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Abstract

We use ®-reflexive property on some geometrical structures(Frolicher spaces, Sikorski spaces and
diffeological spaces) to prove that some results on (X, T)-structures. Finally, we introduce P-tangent
bundles, F-tangent bundles and obtain a relation between these bundles and ®-reflexive property.
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1. Introduction

There are many structures which include manifolds as special cases in the literature. Differential
spaces are introduced by Roman Sikorski in 1971 [I1]. In 1980, Jean-Marie Souriau presented the dif-
feological spaces which are developed by Patrick Iglesias and Paul Donato [§]. Alfred Frolicher offered
the Frolcher spaces in 1982 [7]. Batubenge and others (2013) offered reflexive concept. They used
this concept for comparing the subcategories of Frolicher, Sikorski and diffeological structures. They
showed that the categories of reflexive diffeological spaces, Frolicher spaces and reflexive differential
spaces are isomorphic. In the 2015s, Dehghan Nezhad and Shahriyari introduced (X, YT)-structures
which are a generalization of manifolds, Frélicher spaces, Sikorski spaces and diffeological spaces [3].
The (X, YT)-structures include all above structures. We focus on diffeology, differential structures (in
the sense of Sikorski), Frolcher structures and (X, T)-structures. They can be assumed as special
cases of (X, T)-structures [3]. In this paper, we generalize the reflexive concept proposed. This gen-
eralization concept is called ®-reflexive property. We use this new concept to obtain some interesting
results on some above structures. We introduce P-tangent bundle and F-tangent bundle. Finally,
we obtain a relation between these bundles and ®-reflexive property.
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2. Preliminaries and notations

In this section, we summarize the general preliminary definitions of (X, Y)-structures and we
exclude special cases. We introduce the basic concepts using the (X, T)-structure. We repeat the
relevant material from [3], [4] and [5], for the convenience of the reader. Throughout this paper,
suppose that M is a non-empty set.

Definition 2.1. (Pseudomonoid)[3/ Assume that X is a topological space and assume that Y is a
collection of continuous maps on open subsets of X into X. The collection Y is said a pseudomonoid
on X if T satisfies the following conditions:

L ZdX GT,

o If f.g are two elements of T such that the image of g is a subset of the domain of f, then
fogeT,

o Let f €Y and let the subset V' C dom(f) is open. Then the restriction map f|y is a member
of T.

The pair (X, Y) is said a pseudomonoid.
Remark 2.2. Clearly, pseudomonoids are a natural generalization of pseudogroups.

Let M be a non-empty set and let X be a topological space. Then a parametrization from X into
M isamap ¢ : U C X — M where U C X is an open subset. A cover for M is a collection
A = {(Pa,Uy) taer of parametrizations of M such that M = Uyer¢a(Uy).

Definition 2.3. Let Y be a pseudomonoid on X. An (X, Y)-atlas on M is a cover & = {(Ua, o) taer
for M such that if ¢, € o7, f € T and ¢, o [ is defined, then ¢, 0 f € o, A set endowed with an
(X, Y)-atlas is called an (X, T)-structure and denoted by (M, /) where, o is an (X, T)-atlas on
M.

Under the above assumptions, any pseudomonoid (X, T) is an (X, T)-structure too.

Definition 2.4. (Diffeology)[8] A plot of M is a map p : U C R" — M where the subset U
is open, for some n € N. A set D of plots is said a diffeology on M if satisfying the following
properties:

e The constant function p : R™ — {m} C M is an element of D, for every m € M and for all
n € N.

o Assume that p : U — M 1is a plot where for any element u € U there exists an open subset
V C U contains w such that p |y€ D. Then p € D.

e The map po F is an element of D, for all p : U C R* — M € D and for all smooth map
F:VCR™ - UCR"m,neN).

The pair (M, D) is said a diffeological space. The strongest topology on M which every plot is
continuous 1s said D-topology.

Definition 2.5. (Differential Space)[71] A non-empty family F of real-functions on M, along
with the weakest topology on M s called a Sikorski structure (or differential structure), on M
if the following conditions are being held:
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e All elements of F are continuous functions,
o [For every fi,..., fm € F and F € C>®(R™), composition F(fi,..., fm) is an element of F,

o Assume that f : M — R is a real function where for all m € M, there exists an open subset

Un C M contains m and a function g € F such that f |y,,= g |u,, . Then f is an element of
F.

The pair (M, F) is said a Sikorski space (or differential space).

Definition 2.6. (Frolicher spaces)[7/ A family of real-value functions F with a collection of
curves C is said a Frolicher structure if F and C satisfy the following properties:

o A curve c: R — M is an element of C if and only if f oc € C®(R), for any function f € F.

o A real-value function f : M — R is an element of F if and only if for any curve ¢ € C, we
have f oc e C*(R).

The triple (M,C,F) is called a Frolicher space.

Proposition 2.7. [J] The (X, Y)-structures are generalization of manifolds, Frélicher spaces, Siko-
rski spaces and diffeological spaces.

3. ®-reflexive property

In [2], authors offered the concept of reflexive. They used this concept to obtain isomorphisms be-
tween some subcategories of Folicher, differential and diffeology spaces. In this section, we introduce
a generalization of reflexive concept what is said ®-reflexive property.

Definition 3.1. [Z] Let Dy be a collection of parametrizations p : U C R™ — M where the subset U
1s open, for some n € N. Suppose that Fy is a family of functions f : M — R. Consider two following
sets:

IFy :={p: U — M| U CR" is an open subset, n € N where fop e C*(U),Vf € Fy},
Dy = {f: M = R| fope CX(U),Y(p: U — M) € Dy).

The set Dy or Fy is called reflexive if Dy = I1®Dy or Fy = PILF (resp. ).

Definition 3.2. (Reflexive Diffeologies)[2] Assume that D is a diffeology on M. Then D is said
reflexive if and only if D = II®D. Similarly, Let (M,F) be a differential space. Then F is said
reflexive if and only if F = ®IIF.

Proposition 3.3. [2] Three categories of reflexive diffeological spaces, Frélicher spaces and reflexive
differential spaces are isomorphic.

In the following definition, we propose ®-reflexive property.

Definition 3.4. Suppose that X, X1, Xy are three topological spaces. An X-parametrization of
M is a map ¢ : U C X — M where the subset U is open. An X-function is a map from the whole
of M into topological space X.

Let ® be a continuous X;-parametrizations collection of X5. Consider an Xs-functions family Fo on
M and consider a collection of Xi-parametrizations Py of M. Define two following sets:

O, Fy := { X1 — parametrizations p : U — M| for any f € F, fop € ®},
O*Py:={f: M — Xy| for anyp € P, fop € d}.
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Lemma 3.5. Two operators @, and ®* are inclusion-reserving and ®.D*Py 2O Py, ®*D.Fy D Fo.

Definition 3.6. We say a collection Py of M has ®-reflexive property if and only if .9*Py =
Po. Similarly, We say an X-function family Fy on M has P-reflexive property if and only if
O* 0, Fy = Fo.

The ®-reflexive property defined in Definition is a generalization of reflexive property defined in
Definition (see the following example).

Example 3.7. Let ® denote all smooth real-value functions on all open subsets of R™’s, for alln € N.
Suppose that Py is a parametrizations collection from some open subsets R"’s into M. Assume that
Fo is a real-value functions family on M. The sets Fo and Py have ®-reflexive property if and only
if they are reflexive by the Definition [3.1]

Proposition 3.8. Suppose that ® be a continuous Xi-parametrizations collection of a topological
space Xo. Assume that Py is an Xi-parametrizations collection of M and Fy is a family of Xs-
functions on M.

o [f F:=d*Py, then F has ®-reflexive property.
o [fP:=d,Fy, then P has ®-reflexive property.

Proof . We only prove the first statement. It is sufficient to show that ®*®,F C F, by the
Lemma [3.5l Fix fy € ®*®,F. Then foop € @ for all p € ¢, F. By the Lemma [3.5] we obtain
O, F = &,9Py O Py. It follows immediately that fyop € ® for any p € Py. We conclude that
fo € ®*Py = F. Therefore &,9*F C F. By similar arguments, the second statement is proved. O

Proposition 3.9. Suppose that ® is a continuous Xi-parametrizations collection of a topological
space Xo. Then the collection ® has ®-reflexive property.

Proof . By the Lemma [3.5] it is sufficient to show that ®,®*® C ®. Get an arbitrary element
po € ©,0*®. By definition, for any f € &*®, we have fopy, € ®. Clearly, idy, € *®. Therefore
po = tdx, o po € . This completes the proof. O

Proposition 3.10. Assume that ® is a continuous Xi-parametrizations collection of a topological
space Xs. Suppose that Fy is a family of Xo-functions on M and the set Py is a collection of X;-
parametrizations of M. We will denote the weakest topology on M by Tr, where any members of Fy
are continuous maps. We will denote the strongest topology on M by Tp, where all members of Py
are continuous maps. Tp,. If for all elements f € Fy and for all members p € Py, we have fop € P,
then Tx, C Tp,.

Proof . By the definition of weakest topology, the following set Sz, is a sub-basis of Tz,
Sz, ={f*(W) C M|f € Fo, W C X, is an open subset}.

From the definition of strongest topology, a subset U of M is a member of Tp, if and only if for all
p € Py, pH(U) C X, is an open subset.

Now, we complete the proof by using above notes. Fix f~}(WW) € Sz, for some f € Fy. Get an
arbitrary element p in P. Because fop € ®, therefore the set (f Op)_l(W) =p! (f_l(W)) is open.
It is easily seen that, f~1(TW) is an element of Tp,. Hence Tx, C Tp,. O
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Definition 3.11. Suppose that X is a topological space. Let the sets My, My be non-empty sets and
let ¢ : My — My be a map.

o Two X -parametrizations collections Py of My and Py of My are (-related, (written Py ~¢ P2)
provided Cy(P1) :={Coplp € P1} C Ps.

o Two X-functions families Fy of My and Fy of My are (-related, (written Fy ~¢ F) provided
(F(F2) == {fol|f € F2} C Fu.
Proposition 3.12. Consider the above assuming.
o If Py ~¢ Pa, then the map ¢ : (My, Tp,) — (M, Tp,) is continuous.
o If Fy ~¢ Fa, then the map ¢ : (My, Tr ) = (M, Tx,) is continuous.

Proof . First, let U be an element of 7p, and let P; ~¢ P,. Get an arbitrary element p € P;.
The X-parametrization ¢ o p is an element of P», because P; ~¢ Ps. Therefore, p~(¢(71(U)) =
(Cop) ' (U) C X is an open subset. Of course, the subset (~'(U) C M is open. It shows that ( is
a continuous map.

Now, assume that F; ~¢ F». We show that ¢ is continuous. Let f~!(V') be an element of sub-basis
of Tr, where the set V' C X is open and f € F,. Because F; ~ F», the function f o ( is an element
of Fi. Therefore the set (7 (f~(V)) = (f o ¢)™*(V) C M, is an open subset. This completes the
proof. O

Proposition 3.13. Suppose that P; is an X-parametrizations collection of M; and let F; be an
X -function family on M; (i =1,2,3). Suppose that (; : My — My and (3 : My — M3 are two maps.

o [fPi ~¢ Py and Py ~¢, Ps, then X-parametrizations collections Py and Pz are (a3 o (i-related.

o If Fy ~¢ Fo and Fy ~¢, F3, then X -functions families F1 and Fs are (a o (;-related.

Proposition 3.14. Assume that ® be a continuous Xi-parametrizations collection of a topological
space Xo. Let My, My be non-empty sets and let ( : My — My be a map.

i) Let Xi-parametrizations collections Py of My and Py of My be (-related. Then ®*Py on M,
and ®*Py on My are (-related, too.

ii) Let Xo-functions families Fy on My and Fy on My be (-related. Then ®.F; of My and ®,.F;
of My are (-related, too.

iii) Let Py be a collection of Xi-parametrizations on My. Then C#¢*C#P0 C o*Py.
w) Let Fy be a family of Xo-functions on My, then Cu¢.(% Fo C ¢uFo.
Proof .

i) Assume that g € (#(®*P,). There is f € ®*P, such that g = f o (. Suppose that py is an
arbitrary element of P;. Since P; and P, are (-related. It shows that X;-parametrization ( o pgy
is a member of P;. Therefore, the continuous map gopy = f o o pg is an element of . Hence

g is in ®*P;. It shows that (¥ (®*P,) C ®*P.

ii) By similar arguments of i), we can prove this part ii).
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iii) We use the above definitions for this proof: (#*¢*C4Py = {f o (| f € ®*C4Po} = {f o (| Vpo €
C4Po, fopy € P} ={fo(|VpEPy,folope P} C PPy

iv) In the same arguments of iii), we show that this item: (x¢.(*Fy = {Cop| p € P.LFFo} =
{Coplfoope®Vfoe (FFot ={Coplfolope ®Vf e Fo} C PFo.

O

Definition 3.15. Let ® be a continuous X;-parametrizations collection of a topological space Xs.
Assume that V' C X1 is an open subset and Fy is a family of Xo-functions on M. Suppose that

D, |y Fo:={p € D.Fy| dom(p) C V}, OV Fy = {p € ®.Fo|dom(p) =V}.

If O,y @*Py = Py (or 0. |y Fo = Fo), then we say that the Xi-parametrizations collection Py
(or the Xo-functions family Fo) has ®|y-reflexive property. Similarly, an Xi-parametrizations
collection Py (or Xo-functions family Fy) has ®-reflexive property if and only if ®Y &*Py = Py
(or &*®Y Fy = Fy).

Example 3.16. Suppose that T',, is a pseudomonoid on R"™ consists of all local diffeomorphisms of
R™. If P is a collection of R"™-parametrizations on M where M = U,epdom(p). Then the collection
P has Ty -reflexive property if and only if (M, P) is a smooth n-manifold where the collection P is a
mazimal atlas on M.

Example 3.17. Assume that the pseudomonoid ' contains all smooth real-value functions on all
open subsets of R.

e Assume that C (or F) is an R-parametrizations collection of M (or a real-value functions
family on M ). Then the collection C (or F) has T®-reflexive property if and only if the triple
(M,C,T*C) (or (M,T®F,F)) is a Frélicher space.

Theorem 3.18. Let ® be a continuous Xi-parametrizations collection of a topological space Xy and
assume that V C X, is an open subset.

i) Suppose that PV and FV are all collections of Xi-parametrizations and all families of Xo-
functions on M (resp.) such that they have ® -reflexive property. Then two maps ®Y : FV —
PV and ®*|pv : PV — FV are inverses of each other.

ii) Suppose that P|y and F|y are all collections of Xi-parametrizations and all families of Xo-
functions on M (resp.) such that they have ®|y-reflexive property. Then two maps ®.|g, :
Fly — Py and ®*|y : Ply — F|y are inverses of each other.

iii) Suppose that Pg and Fge are all collections of Xi-parametrizations and all families of Xo-
functions on M such that they have ®-reflexive property. Then two maps P.|r, : Fo — Po and
O*|p, : Pe — Fg are inverses of each other.

Proof . The proof is straightforward immediate. O

Corollary 3.19. Let ® be the collection of all smooth functions f: U C R"™ — R where the subset
U is open, for all n € N. Assume that Pg is all diffeology structures on M and Sg is all differential
structures on M, such that they have ®-reflexive property. Then two maps ¢*|gy : Yo — Lo
D, |9y 1 Fo — Do are the inverses each other.
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4. P-reflexive property and P-tangent space

Throughout this section, X is a smooth manifold. Let P be a collection of X-parametrizations
of M. Let Tp denote the strongest topology on M. A function h : U — R from an open subset of
M to R is said locally P-smooth if and only if for any member p € P, the function h o p is locally
smooth. The set C°(m) denotes all local P-smooth functions on the neighborhoods of m € M.

Assume that F is an X-functions family on M. Consider 7T the weakest topology on the set
M such that any members of F are continuous. A function h : U — R from an open subset of M
to R is said locally F-smooth if and only if for any m € U, there are the local smooth functions
fmn: W C X = Rand f, € F such that h = f,, o f,, on some neighbourhood of m. The notation
C%(m) denotes all local F-smooth functions on neighbourhoods of m € M.

Now, we define an equivalence relation on C(m) (or C¥(m)). Let f,g € C¥(m) (or f,g €
C}O(m)) Then f ~ g if and only if there is an element W € Tp (or W e 7}) contains m such that
flw = glw. The equivalence classes of this relation is denoted by €% (m) (or €¥(m)).

Definition 4.1. We define P-tangent space at m € M, TF (M), be all maps V. : €5(m) — R
satisfying two following conditions:

i) Vi (ah + Bg) = aVT(h) + BV,](g),  (linearity),
i) VP(hg) = V.P(h)g(m) +h(m)V.](g),  (Leibniz rule),
for any h,g € €5(m) and for all o, f € R.

Proposition 4.2. Let h € €% (m) be a constant function on some neighborhood of m. Then V.7 (h) =
0 for any VP € TP (M).

Proof . First, assume that h = 1 on a neighborhood of m. Then we have V(1) = V7(1.1) =
VP(1).1+ 1.V.P(1) = 2V.P(1). Therefore V,?(1) = 0. Now, consider h = ¢ is a constant function on
some neighborhood of m. Then V”(c) = c¢.V7 (1) = ¢.0 = 0. This completes the proof. O In the
above definition, if we replace P by JF, we obtain the definition of T2 M. Therefore, we can prove a
similar proposition for constant functions at €¥(m).

Definition 4.3. Suppose that X, and X5 are two smooth manifolds.

e Let P; be an X;-parametrizations collection on a non-empty set M; (i =1,2). A map ¥ : My —
M, is said (P, Py)-smooth if and only if for any p; € P1 and for all p1(x) € M; there exists
P2 € Py and a local smooth map U U C X; — Xy such that W op; = py o \T/, on some
netghborhood of x.

o Let F; be an X;-functions family on a non-empty set M;(i = 1,2). A map V : My — M is
said (Fy,Fe)-smooth if and only if for any fo € Fo and for all ¥(m) € domain(fy) there
exists fi € F1 and a local smooth map V.U C X1 — X, such that foo U = U o f1, on some
neighborhood of m.

Proposition 4.4. If the function W : My — My is (Py, Py)-smooth or (Fi, Fz)-smooth map. Then
U s continuous.
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Proof . Assume that the function ¥ is a (Py, P2)-smooth. Let W be an arbitrary element of
Tp,. It is sufficient to show that the set W—'(1W) C M; is an open subset, i.e. for all p; € Py,
pr (U71(W)) C X, is an open set.

Get an arbitrary element = € p; ' (V™! (W)). According to the definition of (Py, Ps)-smooth. We
have p, € P, and a local smooth map ¥ : U — X, such that ¥ o p; = p, o ¥ on some neighborhood
V, of z. Furthermore, We have p; ' (UY(W)) NV, = (T op) {(W) NV, = (pao V)L (W) NV, =
gt (pz'(W)) N V.

By the definition of 7p, and smoothness of ¥, the set ¥~ (p;'(W)) is an open set. Hence p; " (¥~ (W))
is an open set.

(F1, Fo)-smooth case is proved by applying similar arguments. This completes the proof O

Definition 4.5. Suppose that X, and X5 are two smooth manifolds.

e Let P; be an X;-parametrizations collection of a non-empty set M;(i = 1,2). If U is (P, P2)-
smooth. Then derivation of ¥ at m or U,,, : T M, — Tgfm)Mg is defined by this equation:

Uy (VIR =V (ho W) for all VI € TI M, and for any h € €%, (H(m)).

o Let F; be an X;-functions family on a non-empty set M;(i = 1,2). If ¥ is an (Fi, F2)-
smooth. Then derivation of ¥ at m or V,,, : T27 M, — T;fm)Mg is defined by this equation:
U (VIOh = VI (h o W) for all VIT € TZ' M,y and for any h € €% (¥(m)).

Proposition 4.6 (Chain rule). Suppose that X, and X5 are two smooth manifolds

o Let P; be an X;-parametrizations collection of a non-empty set M; (i =1,2,3). If© : My — M,
and VU : My — Ms are (Py, P2)-smooth map and (P, P3)-smooth map(resp.). Then the map
Uo®© : My — Msis a (P, Ps)-smooth map. For any m € M, we obtain (¥ o0), =

e Let F; be an X;-functions family on a non-empty set M; (i =1,2,3). If © : My — My and ¥ :
My — My are (Fy, Fa)-smooth map and (Fy, F3)-smooth map(resp.). Then Vo © : M; — Ms
is an (Fi, F3)-smooth map. For any m € My, we obtain (Vo0 0),,, = V.g() O,

Proof . We only prove the first case, the second case (with similar arguments) are left to the reader.

First, we show that © o ¥ is a (P;, Py)-smooth. Assume that the arbitrary elements p; € Py
and pi(x) € M;. Because ¥ is a (Py, Pe)-smooth map. Hence, there exists the functions py € Ps,
local smooth map U U C Xy —>Xoand Vop, =pyo U on some neighborhood V. of x. By the
(P1, Ps)-smoothness of ©. We conclude that, there exists a local smooth map 0:V C Xy — X3 and
an element p; € Ps such that © o py = p3 0 © on some neighborhood Vi of \i’(as) Now, we have
OoVop, =OopoV=p3;000T on é_l(V@(@) NV, ,some neighborhood of x. Therefore, © o ¥
is a (P1, P3)-smooth map.

We prove the equation of derivations. Get V' € TP'M, and h € <z, (@ (\I/(m))> We have
(©oW),, VP)h = VP (ho©o W) = U,V (ho®) = Ouyin) (Ve V7 h). This completes the
proof. O

The new definitions proposed in this section are natural generalizations of smoothness and tangent
space of manifold theory. The following proposition proves this assertion.

Proposition 4.7. Suppose that (X, .</) is a smooth n-manifold. If C*(X) denote all smooth func-
tions on X. Then, we have T, X = TN x = T X, for any v € X.
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Proof . It is sufficient to show that C%(z) = C*(x) for all x € X. Let h € C%(x) be an arbitrary
element. By the definition of C%(x), the map h o ¢ is a smooth function for all element of ¢ € 7.
The function h is a member of C°(z), by the smoothness definition in manifold theory.

Conversely, choose h € C*°(x). Because h is a smooth function. Furthermore all elements of &7
are smooths. Therefore the function h o ¢ is smooth. So, we have h € C'Y(x), by the definition of
C%(z). Therefore, C*(x) = C%(x). It shows that T, X = T X.

For another equality, it sufficient to show that Cg{y)(z) = C*°(z). The same reasoning applies
proves this case. O

Proposition 4.8. Assume that P, F are an X -parametrizations collection and an X -functions fam-
ily on M (resp.). If {m} is an element of Tp or Tr. Then THM = {0} or TZM = {0} (resp.).

Proof . If we prove that all members of €3(m)(or €(m)) are constant functions. The assertion
follows by the proposition 4.2

Since {m} is a member of Tp(or Tx). It follows that any element of C(m)(or C¥(m)) is
equivalence to a constant function. Therefore, €% (m)(or €x(m)) is only constant functions on M.
O

Corollary 4.9. If m is not an element of Im (p) for all p € P. Then we have T M = {0}.

Proposition 4.10. e Assume that P is an X-parametrizations collection of M. Let N C M be
an open subset. Then P|V is an X -parametrizations collection on N, where PN := {p|V :
pY(N)NU — Nlthe X -parametrization p : U — M is an element of P}. Also, we have

TPV N = TPM for allm € N.

e Assume that that F is an X-functions family on M. Let N C M be an open subset. Then
Fln is an X-functions family on N, where F|y := {f|n : N — X|the X-function f : M —
X is an element of F}. Also, we have THVN = TZN for allm € N.

Proof . Because the elements of €¥(m) and €% (m) are defined locally and N is an open subset.
The proof is straightforward. O

Proposition 4.11. Suppose that (X, <) is a smooth manifold.

o Assume that P is an X -parametrization collection of M. Then any p € P is an (<, P)-smooth
map. It induces a linear map p., : T, X — T;Z?x)M for all z € domain(p).

o Assume that F is an X-functions family on M. Then any X-function f € F is an (F,)-
smooth map. It induces a linear map f.,, : T2 M — Ty X for all m € M.

Proof . Fix ¢ € & and ¢(x) € domain(p) C X. If we get p := ¢ : R" — X and py := p. Then
the conditions of (Py, Ps)-smoothness definition are being held. Now, p,, induces a linear map from

T.X to T;ZgC)M because T, X = T X. Similar arguments apply to prove the other item. O

Definition 4.12. Assume that ® is a collection of smooth maps ® : U C X; — Xy where Xy and
X5 are two smooth manifold and U is an open subset. Therefore, there exists the family of maps
®, : TU C TX; — TX, with properties ®,(z,V,) = (®(x), ¢y (V2)), where ¢ : U — X5 € © is said
tangent to ® and denoted by T'P.
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Definition 4.13. o Let F be an X -functions family on the set M. The set TZ M = U,,en/ T M
is called F-tangent bundle of M. The bundle T” M admits a natural T X -functions family by
maps fi : TP M — TX with f.(m,V;]) = (f(z), fim(V,])) where the X-function f: M — X
1s an element of F.

o Suppose that P is an X -parametrizations collection of M. The set TP M = U,,er/ T2 M is called
P-tangent bundle of M. TP M such that admits a natural T X -parametrizations collection by
maps p. : TU — TP M with p.(z,V,) = (p(a:),p*m(Vx)) where the X -parametrization p : U —
M is an element of P.

Proposition 4.14. Consider X, Xo are two smooth manifolds and ® is a local smooth maps col-
lection from X, to X5. Let P and F be an Xi-parametrizations collection of M and an Xy-functions
family on M (resp.). If for any Xo-function f € F and for any Xi-parametrization p € P we have
fope®. Then for all elements m € M, we have €F(m) C € (m)

Proof . Get [h] € €¥(m). So, there are f,, € F and fim: U C X = R such that h = f,, o f,, on
some neighborhood V;,, of m. Without losing the totality, we can suppose that domain(h) = V,,. By
the Proposition u Vin € Tp. Because f,, op € ® for any f,, € F. Thus hop = f,, o f,opis a
smooth map for all p € P. Therefore h € C(m) and [h] € €¥(m). If [f] = [g] € €F(m). Then by
the Proposition [3.10] [f] = [g] € €% (m). This completes the proof. O

Corollary 4.15. Suppose that the conditions of the previous proposition are being held. We define
the following map: A : TPM — T7 M, by A(m, V,]) = (m, V.V |eso(my) for all m € M and V] €
TP M. Then A is a smooth map. For any X,-parametrization p € P and for any Xs-function f € F,
wehcwe(f P)s = fr o Aop,.

Definition 4.16. Assume that P is an X -parametrizations collection of M. The set of all derivation
maps p. : TU — TP M defined by p.(z,V,) — (p(), psy(V2)) is said tangent to P and denoted by
TP.

Let F be an X -functions family on M. The set of all derivation maps f, : TZ M — TX defined
by fo(m, V7)) — (f(m),f*m(VTf)) is said tangent to F and denoted by TF.

Theorem 4.17. Suppose that ® is a collection of smooth map ® : U C X7 — X5 where X1 and X5
are smooth manifolds and the subset U is an open set. Suppose that F and P are an Xi-functions
family of M and an Xi-parametrizations collection of M. If the following conditions are being held:

o T"M =TI M for allm € M,
o TP=(T9).(TF),
o TF = (T®)*(TP).

Then P and F have ®-reflexive property. Furthermore, we have P = ®,F and F = ®*P.

Acknowledgments. The authors would like to express their sincere gratitude to the anonymous
referee for her /his careful reading the manuscript and valuable comments and suggestions.



On the ®-reflexive property of (X, T)-structures 12 (2021) No. 1, 509-519 519

References

[1] J. A. Alvarez Lépez and X. M. Masa, Morphisms between complete Riemannian pseudogroups, Topology Appl.
155 (2008) 544-604.

[2] A. Batubenge, P. Iglesias-Zemmour, Y. Karshon and J. Watts, Diffeological, Frélicher and differential spaces,
Preprint, Available at:
http://www.math.illinois.edu/jawatts/papers/reflexive.pdf, (2013).

[3] A. Dehghan Nezhad and S. Shahriyari, Some results on pseudomonoids, J. Adv. Stud. Topol. 6(2) (2015) 43-55.

[4] A. Dehghan Nezhad and S. Shahriyari, Some results on ®-reflexive property, The 46th Annual Iran. Math. Conf.

August 25-28, 2015 in Yazd, Iran.

A. Dehghan Nezhad and S. Shahriyari, Some results on (X,T)-structures, Submitted.

A. Dehghan Nezhad and S. Shahriyari, Tangent bundles and ©-maps on (X, T)-structures, Submitted.

A. Frolicher, Smooth Structures, Category theory, Springer Berlin Heidelberg, (1982) 69-81.

P. Iglesias-Zemmour, Diffeology, American Mathematical Soc., 2013.

B. O’Neill, Semi-Riemannian Geometry With Applications to Relativity, Academic press, 1983.

W. Thurston, Three-Dimensional Geometry and Topology, Vol. 1. Edited by Silvio Levy. Princeton Mathematical

Series, 35. Princeton University Press, Princeton, NJ, 1997.

[11] R. Sikorski, Differential modules, Colloq. Math. 24 (1971) 45-79.

[5]
(6]
[7]
8]
[9]
0]

[1



	Introduction
	Preliminaries and notations
	-reflexive property
	-reflexive property and P-tangent space

