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Abstract

In this paper, using fixed point methods, we prove the fuzzy orthogonally x-n-derivation on orthog-

onally fuzzy C*-algebra for the functional equation
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1. Introduction

The stability problem of functional equations originated from the question of Ulam [20] concerning the
stability of group homomorphisms. Hyers [10] gave the first affirmative partial answer to the question
of Ulam for Banach spaces. Hyers’ theorem was generalized by Th.M. Rassias [17] for linear mappings
by considering an unbounded Cauchy difference. Park et al. proved stability homomorphisms and
derivations in Banach algebras, Banach ternary algebras, C*-algebras, Lie C*-algebras and C*-ternary
algebras [I1], 15 [16]. The stability problems of several functional equations have been extensively
investigated by a number of authors, and there are many interesting results concerning this problem
[4, 18, 9] [12] 18].

In the follwing, we review the basic definitions of orthogonally sets [2], 6] and the definition of
fuzzy normed spaces [7), 3], which can be consider the main definition of our paper.
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Definition 1.1. Let X # 0 and L C X x X be an binary relation. If L satisfies the following
condition
Jzo; (VysyLao) or (Vy;z0ly),

then X is called an orthogonally set (briefly O-set). We denote this O-set by (X, L).

Definition 1.2. Let (X, L) be an orthogonally space. A function f : X — X is called L-preserving,
if v Ly, then f(x) L f(y) for all z,y € X.

Definition 1.3. Let (X, L) be an O-set. A sequence {x, }nen is called orthogonally sequence (briefly
O-sequence) if
(VYn;z,Lx,q) or (Vn;zplx,).

Definition 1.4. Let (X, L, d) be an orthogonally metric space (i.e, (X, L) is an O-set and (X,d)
is a metric space), then f: X — X is L—continuous at a € X if for each O-sequence {a,}nen in X,
a, — a,implies f(a,) — f(a). Also, f is L—-continuous on X if f is L—continuous at each a € X.

It is abvious to see that every continuous mapping is | —continuous.

Definition 1.5. Let (X, L,d) be an orthogonally metric space, then X is orthogonally complete
(briefly O-complete) if every Cauchy O-sequence is convergent.

Every complete metric space is O-complete, but the converse is not true.

Definition 1.6. Let (X, L, d) be an orthogonally metric space and 0 < A < 1. A mapping f : X —
X is said to be orthogonality contraction with Lipschitz constant A if

d(fz, fy) < Md(z,y) if vly.

Definition 1.7. Let X be a set. A function d : X x X — [0,00] is called a generalized metric on
X if d satisfies the following conditions:

(1) d(x,y) =0 if and only if x =y for all z,y € X;

(2) d(z,y) = d(y,z) for all z,y € X;

(3) d(x,z) < d(x,y) +d(y, z) for all z,y,z € X.

Theorem 1.8. [2] Let (X,d, L) be an O-complete generalized metric space and 0 < X\ < 1. Let
T : X — X be L-preserving, L-continuous and 1-\-contraction. Consider the “O-sequence of
successive approzimations with initial element xo ”: xo, T(xo), T?*(x0), ..., T"(xg), ... . Then,
either d(T™(xo), T (z0)) = oo for all n > 0, or there exists a positive integer ng such that
d(T™(zg), T"(z0)) < 00 for all n > ng. If the second alternative holds, then

i) the O-sequence of {T™(xg)} is convergent to a fixed point x* of T.

it) x* is the unique fized point of T in X* ={y € X : d(T™(x0),y) < oo}.

ii) d(y, x*) < 75d(y, T(y)) for ally € X*.

In the follwing, we use the definition of fuzzy normed spaces to investigate a fuzzy version of the
Hyers-Ulam stability for the functional equation in the fuzzy normed algebra setting [1, 3], 14}, [19].
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Definition 1.9. Let X be a vector space. A function N : X x R — [0,1] is called a fuzzy norm on
X if

(N1) N(z,t) =0 for allz € X andt € R witht <0;

(Ny) x =0 if and only if N(z,t) =1 for allz € X andt > 0;

(N3) N(cz,t) = N(z, ;) for allz € X and ¢ #0;

(Ny) N(z +y,s+1t) >min{N(z,s),N(y,t)} for all x,y € X and s,t € R;

(N5) N(x,.) is a non-decreasing function of R and lim;_ooN(x,t) =1 for allz € X and t € R;
(Ng) for all x € X with x # 0, N(z,.) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.

Definition 1.10. Let (X, L, N) be a orthogonally fuzzy normed vector space. A sequence {x,} in
X s said to be convergent to a point x € X or converges if there exists v € X such that

limpy_ooN(x, —x,t) =1

for all t > 0. In this case, x is called the limit of the sequence {x,} and we denote it by N —
iMooy, = X.

Definition 1.11. Let (X, N) be a fuzzy normed vector space. A sequence {z,} in X is called
Cauchy if, for each € > 0 and t > 0, there exists an ng € N such that for all n > ng and all p > 0,
we have N(Tpyp — Tp,t) > 1 —€.

It is well-known that every convergent sequence in a fuzzy normed vector space is a Cauchy
sequence. If each Cauchy sequence is convergent, then the fuzzy normed vector space is said to be
complete and the complete fuzzy normed vector space is called a fuzzy Banach space. We say that a
mapping f : X — Y between fuzzy normed vector spaces X and Y is continuous at a point xy € X if,
for each sequence {x,} converging to xy € X, the sequence f(z,) converges to f(xg). If f: X =Y
is continuous at each x € X, then f: X — Y is said to be continuous on X.

Definition 1.12. A fuzzy normed algebra (X, N) is a fuzzy normed space (X, N) with the algebraic
structure such that
(N7) N(xy,ts) > N(x,t)N(y,s) for all x,y € X and t,s > 0.

Every normed algebra (X, ||.||) defines a fuzzy normed algebra (X, N), where N is defined by

t

N(x.t) =
@0 = T

for all ¢ > 0. This space is called the induced fuzzy normed algebra.

Definition 1.13. Let (X, N) and (Y, N) be fuzzy normed algebras.
(1) A C-linear mapping f : X — Y is called a homomorphism if

flxy) = f(z)f(y)

forallz,y € X.
(2) An C-linear mapping f : X — X is called a derivation if

flay) = f(@)y +xf(y)
forall z,y € X.
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Definition 1.14. Let (U, N) be a fuzzy Banach algebra. Then an involution on U is a mapping
u — u* from U into U which satisfies the following:

(a) uw™ =u for anyu € U;

(b) (au + Bv)* = au* + Bv*;

(¢) (uwv)* = v*u* for any u,v € U.

If, in addition, N(u*u,ts) = N(u,t)N(u,s) and N(u*,t) = N(u,t) for all u € U and ¢, s > 0, then U
is a fuzzy C*-algebra.

2. Stability of *-n-derivation in orthogonally fuzzy C*-algebras

Throughout this section, assume that (A, ||.||1, L1) with norm N4 and al;b if ab* = b*a = 0 is
an orthogonally fuzzy C*-algebras. For any mapping f : A — A, we define

T+ T+ pw + pw
Auf e,y w) i=f (S ) + FOE = )+ FEEE )

—2uf(x) = 2pf(y) — 2nuf (w)

forall y € T':={v € C: |v] = 1} and z,y,w € A with z L y, y L w and w L x. Note that a
C-linear mapping § : A — A is called a fuzzy C*-algebra derivation on fuzzy C*-algebra if § satisfies
the following

(2.1)

d(zy) = yo(x) + xd(y) (2.2)
and
o(z*) = 0(x)" (2.3)

for all x;y € A. We are going to investigate the generalized Hyers-Ulam stability of orthogonally
fuzzy C*-algebra derivation on orthogonally fuzzy C*-algebra for the functional equation

A, f(x,y,w) :=0. (2.4)
For a given mapping f : A — A, we define

D(z1, 20, oy 2n) 1= f(z122..20) — f(21)2223...2n — 21 f(22)23...2n—

o — 21200201 [ (2n)

(2.5)

forall z; € A, z; L z41.

Theorem 2.1. Let f: A — A be a mapping for which there are functions ¢ : A* — [0,00) such tha
there exists an L < % with

1 Ty o, _ Lp(xr, 20, ..., 1)
— ..., —) < 2.
<p< 2 Y 2 7 Y 2 ) — 2 ( 6)
t
Na(A, f(21, 29, 75), 1) > 2.7
A< Mf(xl 2 173) )_ t+g0(1‘1,:v2,x3,...,0) ( )
t
Na(D(x1, w2, ..., ), t) > (2.8)

Tt (T, 9, ey Ty
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* * t
NA(f(l' ) - f(:)j) ’t) > t+gp(x,0, ,0)

for all pw € T, x1,29,...., ¢, € A with x;1lx;1 and t > 0. Then there exists a unique fuzzy
orthogonally x-n-derivation § : A — A such that

(2.9)

(6 —6L)t

N S ) > 2.10
A(f(l') ($)a ) = (6_6L)t+gp($,$,...,x) ( )
forallz € A andt > 0.
Proof . Putting u =1, v =21 =29 = 3 and x4 = ... = 1, = 0 in (2.7, we have
t
N 90) — > 2.11
A(3f(2z) —6f(x),t) > t+o(z,z,x,...,0) ( )
for all z € A. So
x 3t 3t
N —of(5) ) > > 2.12
A(f(I) f(2) ) = 3t+¢(§,§7§,,,,,0) 3t+%gp(m,x,x,...,0) ( )

for all x € A. Consider the set X := {g: A — A} and define the generalized metric d on X, by

d(g,h) = inf{p € RY : Na(g(z) — h(z), ut) > !

Vo e At > 0}.
“t+o(r, Tz, ...,0) zEe4 }

Now, we put the orthogonality relation L on X as follows
hlg < h(x)Lg(x)or glx) L h(x)

for all z € A and g,h € X. Tt is easy to show that (X,d, L) is an O-complete generalized metric
space.

Now, we consider the linear mapping 7" : X — X defined by Tg(z) = 2¢9(5) for all v € A. Let
g,h € X with ¢ L h be such that d(g,h) = €. Then Na(g(x) — h(x),et) > m forallz € A
and t > 0. Hence

Na(Tg(x) = Thix), Let) = Na(29(3) = 2h(5), Let)

T x. Let
= NA(Q(g) - h(§)a 7)
Lt
> 2
%_‘_SO(%;%a%v 70)
Lt '
> 2 =
- % + L@(*T zécc 1111 0) t+ SD(:L‘,I’,I, ,0)

for all x € A and ¢ > 0. Thus d(g, h) = € implies that d(T'g,Th) < Le. Hence we see that
d(T'g,Th) < L d(g,h)

for all g, h € X with g L h, that is, T is a strictly contractive self-mapping of X with the Lipschitz
constant L. Now, we show that 7" is L-continuous. To this end, let {g, },en be an O-sequence with
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Gn L gny1 0r go1 L gnin (X, d, L) for all n € N| which convergent to g € X and let € > 0 be given.
Then there exists N € N and k € RT with k < € such that

Na(ga(z) — g(x), kLt) > !

“t+o(x,x,x,...,0)

forall z € A and n > N and so

t
for all z € A and n > N. By inequality (2.6) and the definition of T, we get
t

Na(Tgn(x) — Tg(x), kLt) > t+o(z,,2,...,0)

forall z € A and n > N. Hence
d(T(gn), T(g)) < kL <€

for all n > N. It follows that 7" is L-continuous. It follows from (2.12)) that

N(f()_Qf(x) E>_3t+¢<x?’ix ,0)

(2.13)

for all z € A and all ¢ > 0. This implies that d(f, Tf) < %. By Theorem , there exists a mapping
0 : A — A satisfying the following:

e ¢ is a fixed point of T, that is,

x o(x)

=)= —= 2.14

(5) == (2.14)
for all x € A. The mapping J is a unique fixed point of T in the set Y = {h € X : d(g,h) < oo}.
This implies that § is a unique mapping satisfying equation (2.14)) such that there exists p € (0, 00)
satisfying

t

N — H(z), put 2.15
for all z € X and t > 0.
e d(T"f,§) — 0 as n — oo. This implies the equality
N — lim Q”f( —~) = 0(x) (2.16)
n—oo
for all z € X.
e d(f,0) < f Tf with f € X, which implies the mequahty d( f,0) < . This implies that the

inequality ([2.22) - holds It follows from equations (2.7) and (2.16]) that

Tr1 + ux x|+ ux To + UT
Na((F 552 o pg) + 0(F 52 4 )+ 6(F2 2 4 )
— 2p6(21) — 2p0(x2) — 206 (x3), t)
B e T Ty T3 T+ T3 WTa. o Ty + T3 AT
=Nl O ) 2 ) 2 g )
n xz n i) n I3
-2 “Mf(Q—i) =2 () = 2 e (), 1)

¢
> lim > lim n Al —1

on
1 T2 I3 Ln
oo 2” +SO(F72_"72_"’70) n_)oog_n+ Sp(fl,wg,l'g,...,())
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forall u € T, x1,29,...,7, € A and t > 0. Hence

xr1 + uUx xr1 + ux
ST 4 ) + (R

—2ud(x1) — 2pd(xa) — 2u0(x3) =0

)+ 5(u$2 + pxs3

+ HUT2 5

+ pa)

for all xq,xs,...,x, € A. So the mapping 0 : A — A is additive and C-linear. It follows from
equations ([2.8) that

T1T2..
271

— Ill'g...l'n_lan(Q—n), 2"

NA(2% f( Tny 2"f( )22 xn—x12"f( )03 T — .

2

~+~

b+ (S &, o)

for all 1, xs,...,z, € A. Then

T1x T
NA(Qn f(%) — an( )513'2.1'3 Ty .1'12nf(2—§)173 n —
T1To...T Q”f(—mn) t) > i
— L1b2..bn—1 = n
on’’ o n)
22n n 2ny 9n) 9N
2;71

— 1 when n — o

e T
22n + on 90(35171‘27 ...,In)

for all zy,29,...,2, € A and t > 0. So §(x1x9...7,) — 0(x1)xow3... 07, — 210(T2)T3..00 — ... —
T1To...Tp_10(xy,) = 1 for all y, 29, ...,x, € A and ¢t > 0. It follows from equation (2.8) that

€T * T t
NA(2"f(— ) =2 f(=—=)* 2™"t) > 2.17
forallz € Aand t > 0. Then
JOCEa BT P x (2.15)
A on on/ V) = 2%—1—90(2%707"'70) - 2%—1— %gp(x,()’.,.,()) .
for all z € A and t > 0. Since hmn_m%(o) = 1for all x € A and t > 0, we get
n 2n 7777
Na(0(5=") —6(55)",t) =1 forall z € Aand t > 0. Thus 6(55") = 6(57)" for all z € A.

Corollary 2.2. Let 6,p be non—negative real numbers with 0 < p < 1. Suppose that f: A — A is a
mapping, such that

t
Na(A,f(x1, 29, 23),t) > 2.19
AlBuf (@1 22,25). 1) 2 4 g T el (2.19)
t
Na(D(x1, 22, ..., T,),t) 2> 2.20
D@1, 2, @) 1) 2 g B (2:20)
. ¢
Na(F(a*) = f(z)",8) > (2.21)

— it 0(]2l1%)
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forall p € T, x1,29,...,x, € A and t > 0 with and x; Lx; 1. Then there exists a unique fuzzy
orthogonally x-n-derivation § : A — A such that

NA(F(a) = 8(x).1) 2 g

ER (2.22)

forallx € A and t > 0.
Proof . The proof follows from Theorem [2.1] by taking

P21, w2, w3, 1) = Ozl + llw2ll + [ls])),
B t
t+ 0w [l z2l%-- o)

for all x1,29,23 € A with z; Lx;.1. Then we can choose L = 277 and so the desired conclusion
follows. OJ

o(T1,To, oy Ty, t)
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