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Abstract

We investigate the existence and uniqueness of solutions for multi-point nonlocal boundary value
problems of higher-order nonlinear fractional differential equations by using some well known fixed
point theorems.
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1. Introduction

Fractional differential equations have been of great interest recently. This is due to the intensive
development of the theory of fractional calculus itself as well as its applications. They arise in various
fields of science and engineering such as the mathematical modeling of systems and processes in the
fields of physics, chemistry, biology, aerodynamics, porous structures and polymer rheology [6] [15]
20]. Therefore, in recent years, the study of the boundary value problems for fractional differential
equations has received considerable attention (see, for instance, [2l 4 [5, 8, @, 10] 16, 19| 23, 25] 26
27, 28, 130, [31], B2, 34] and references therein). However, few papers have considered the multi-point
boundary value problems for higher-order fractional differential equations (see [7, 13, [1T'7, 21, 29] 33]).

Ahmad and Nieto [I] studied some existence results in a Banach space for a nonlocal fractional
boundary value problem given by

{ “Di(a(t))

t)) = f(t,z(t)), t€(0,1), g€ (m—1,m], m>2,
z(0) = 2/(0) =

=2 2(0)=0, 2(1)=ax(n), 0<n<l,
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where ¢ D1 is the Caputo fractional derivative.
Salem [22] investigated the existence of Pseudo solutions for the nonlinear m-point fractional
boundary value problem

Do (=) +a®)f(t,2(1)) =0, t€ (0,1), a€n—1n], n=>2,
2(0) = 2'(0) = .. =2"2(0) =0, (1) = 2 G ),

m—2
where 0 <7 < ... <Npo <1, >0 with > ¢Gnd ! < 1.
i=1
Jia and Zhang [12] consider the multi-point boundary value problem of nonlinear fractional dif-
ferential equation

Dg,u(t) + Af(t,u(t) =0, 0<t<l, a>2 n—-1<a<n,
m—2

u(0) =w/(0) = ... = uI(0) =0, (1) = ¥ nyu(§)ds, 0<i<n—2,

Jj=0

Ahmad and Ntouyas [3] are concerned with the existence of solutions for a fractional boundary
value problem
CDI(x(t)) = f(t,z(t), t€(0,T), 1<q<2,
a,2(0) + 41 (“ DU(2(0))) = m,
(1) + B2 (“Di(z(1))) =72, 0<p< 1.

Liu and Jia [I§ investigated the nonlinear boundary value problem of fractional differential

equation
©DU(a(t)) = f(t,x(t), /(1))

In [24], authors developed sufficient conditions for multiplicity of positive solutions to the bound-
ary value problem

where n — 1 < ¢ < n and D, is the standard Riemann-Liouville fractional derivative of order q,

m—2
n>3,6;,m € (0,1) with 3 &n?™" < 1and f:[0,1] x [0,00) = [0, 00) is continuous.

i=1

Jiang and Wang [14] studied the existence and uniqueness of solutions to the following boundary
value problem for fractional differential equation
DS u(t) + ft,u(t), ILu(t) =0, 0<t <1,
w(0) =u/'(0) =... =u2(0) =0, DV u(l)=> a;Di u(&),
i=1

where Df, is the Riemann-Liouville fractional derivative of order n —1 <a <n,n >2,0< 8 <1,

pel,n—2,q€(0,p,0<& <& <+~ <& <1, f:]0,1] x R* = R is a continuous function and
a>0 (i=1,2-,m).
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Motivated by the aforementioned works, this paper is concerned with the existence of solutions
to multi-point boundary value problem for higher order fractional differential equations:

, _RD&(MQ)+f@ﬂ4w):0,te[%ﬁé
w(0) = u"(0) = --- = u"D(0) = 0, (1) = 2 (&),
au(0) — b (0) Tj_j d (&), i =
| cu(1) + du (1) = T_f b (6:),

where RD§+ is the Riemann-Liouville fractional derivative of order . Throughout the paper we
suppose that m >3, n >4, n—1< a <n wheren,m € N, a,b,c,d >0, a;,0, > 0,0 <& <

m—2
< &ma<land 0< Y € < 1. We assume that f : [0,1] x R — R is continuous. Also, we
=1

1=
consider the analogous problem using the Caputo fractional derivative:

( —ODg, (u(t)) + f(t,u(t)) =0, t €0, 1},2
u(0) = u”(0) = --- = w2 (0) = 0, u'(1) = ; Yiu" (&),
au(0) ~ 0(0) = " @ (6). (1:2)
cu(l) +du'(1) = ij biu'(&;).

We mean a function u € C0, 1] of class C™[0, 1] which satisfies the nonlocal fractional boundary
value problem (1.1)) (or (1.2])) by a solution of (or (L.2).

We have organized the paper as follows. First, we provide some definitions and preliminary
lemmas which are key tools for our main results. Second, we obtain some existence and uniqueness
results of the Riemann-Liouville multi-point boundary value problem (RLMBVP) (1.1)) and the
Caputo multi-point boundary value problem (CMBVP) ((1.2).

We assume that the following conditions are satisfied:

—1 —1

(H1) If m > 3, thencZaZ ZaZb and if m > 3, thenad>cZaZ ZaZb > bc where
i=1 i=1
2<j<m-2
m—2 m—2
(H2) ad>a Y bi+c > a;.

i=1 i=1

2. Preliminaries

To state the main results of this paper, we will need the following lemmas and we present some
notation.

Definition 2.1. ([15]) The Riemann-Liouville fractional derivative of order o > 0 for a function
u: (0,00) = R is defined by

R 1 d" ! n—a—1
DEu(t) — m%/o(t—s) u(s)ds

where n = [a] + 1, [a] denotes the integer part of the number «, provided that the right side is
pointwise defined on (0, 00).
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Definition 2.2. ([15]) The Riemann-Liouville fractional integral of order a > 0 of a function
u: (0,00) = R is given by
1 t

Ifut) = — [ (t—35)*"u(s)d

gult) = gy [ (0= ue)s
provided the integral exists.
Lemma 2.3. ([15]) Let o > 0. Then the following equality holds for u € L(0,1), ®Dg,u € L(0,1);

185D u(t) = u(t) + et 4 ept® 2 4o et ™,

g eER,i=1,...,n, wheren—1<a <n.

Definition 2.4. ([15]) The fractional derivative of a function u in the Caputo sense is defined as

L t — s)" ™ (5)ds
JEEE (s)d

“Dfu(t) = —F(n o

where n = [a] + 1, [a] denotes the integer part of the number «, provided that the right side is
pointwise defined on (0, 00).
Lemma 2.5. ([15]) Letn —1 < a <n, u € C"[0,1]. Then
I8:9Dgu(t) = u(t) + co + ext + cot? + - + ey gt™
forc,eR,i=1,...,n

In the following, the RLMBVP ({1.1]) will be reduced to an equivalent integral equation. We know
that #Dg, (u(t)) = #Dg? (BDZu(t)) = BDS 2 (u"(t). If —u”(t) = y(t) and o — 2 = ¢, then the
problem

—MDg 2 (u" (1) + f(tu(t) =0, t€[0,1]

m—2
u'(0) = u"(0) = - =ul"2(0) =0, w'(1) = 3= yu"(&)
is turned into problem
RDRLy(t) + F(tu(t)) = 0, t e [0,1]

Y(0) = (0) = - -+ = y=D(0) = 0, y(1) = ";2 (). (2.1)

Lemma 2.6. The boundary value problem has a unique solution

yw:/VAw@ﬂaw@MS

where )

(1 —s)rtert = E Yt (& — s)T,

Hits) = t<s, sEJk,k—1,2,..., —1;
1\Y - m—
Kil(q) (1—s)rgat — Z Yt (& = 8)T = Ka(t —s)17,
i=k

t>s, sedy, k=1,2,....m—1,

\

m—2
and Ky =1— 3 367"
i=1
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Proof . According to Lemma [2.3] we can obtain that

t

1
y(t) = ) /(t — )1 f(s,u(s))ds 4+ et + ot 4y ot
vy
By boundary conditions of (2.1)) we get ¢ =c3=-+-=¢, 2 =0 and

1

9 &
1 g1 _m_ .  — )T (s, u(s))ds
QZET@IﬂLw>f@mmm ;m/@ 1L (5, u(s))d

Thus, the unique solution of problem (2.1)) is

W) =~ [ = s + g [ (s
&i
1 m—2 et

0

The proof is complete.

[
Lemma 2.7. Let D := ac + ad + be + mz (ca; — ab;) and J; = [0,&], Jo = [£1,&],--
[Em—3yEm—2), Jm—1 = [Em—2,1]. Fory € C’[Z_ 1], the boundary value problem
—u"(t) = y(t), t€0,1],
m—2
au(0) — bu'(0) = > an/(&)
i=1
m—2
cu(1) + du/(1) = biu' (&)

has a unique solution

where
( k—1 m—2 m—2 k—1
(at + 0+ Zaz)( (1—s)+d- Z bi) + > aile(t —s) + 32 bil,
i=k i=1
1 t < € J L k=1,2,. — 1;
G(t,s) = D 9 e k m—2 k—1 m—2
(as+b+ Zaﬁ(c(l—t)%—d— Do)+ D bila(t —s)+ D2 ail,
i=1 i=k i=1 i=k
(t>s,s€ i, k=1,2...,m—1.

341

m—2

(2.3)

(2.4)
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Proof . A direct calculation gives that if y € C[0, 1], then the boundary value problem ({2.2)) has the
unique solution

t 1 &

u(t) = — /(t — s)y(s)ds + %{a/(c(l —8) +d)y(s)ds + ii(cai — ab;) /y(s)ds}

0 0 ' 0

1 m—2 m—2 &
+ %{(b + Z a;) /(c(l —3s)+d)y(s)ds — (b+ Z a;) b; /y(s)ds

=1 =1

Hence, we obtain ([2.3). O

Lemma 2.8. The Green’s function G(t,s) in (2.4)) satisfies
0 <Gt s) <G(s,s)

for (t,s) € [0,1] x [0, 1].

Proof . From (H1) and (H2), we have G(t,s) > 0.
Now, we will show that G(t,s) < G(s, s).

(i) Let s € Jp, 1 <k <m—2andt <s. Since G(t, s) is increasing in t, we get G(t,s) < G(s, s).
(i) Take s € Jp, 1 <k <m —2and t > s. From (H1), G(t,s) is decreasing in t. So we obtain
G(t,s) < G(s,s).

0
From Lemma [2.6/and Lemma [2.7, we know that u(¢) is a solution of the problem (L.1)) if and only
if ) )
u(t) = /G(t, s) /Hl(s, 7)f(7,u(T))drds. (2.5)
0 0

Now, let E = C|[0, 1], with supremum norm ||y|| = sup |y(t)| for any y € E. We can define the
te(0,1]
operator A : E — E by

1

Au(t) = /G(t,s)/Hl(S,T)f(T,u(T))deS, (2.6)

0

where u € E. Therefore solving (2.5)) in F is equivalent to finding fixed points of the operator A.
Now, the CMBVP (1.2) will be reduced to an equivalent integral equation. We know that
Dy (u(t)) = D5 ? (CDEu(t)) = “Dg 2 (u” (1)) If —u”(t) = y(t) and a — 2 = g, then the problem

—CDE (1)) + f(tu(t)) =0, € [0,1]
W(0) = u"(0) = - = uD(0) =0, w'(1) = 3 (&)

i=1
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is turned into problem
DY y(t) + f(t,u(t) =0, t€[0,1]
m—2
y(0) =y'(0) ==y 00) =0, y(1) = X (&),

Lemma 2.9. The boundary value problem has a unique solution

t) = /Hg(t, s)f(s,u(s))ds

where )

(I —s)rhmt = Z %it" (& = s) T
1 <tSs,seJk,k‘ 12 am—1;
K>I'(q) (1—s)aLgnt — Z o 1(51 — )1 — Kot — s)17,

( t>s, s€ i, k= 12 om—1,

H2<t, S) =

m—2
and Koy =1 — > &0t
i=1

Proof . According to Lemma [2.5] we can obtain that

t

1
y(t) = 0 /(t —5)1 f(s,u(s))ds + co + et + ...+ cp i t"
1 0
By boundary conditions of (2.7]) we get ¢co =¢; =+ =¢,_2 =0 and
1 m—2 &
m | [ st 695 ul)a
Cpo] = ——— 1—s)? s, u(s))ds — i ;i — S s,u(s))ds
' K>I'(q) ( ) i1 !
0 =L 0
Thus, the unique solution of problem (2.7)) is
. t . 1
y(t) = ——/t—sq_lfs,us ds + /1—Sq_1t”_1fs,us ds
(1) = g [ = e )ds + s (1= (o)
0 0
1 m—2 &
- i i — 8) 1" (s, u(s))ds
KQ();YO/(& = (s, u(s))

_ /Hgts F(5,u(s))ds.

The proof is complete.
O

343

(2.7)
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From Lemma [2.7 and Lemma [2.9, we know that u(¢) is a solution of the problem (L.2) if and only
if

1

1
u(t) = /G(t, S)/Hg(S,T)f(T,U(T))deS. (2.8)
0 0
We can define the operator F': C[0,1] — C[0,1] by

1

Fu(t) = /G(t, S)/HQ(S,T)f(T,U(T))deS,

0
where u € C0, 1]. Therefore solving ([2.8]) in C'[0, 1] is equivalent to finding fixed points of the operator
F.
3. Existence and uniqueness of solutions

In this section, first, we will use the following well-known contraction mapping theorem named
also as the Banach fixed point theorem: Let E be a Banach space and S a nonempty closed subset of
E. Assume A : S — S is a contraction, i.e., thereis a A (0 < A < 1) such that ||Az — Ay|| < M|z —vy]|
for all x, y in S. Then A has a unique fixed point in S.

Theorem 3.1. We assume that the function f(t,x) satisfies the following Lipschitz condition
(H3) There is a constant L > 0 such that

’f(tax) o f<t7y)| < le _yl fOT allt € [OJ 1] and T,y € 0[07 1]
If we have

qlds<1

then the RLMBVP has a unique solution in C|0, 1].

Proof . For uy,uy € C[0,1] and ¢ € [0, 1], we have

1

(Aun)(t) — (Aup)(t)] < / G(t,s) / Hy(s, )] £ (ryua(r)) — £(ryus(r))] drds

< /Gss/ 1_8()q)1L|u1(7)—u2(7)|drds

1
L

—— [ G(s,s 1—98)7Yds | |lu; — u
M@O/( )1 = )7 s | s — ]

by using Lemma , Lemma and the condition (H3). Hence, A is a contraction mapping and
the theorem is proved. [J
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Theorem 3.2. Suppose that (H3) holds. Moreover,

L
/Gss 1—Sq1d8<1
0

Then, the CMBVP has a unique solution in C|0, 1].

Proof . The proof of Theorem [3.2]is very similar to that of Theorem [3.1] and therefore omitted.
0
In the next theorem, the function f(t,z) satisfies a Lipschitz condition on a subset of C0, 1].

Theorem 3.3. We assume that
(H4) Let there exists a number r > 0 such that

[f(t,2) = f(t,y)| < Llx =yl for each t € [0,1],

for all x andy in S ={x € C[0,1] : ||z|| < r}, where L > 0 is a constant which may depend on 7.
Also,

1

L -1
K O/G(s,s)(l — )7 ds < 1.

Suppose that there exists nonnegative function g € C[0,1] such that |f(t,u(t))| < g(t) |u(t)| and

1 1
1

mo/G(s,s)(l —3)” O/g(T)des <1.

Then, the RLMBVP has a unique solution u € C|0, 1] with |u(t)| < r, Vt € [0, 1].

Proof . Let us take S = {u € C[0,1] : ||u|]| < r}. Obviously, S is a closed subset of C[0,1]. Let
A: C[0,1] = C0,1] be the operator defined by (2.6). For u; and u, in S, taking into account (H4),
in exactly the same way in the proof of Theorem [3.1| we can get ||Au; — Aus|| < A||u; — ugl|, where
0<A<L

It remains to show that A maps S into itself. If u € S, then we obtain

(Au)(t)] < / Gt s) / (Hy(s,7)| |/ (r, u(r))| drds

< /G(s,s)/%g(ﬂmﬁﬂdrds
< lulf-

Since ||Aul| < r, we have A: S — S.

From the contraction mapping theorem, the RLMBVP (1.1)) has a unique solution u € C|0, 1]
with |u(t)| <, Vt € [0, 1].

[
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Theorem 3.4. We assume that (H4) holds. Also,

1

L -1
m()/G(s,s)(l —38)Tds < 1.

Suppose that there exists nonnegative function g € C[0,1] such that |f(t,u(t))] < g(t) |u(t)| and

1 1
1

K>I'(q) O/G(Sas)(l — S)q_l/g(T)des <1.

0

Then, the CMBVP has a unique solution u € C[0,1] with |u(t)| < r, ¥t € [0, 1].

Proof . The proof of Theorem [3.4] is very similar to that of Theorem [3.3] and therefore omitted.
U

To get an existence theorem without uniqueness of solution, we will apply the following Leray-
Schauder nonlinear alternative theorem.

Theorem 3.5. [11] Let E be a real Banach space and 2 be a bounded open subset of E, 0 € €,
F Q) — FE be a completely continuous operator. Then either there exist x € 9, A > 1 such that
F(x) = Az, or there exists a fized point z* € ).

For convenience, we introduce the following notation. Let

1 1
1

B = i / G(s, s)(1 — )4 / g(r)drds,

0

1 1
1

B = ot / G(s, s)(1 — )4 / g(r)drds,

o

1 o

D, = KT O/G(s,s)(l —5) O/h(T)des,
1 o

D, = KoT(q) O/G(s,s)(l—s) /h(T)deS.

0

Theorem 3.6. Suppose that there exist nonnegative functions g,h € C[0,1] such that |f(t,u(t))| <
g(t) |u(t)] + h(t) and By < 1. Then the RLMBVP has at least one solution u € C[0,1].

Proof . Since By < 1 and Dy >0, r:= D;(1 — B;)~' > 0. Let us take Q = {u € C[0,1] : [Jul]| <7}
By Arzela-Ascoli theorem, it is easy to check that A : Q@ — €0, 1] is completely continuous operator.
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If we take u € 92, A > 1 such that Au = Au, then
ADi(1—B))™" = \r=\u|| = || Au|| = max |Au(t)]
t€(0,1]

< maX/G(t,s)/\Hl(s,T)]|f(7',u(7'))\d7'ds

tel0,1]

< [6ts0) [V G )]+ hir)dras
< Bi|u|+Dy=Bir+D;=D(1-B)!

Hence we obtain A < 1, this contradicts A > 1. By Theorem (3.5 - the operator A has a fixed point in
Q. Thus, the RLMBVP . has at least one solution u € Q.
O

Theorem 3.7. Suppose that there exist nonnegative functions g,h € C0, 1] such that | f(t, u(t))] <
g(t) |u(t)| + h(t) and By < 1. Then the CMBVP has at least one solution u € C[0,1].

Proof . The proof of Theorem [3.7]is very similar to that of Theorem [3.6] and therefore omitted.
U

Example 3.8. Consider the following nonlinear RLMBVP

[

1

—BDZ (u(t)) + 2+ t?u(t) =0, t € [0,1],
w(0) = u"(0) = u9(0) =0, (1) = u'(}), )
u(0) —u(0) = u'(3),
2u(l) + 3u/(1) = v/(3).
Takmga—b—al—bl—%—l 5125,022,d:m:3,n:6,0z:% andq:%, we obtain

K =1- ﬁ and G(s,s) = 1(—s* + s+ 2). Since we have

(@) = f(ty)l = [2(t) — Cy(t)] < |o(t) —y(t)], Vte(0,1],

we take L = 1. Also, we obtain

L
)(1—8)ds ~ 1.
KT / G(s s)? 'ds &~ 0,055875 <
0

Hence, by Theorem 3.1, the RLMBVP has a unique solution in C|0, 1].
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