Dgru(t) > p (1 + l—ﬁn‘"_l> X

1
[ 619+ G2 () 1 (u(9), D)) ds.
. - B 3 3 -1
e (u(t) + Dgsu(t) = p <1 + 1_577al> 7! <1 + 1_577al> lull g -
- 1
i (u(t) + Dgru(t)) = ;HUIIE-

Therefore, The proof is complete. [J

Definition 4.3. We define the cone K by

K:{uGE, w(t) >0, min (u(t)+ Dgs
te(r,1]

u(t) > 5 lullg -

K is a non-empty closed and convex subset of E.
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Lemma 4.4. [7|The operator defined in (2.6) is completely continuous and satisfies T (K) C K.

To establish the existence of positive solutions for problem (1.1), we will employ the following Guo—
Krasnosel’skii fixed point theorem [8]

Theorem 4.5. Let E be a Banach space, and let K C E, be a cone. Assume 21,8s are open subsets of K
with 0 € Qq, Q1 C Qo, and let
A: KN (972\91) — K,

be a completely continuous operator. In addition suppose either
(@) ||Aul] < |Jul|, vwe KN, and ||Au|| > ||lu]|, uwe K NINs; or
(@) ||Au|| > ||u|], vwe KNoQ, and || Aul| < ||ul|, ve K NNy,
holds. Then A has a fized point in K N (@\Ql) .

The main result of this section is the following
Theorem 4.6. Let (Q1) and (Q2) hold, 0 < Bn®~1 < 1 and assume that

fl (uv 7)) foo _ lim fl (u7 ’U)

im , exists.
(Jul+[o])—=0 [u| + || (Jul+[v]) oo [u] + |v]

fo=

Then the problem (1.1) has at least one positive solution in the case

(1) fo=0 and fs = oo (superlinear) or

(i7) fo =00 and foo =0 (sublinear) .
Proof. We shall prove that the problem BVP (1.1) has at least one positive solution in both cases, superlinear
and sublinear. For this we use Theorem 4.5. We prove the superlinear case. Since fo = 0, then for any
e >0, 361 > 0, such that fi (u,v) <e(|lu| +|v|), for |u| + |v| < d1. Let Q1 be an open set in E defined by

M ={yeE/ llyllp <o},
then, for any u € K NOSYy, it yields
ru < (14 =) [ G106 () Do) s
T 1—pBn=t) Jo
Therefore

1
Tl <=2l (14 1=t ) [ G190ate)as

and

' 8
D§Tu(t) < —=o (1 i ﬁn"“1>

Jo G2 (s)a(s) fi (u(s), DG u(s)) ds.So

1 B
DG+ Tul|,, < S [ull (1 + 1_577(1_1>

-1
fol G1(s)a(s)dsIf we choose & = [7 (1 + 1—5‘%) fol [G1 (5) + Ga (s)] a (5) ds} , then it yields
ITull g < lullgp, Yue K NoQ.

Now from foo = oco,we conclude that for any M > 0, there exists H > 0, such that fi (u,v) > M (Ju| + |v])
for |u| + |v| > H. Let

H; = max{251, ’YH} .
7
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Denote by Qo the open set
Q={yecE/ |lylg < H}.
For any u € K N0y, we have

- o
+D Lad :
in (u(t) + Dgru(t)) > 5 l[ull g
- E 1 Z )
,YH H

let u € K NOQy then

1
ru) = [ (1 =l ) 6@ e (9. D) .

1
Tu) 27 (14 i h ) 3 [ Gr 9 ds s,

and
DiTu(t) > 7477

-Zfol Ga(s)a(s) f1 (u (s) , D u (s)) ds
DiTu(t) > Mt °

-1
-1l 5 fol G2 (s) a(s)ds,and choosing M = [u fo [G1(s) + G2 (s)]a(s) ds} , we get

Tl > llullg, Yu € K 190,

By the first part of Theorem 4.5, T has at least one fized point in K N (Qg\Ql) , such that; H < ||y|| < H;.
This completes the superlinear case of Theorem 4.6. Case II Now, we assume that fo= 00 and foo =0
(sublinear case). Proceding as above and by the second part of Theorem 4.5, we prove the sublinear case.
This achieves the proof of Theorem 4.6. UJ

5. Examples

In order to illustrate our result, we give the following examples:

Example 5.1. Consider the following fractional boundary value problem

{D0+u()+ Cut (1-12Du(t)=0, 0<t<l, )
u(0) = (0)=0, u(l)=pu(n),
set 1 1
52577]:1
and

One can choose

k,h € L' ([0,1],R") are nonnegative functions, where

3
F o) = f w0 < Tle—u+ Q=2

E(t) |z —u|+h(t)]y—v.

IN
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= (e =)

fo (G1(s) +Ga(s)) (k(s)+ h(s))ds < 1.Hence, by Theorem 3.1, the fractional boundary value problem
J1) has a unique solution in E.
( q

and,

Example 5.2. Consider the following fractional boundary value problem

2 1 2
D0+u()+tzu—|—(1—/kt)2D6‘+u(t)+lgt =0, 0<t<l, (J2)
uw(0)=u(0)=0, u(l)=pu(n)),
set 1 1
Where, o = g, o= i and
t2 1+ t2
f(t,u,v)zzu+(1+t)2v+ + , Yu,v € R, t €[0,1].
One can choose
k() =5
h(t) = (+) , tel0,1],
1
() = 15

k,h,l € L' ([0,1],R*) are nonnegative functions, where
|f (t,u,v)| < k() o1 (Jul) + h(t) g2 (Jv]) +1(t), Yu,v eR, t €[0,1].
By Theorem 16, we can see that, there exists m > 0 such that

M max {¢ (HUHE) )
¢2 ([ull g) + M2 < m,

where, My and My are given by the formulas (3.9) and (3.10), and the fractional boundary value problem
(J2) has at least one nontrivial solution in E.

Example 5.3. Consider the following fractional boundary value problem

2
D0+u()—|—t2u2+tj<D0+u()> =0, 0<t<l,
u(0) =" (0)=0, u(l)=pu(n),
where, 0 < 1 < 1; and

() = 12 <u2 + 1#) —a(t) fi (),

4
a(t)=t2€C((0,1),Ry), fi(u,v) € C(Ry xR,Ry). Then
fOZ fl (uvv) :0’ and foo: fl (U,U) _

im im =
(Jul+[o)) =0 [u| + [v] (Jul+[v]) oo || + |v]

By Theorem 4.6 (i), the fractional boundary value problem (J3) has at least one positive solution.

In this paper, motivated by some recent papers, we studied the existence, uniqueness and positivity of
solution for a boundary value problem of nonlinear fractional differential equations, we established the exis-
tence and uniqueness of solution by applying, Leray-Schauder nonlinear alternative and Banach contraction
theorem, and we discussed the existence of positive solution by applying Guo-Krasnosel’skii theorem. In
the last, as applications, examples are presented to illustrate the main results.
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