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Abstract

The main aim of this research article is to present the generalized k-fractional conformable integrals
and an improved version of Grüss integral inequality via the fractional conformable integral in status
of a new parameter k > 0. Here for establishing Grüss inequality in fractional calculus the classical
method of proof has been adopted also related results with Grüss inequality have been discussed.
This work contributes in the current research by providing mathematical results along with their
verifications.
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1. Introduction

Inequalities comprising functions of two or more independent variables perform elementary role in
the incessant advancement of the notion, approaches and applications of differential and integral
equations. Considering the extensive applications, integral inequalities have grasped remarkable at-
tention. Nowadays, several types of such inequalities have been acquired which act as vital tools in
the fundamental study of differential and integral equations of different classes. It is well-known that
Grüss inequality plays a crucial role in the investigation of qualitative behavior of differential and
difference equations in many areas of mathematics in both continuous and discrete cases, Akin et al.
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(2015) prove a discrete case of Grüss inequality in fractional calculus.

Fractional integral inequalities and operators are deemed to be profound as they screw many use-
ful applications in science and engineering. Furthermore, the fractional calculus theory is expended
in the solutions of differential equations, integral equations and integro-differential equations as well
as in many other special function problems. Fractional integral inequalities and operators were came
into being due to the most classical fractional integral operator known as the Riemann-Liouville
fractional integral operator. Now a days, these inequalities and many generalized fractional integral
operators have been studied by Tune et al. (2017), Usta et al. (2017(a), 2017(b), 2017(c)), Usta and
Sarikaya (2018).

Over the last decade, the research has been advanced to develop the investigation for fractional
integral inequalities. Such types of inequalities and their applications have been extensively studied
in many articles for instance by Dragomir (1999), Li (2002), Pachpatte (2002), Elezovic et al. (2007),
Liao et al. (2013), Chen (2014), Sarikaya et al. (2016), Farid et al. (2016), Farid et al. (2017), Abbas
et al. (2017). Amongst such integral inequalities, Grüss inequality is regarded to be more fascinating,
perhaps. Grüss inequality can be characterized as follows.

Theorem 1.1. Let f1, f2 : [a, b] → R be integrable functions such that

φ < f1(x) < Φ and ψ < f2(x) < Ψ for all x ∈ [a, b]

Then ∣∣∣∣ 1

b− a

∫ b

a

f1(x)f2(x)dx−
1

(b− a)2

∫ b

a

f1(x)dx

∫ b

a

f2(x)dx

∣∣∣∣
≤ 1

4
(Φ− φ)(Ψ− ψ) (1)

where the constant 1
4
is sharp and φ,Φ, ψ,Ψ ∈ R.

The above described integral inequality (1) (Grüss inequality) actually connects the integral of
the product of two functions with the product of their integrals. Researchers focused in investigating
such useful inequalities and provided remarkable results for inequalities involving fractional integrals
like Riemann-Liouville fractional integral, and many other generalized fractional integrals for example
by Dahmani (2012), Wang et al. (2014), Tariboon et al. (2014), Kaçar et al. (2015), Park (2015),
Abbas et al. (2016), Ayub et al. (2017), Waheed et al. (2018). We use the following definitions in
sequel.

Definition 1.2. A function f is said to be in Lp,s[a, b] if(∫ b

a

|f(z)|pzsdz
) 1

p

<∞, 1 ≤ p <∞, s ≥ 0.

Abdeljawad (2015) gave the following definition of a fractional conformable integral.

Definition 1.3. Let f ∈ L1[a, b]. Then the left and right sided fractional conformable integral of
order α ≥ 0 are defined as follows:

Iαa f(x) =

∫ x

a

(t− a)α−1f(t)dt, x ∈ [a, b], 0 < α < 1.

and

Iαb f(x) =

∫ b

x

(b− t)α−1f(t)dt, x ∈ [a, b], 0 < α < 1.
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Jarad et al. (2017) defined a generalized fractional conformable integral as follows.

Definition 1.4. Let f ∈ L1,s[a, b], then the generalized left and right sided fractional conformable
integral Tα,s

a of order α ∈ C, Re(α) > 0 and s > 0, are defined as follows:

Tα,s
a f(t) =

s1−α

Γ(α)

∫ t

a

((t− a)s − (x− a)s)α−1 (x− a)s−1f(x)dx, t ∈ [a, b],

and

Tα,s
b f(t) =

s1−α

Γ(α)

∫ b

t

((b− x)s − (b− t)s)α−1 (b− x)s−1f(x)dx, t ∈ [a, b],

where Γ is the Euler gamma function.

Kaçar et al. (2015) presented useful results by studying Grüss type inequality. Owing to the
significance of such conclusions and presentations, we analyze the current results and present novel
results. We generalize the existing fractional conformal integral by involving a new parameter k > 0
and apply it to generalize Grüss type inequality and the related results in such a manner that the
existing results can be deduced too. Hence, the results presented in this paper are the generalization
of the existing results by involving a new class of fractional integrals.

The idea of the generalizations of special functions as well as fractional operators was initiated
by Diaz et al. (2007), who defined the generalization of the classical gamma and beta functions
in k−analogue, called k−gamma and k−beta functions respectively. Krasniqi (2010) proved the
monotonicity and some important inequalities for the ratio of gamma k-function. Later Mubeen et
al. (2012) extended the fractional integrals by involving the parameter k > 0. Kokologiannaki et
al. (2013) presented complete monotonicity characteristics and inequalities involving the k-gamma
and k-psi functions. They also proposed the Riemann k-zeta function and obtained some related
inequalities of gamma and k-zeta functions. Romero et al. (2013) generalized the Riemann-Liouville
fractional derivative by using k-gamma function in the form of k-Riemann-Liouville derivative and
also proved some important results of their newly introduced fractional operator and induced its
relationship with Riemann-Liouville k-fractional integral.

A large number of inequalities involving fractional integrals and their q-analogues are investigated
by many researchers over the past decade. Baleanu et al. (2014) used the two parameters of de-
formation to establish some inequalities containing Saigo q-fractional integral operator in quantum
calculus theory. They also exhibited the analogous inequalities of q-Riemann-Liouville and q-Kober
fractional integrals respectively as special cases. Choi et al. (2015) found several new Saigo type
fractional integral inequalities and related q-analogue inequalities. They developed the inequalities in-
volving Riemann-Liouville and Erdélyi-Kober type fractional integral operators as their special cases.

Agarwal et al. (2014) established some novel fractional integral inequalities involving generalized
q-Erdélyi-Kober fractional integral operator by considering the cases of synchronous functions as well
as the functions bounded by integrable functions. Sarikaya at al. (2014) generalized the Riemann-
Liouville k-fractional integral including some properties as well as they proved Chebyshev integral
inequalities involving this generalized Riemann-Liouville k-fractional integral.

Choi et al. (2016) established some inequalities involving generalized q-Erdélyi-Kober fractional
integral of the two parameters of deformation. Liu et al. (2015) verified some new helpful integral
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inequalities of Gronwall-Bellman-Bihari type with delay for discontinuous functions to discuss the
qualitative and quantitative properties for solutions to some nonlinear differential and integral equa-
tions which generalize and improve some prior famous results regarding inequalities.

Here, we introduce (k, s)-fractional conformable integral operator as

Iα,sa,k f(t) =
(s)1−

α
k

kΓk(α)

∫ t

a

((t− a)s − (x− a)s)
α
k
−1 (x− a)s−1f(x)dx, t ∈ [a, b], (2)

where Γk is the Euler gamma k-function.

Motivated by Grüss (1935), our purpose is to prove more general versions of Grüss type inequal-
ities utilizing the (k, s)-fractional conformable integral operator. These fractional integral inequali-
ties are general in the sense that results for Riemann-Liouville k-fractional integrals and Riemann-
Liouville fractional integrals are particular results of this paper. We prove a version of the Grüss
inequality by following the method of the proof of the classical one via defined fractional integral
operator. Several deduced results have been mentioned as applications.

2. Results and Discussion

This section presents some Grüss type inequalities involving the generalized k-fractional con-
formable integral Iα,sa,k defined in (2).

Theorem 2.1. For k > 0, let f ∈ L1,s[a, b] and s > 0, α, β > 0. Suppose that there exist two
integrable functions ζ1, ζ2 on [a, b] such that

ζ1(t) ≤ f(t) ≤ ζ2(t), ∀t ∈ [a, b]. (3)

Then the following inequality holds true

Iβ,sa,k ζ1(t)I
α,s
a,k f(t) + Iα,sa,k ζ2(t)I

β,s
a,kf(t) ≥ Iα,sa,k ζ2(t)I

β,s
a,k ζ1(t) + Iα,sa,k f(t)I

β,s
a,kf(t)

Proof . From inequality (3), for all x, y ∈ [a, b], we have

(ζ2(x)− f(x))(f(y)− ζ1(y)) ≥ 0.

This implies that

ζ2(x)f(y) + ζ1(y)f(x) ≥ ζ1(y)ζ2(x) + f(x)f(y).

By multiplying both sides of above inequality with

s2−
α
k
−β

k ((t− a)s − (x− a)s)
α
k
−1 ((t− a)s − (y − a)s)

β
k
−1 (x− a)s−1(y − a)s−1

k2Γk(α)Γk(β)

and then integrating it with respect to x and y from a to t, we obtain the required inequality. □

Corollary 2.2. Put s = 1 in Theorem 2.1, we get following result for Riemann-Liouville k-fractional
integral Iαa,k of order α defined in [25]

Iβa,kζ1(t)I
α
a,kf(t) + Iαa,kζ2(t)I

β
a,kf(t)

≥ Iαa,kζ2(t)I
β
a,kζ1(t) + Iαa,kf(t)I

β
a,kf(t).
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Theorem 2.3. For k > 0, let f ∈ L1[a, b]. Suppose that m1 ≤ f(t) ≤ m2, for all t ∈ [a, b] and
m1,m2 ∈ R. Then for s > 0, α, β > 0, we have

m2
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iβ,sa,kf(t) +m1

(s)
−β
k (t− a)

sβ
k

Γk(β + k)
Iα,sa,k

≥ m1m2
(s)−

(α+β)
k (t− a)(s)(

α+β
k )

Γk(α + k)Γk(β + k)
+ Iα,sa,k f(t)I

β,s
a,kf(t).

Proof . Since m1 ≤ f(t) ≤ m2 for all t ∈ [a, b], therefore for all x, y ∈ [a, b], we have

(m2 − f(x))(f(y)−m1) ≥ 0.

The required inequality can be proved by using the above inequality and following the steps of
Theorem 2.1. □

Corollary 2.4. Put s = 1 in Theorem 2.3, we get the following result for Riemann-Liouville k-
fractional integrals

m2
(t− a)

α
k

Γk(α + k)
Iβa,kf(t) +m1

(t− a)
β
k

Γk(β + k)
Iαa,kf(t)

≥ m1m2
(t− a)

α+β
k

Γk(α + k)Γk(β + k)
+ Iαa,kf(t)I

β
a,kf(t).

Theorem 2.5. For k > 0, let f and g be two integrable functions on [a, b] and s > 0, α, β > 0.
Suppose that (3) holds and moreover assume that there exist integrable functions ξ1 and ξ2 on [a, b]
such that

ξ1(t) ≤ g(t) ≤ ξ2(t), ∀t ∈ [a, b]. (4)

Then the following inequalities hold:
(i) Iβ,sa,k ξ1(t)I

α,s
a,k f(t) + Iα,sa,k ζ2(t)I

β,s
a,kg(t)

≥ Iβ,sa,k ξ1(t)I
α,s
a,k ζ2(t) + Iα,sa,k f(t)I

β,s
a,kg(t),

(ii) Iβ,sa,k ζ1(t)I
α,s
a,k g(t) + Iα,sa,k ξ2(t)I

β,s
a,kf(t)

≥ Iβ,sa,k ζ1(t)I
α,s
a,k ξ2(t) + Iα,sa,k g(t)I

β,s
a,kf(t),

(iii) Iα,sa,k ζ2(t)I
β,s
a,k ξ2(t) + Iα,sa,k f(t)I

β,s
a,kg(t)

≥ Iα,sa,k ζ2(t)I
β,s
a,kg(t) + Iβ,sa,k ξ2(t)I

α,s
a,k f(t),

(iv) Iα,sa,k ζ1(t)I
β,s
a,k ξ1(t) + Iα,sa,k f(t)I

β,s
a,kg(t)

≥ Iα,sa,k ζ1(t)I
β,r
a,k g(t) + Iβ,sa,k ξ1(t)I

α,s
a,k f(t).

Proof . (i): From (3) and (4) we have

(ζ2(x)− f(x))(g(y)− ξ1(y)) ≥ 0, (5)

then

ζ2(x)g(y) + ξ1(y)f(x) ≥ ξ1(y)ζ2(x) + f(x)g(y).

By multiplying both sides of above inequality with

s2−
α
k
−β

k ((t− a)s − (x− a)s)
α
k
−1 ((t− a)s − (y − a)s)

β
k
−1 (x− a)s(y − a)s

k2Γk(α)Γk(β)
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and then integrating with respect to x and y over (a, t), we obtain (i).
To prove (ii)-(iv), we use the following inequalities instead of (5), then on same lines as done to
obtain (i) one can get inequalities (ii)-(iv).
(ii) (ξ2(x)− g(x))(f(y)− ζ1(y)) ≥ 0,
(iii) (ζ2(x)− f(x))(g(y)− ξ2(y)) ≤ 0,
(iv) (ζ1(x)− f(x))(g(y)− ξ1(y)) ≤ 0.
□

Corollary 2.6. For k > 0, let f and g be two integrable functions on [a, b] and s > 0, α, β > 0.
Suppose that there exist m1,m2, n1, n2 ∈ R such that

m1 ≤ f(t) ≤ m2, n1 ≤ g(t) ≤ n2, ∀t ∈ [a, b].

Then we have

(i∗) n1
(s)

−β
k (t− a)

sβ
k

Γk(β + k)
Iα,sa,k f(t) +m2

s
−α
k (t− a)(

sα
k

Γk(α + k)
Iβ,sa,kg(t)

≥ n1m2
s−

α+β
k (t− a)

s(α+β)
k

Γk(α + k)Γk(β + k)
+ Iα,sa,k f(t)I

β,s
a,kg(t),

(ii∗) m1
(s)

−β
k (t− a)

sβ
k

Γk(β + k)
Iα,sa,k g(t) + n2

s
−α
k (t− a)

sα
k

Γk(α + k)
Iβ,sa,kf(t)

≥ m1n2
s−

α+β
k (t− a)

s(α+β)
k

Γk(α + k)Γk(β + k)
+ Iβ,sa,kf(t)I

α,s
a,k g(t),

(iii∗) m2
s

−α
k (t− a)

sα
k

Γk(α + k)
Iβ,sa,kg(t) + n2

s
−β
k (t− a)

sβ
k

Γk(β + k)
Iα,sa,k f(t)

≤ m2n2
s−

α+β
k (t− a)

s(α+β)
k

Γk(α + k)Γk(β + k)
+ Iα,sa,k f(t)I

β,s
a,kg(t),

(iv∗) m1
s

−α
k (t− a)

sα
k

Γk(α + k)
Iβ,sa,kg(t) + n1

s
−β
k (t− a)

sβ
k

Γk(β + k)
Iα,sa,k f(t)

≤ m1n1
(s)−

α+β
k (t− a)

s(α+β)
k

Γk(α + k)Γk(β + k)
+ Iα,sa,k f(t)I

β,s
a,kg(t).

Proof . Proof follows on same lines as the proof Theorem 2.5 just use here ζ1(t) = m1, ζ2(t) =
m2, ξ1(t) = n1 and ξ2(t) = n2 as constant functions. □
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Theorem 2.7. For k > 0, let f ∈ L1,s[a, b] and let ζ1, ζ2 be two integrable functions on [a, b] and
s > 0, α > 0. Suppose that condition (3) holds. Then

(s)
−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k f

2(t)− [Iα,sa,k f(t)]
2

= (Iα,sa,k ζ2(t)− Iα,sa,k f(t))(I
α,s
a,k f(t)− Iα,sa,k ζ1(t))

− (s)
−α
k (t− a)

sα
k

Γk(α + k)

(
Iα,sa,k ζ2(t)− Iα,sa,k f(t)

) (
Iα,sa,k f(t)− Iα,sa,k ζ1(t)

)
+

(s)
−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (ζ1(t)f(t))− Iα,sa,k ζ1(t)I

α,s
a,k f(t)

+
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (ζ2(t)f(t))− Iα,sa,k ζ2(t)I

α,s
a,k f(t)

− (s)
−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (ζ1(t)ζ2(t)) + Iα,sa,k ζ1(t)I

α,s
a,k ζ2(t). (6)

Proof . For any x, y ∈ [a, b] and s > 0, we have

(ζ2(y)− f(y))(f(x)− ζ1(x)) + (ζ2(x)− f(x))(f(y)− ζ1(y))

− (ζ2(x)− f(x))(f(x)− ζ1(x))− (ζ2(y)− f(y))(f(y)− ζ1(y))

= f 2(x) + f 2(y)− 2f(x)f(y) + ζ2(y)f(x) + ζ1(x)f(y)

− ζ1(x)ζ2(y) + ζ2(x)f(y) + ζ1(y)f(x)− ζ1(y)ζ2(y)

− ζ2(x)f(x) + ζ1(x)ζ2(x)− ζ1(x)f(x)− ζ2(y)f(y)

+ ζ1(y)ζ2(y)− ζ1(y)f(y).

⇒

(ζ2(y)− f(y))
(
Iα,sa,k f(t)− Iα,sa,k ζ1(t)

)
+
(
Iα,sa,k ζ2(t)− Iα,sa,k f(t)

)
(f(y)− ζ1(y))

− Iα,sa,k [(ζ2(t)− f(t)) (f(t)− ζ1(t))]− (ζ2(y)− f(y)) (f(y)− ζ1(y))
(s)

−α
k (t− a)s

α
k

Γk(α + k)

= Iα,sa,k f
2(t) + f 2(y)

(s)
−α
k (t− a)s

α
k

Γk(α + k)
− 2f(y)Iα,sa,k f(t) + ζ2(y)I

α,s
a,k f(t)

+ ζ2(y)I
α,s
a,k ζ1(t) + f(y)Iα,sa,k ζ2(t) + f(y)Iα,sa,k ζ1(t) + ζ1(y)I

α,s
a,k f(t)− ζ1(y)I

α,s
a,k ζ2(t)

− Iα,sa,k (ζ2(t)f(t)) + Iα,sa,k (ζ1(t)ζ2(t))− Iα,sa,k (ζ1(t)f(t))− ζ2(y)f(y)
(s)

−α
k (t− a)

sα
k

Γk(α + k)

+ ζ1(y)ζ2(y)
(s)

−α
k (t− a)

sα
k

Γk(α + k)
− ζ1(y)f(y)

(s)
−α
k (t− a)

sα
k

Γk(α + k)
.

Multiplying both sides of the above equation by

s1−
α
k ((t− a)s − (y − a)s)

α
k
−1 (y − a)s−1

kΓk(α)

and integrate with respect to y over (a, t), we obtain the required equality (6). □
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Corollary 2.8. For k > 0, let s = 1 in Theorem 2.7, we get following result for Riemann-Liouville
k-fractional integral Iαa,k of order α defined in [25]

(t− a)
α
k

Γk(α + k)
Iαa,kf

2(t)− [Iαa,kf(t)]
2

= (Iαa,kζ2(t)− Iαa,kf(t))(I
α
a,kf(t)− Iαa,kζ1(t))

− (t− a)
α
k

Γk(α + k)

(
Iαa,kζ2(t)− Iαa,kf(t)

) (
Iαa,kf(t)− Iαa,kζ1(t)

)
+

(t− a)
α
k

Γk(α + k)
Iαa,k(ζ1(t)f(t))− Iαa,kζ1(t)I

α
a,kf(t)

+
(t− a)

α
k

Γk(α + k)
Iαa,k(ζ2(t)f(t))− Iαa,kζ2(t)I

α
a,kf(t)

− (t− a)
α
k

Γk(α + k)
Iαa,k(ζ1(t)ζ2(t)) + Iαa,kζ1(t)I

α
a,kζ2(t).

Corollary 2.9. For k > 0, let f ∈ L1,s[a, b]. Suppose that m1 ≤ f(t) ≤ m2 for all t ∈ [a, b] and
m1,m2 ∈ R. Then for s > 0 and α > 0, we have

(s)
−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k f

2(t)−
[
Iα,sa,k f(t)

]2
= −(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k [(m2 − f(t))(f(t)−m1)]

+

[
m2s

−α
k (t− a)

sα
k

Γk(α + k)
− Iα,sa,k f(t)

]

×

[
Iα,sa,k f(t)−

m1s
−α
k (t− a)

sα
k

Γk(α + k)

]
.

Proof . This equality can be proved by setting ζ1(t) = m1 and ζ2(t) = m2 in the proof of Theorem
2.7. □

Theorem 2.10. For k > 0, let f and g be two integrable functions on [a, b] and let ζ1, ζ2, ξ1 and
ξ2 be four integrable functions satisfying the conditions (3) and (4) on [a, b]. Then for all t ∈ [a, b],
s > 0 and α > 0 ∣∣∣∣∣(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (f(t)g(t))− Iα,sa,k f(t)I

α,s
a,k g(t)

∣∣∣∣∣
≤
√
Ss
k(f, ζ1, ζ2)S

s
k(g, ξ1, ξ2), (7)
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where

Ss
k(x, y, z) =

(
Iα,sa,k z(t)− Iα,sa,kx(t)

) (
Iα,sa,kx(t)− Iα,sa,k y(t)

)
+

(s)
−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (y(t)x(t))− Iα,sa,k y(t)I

α,s
a,kx(t)

+
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (z(t)x(t))− Iα,sa,k z(t)I

α,s
a,kx(t)

− (s)
−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (y(t)z(t)) + Iα,sa,k y(t)I

α,s
a,k z(t).

Proof . Since f and g are integrable functions on [a, b] and satisfying the conditions (3) and (4) so
one can have

(s)2−
2α
k

2k2Γ2
k(α)

∫ t

a

∫ t

a

((t− a)s − (x− a)s)
α
k
−1 ((t− a)s − (y − a)s)

α
k
−1

× (x− a)s−1(y − a)s−1 [f(x)− f(y)] [g(x)− g(y)] dxdy

=
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (f(t)g(t))− Iα,sa,k f(t)I

α,s
a,k g(t). (9)

Now using the Cauchy-Schwarz inequality we have(
(s)2−

2α
k

2k2Γ2
k(α)

∫ t

a

∫ t

a

((t− a)s − (x− a)s)
α
k
−1 ((t− a)s − (y − a)s)

α
k
−1

× (x− a)s−1(y − a)s−1 [f(x)− f(y)] [g(x)− g(y)] dxdy
)2

≤ (s)2−
2α
k

2k2Γ2
k(α)

∫ t

a

∫ t

a

((t− a)s − (x− a)s)
α
k
−1 ((t− a)s − (y − a)s)

α
k
−1

× (x− a)s−1(y − a)s−1[f(x)− f(y)]2dxdy

× (s)2−
2α
k

2k2Γ2
k(α)

∫ t

a

∫ t

a

((t− a)s − (x− a)s)
α
k
−1 ((t− a)s − (y − a)s)

α
k
−1

× (x− a)s−1(y − a)s−1[g(x)− g(y)]2dxdy. (10)

Now since
[f(x)− f(y)]2 = f 2(x) + f 2(y)− 2f(x)f(y),

one can easily prove that

(s)2−
2α
k

2k2Γ2
k(α)

∫ t

a

∫ t

a

((t− a)s − (x− a)s)
α
k
−1 ((t− a)s − (y − a)s)

α
k
−1

× (x− a)s−1(y − a)s−1[f(x)− f(y)]2dxdy

=
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k f

2(t)−
(
Iα,sa,k f(t)

)2
. (11)
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Similarly,

(s)2−
2α
k

2k2Γ2
k(α)

∫ t

a

∫ t

a

((t− a)s − (x− a)s)
α
k
−1 ((t− a)s − (y − a)s)

α
k
−1

× (x− a)s−1(y − a)s−1[g(x)− g(y)]2dxdy

=
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k g

2(t)−
(
Iα,sa,k g(t)

)2
. (12)

Using equations (11) and (12) into (10), we get(
(s)2−

2α
k

2k2Γ2
k(α)

∫ t

a

∫ t

a

((t− a)s − (x− a)s)
α
k
−1 ((t− a)s − (y − a)s)

α
k
−1

×(x− a)s−1(y − a)s−1 [f(x)− f(y)] [g(x)− g(y)] dxdy
)2

≤

[
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k f

2(t)−
(
Iα,sa,k f(t)

)2]

×

[
s

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k g

2(t)−
(
Iα,sa,k g(t)

)2]
. (13)

Thus the equation (9) together with the inequality (13) implies that(
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (f(t)g(t))− Iα,sa,k f(t)I

α,s
a,k g(t)

)2

≤

[
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k f

2(t)−
(
Iα,sa,k f(t)

)2]

×

[
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k g

2(t)−
(
Iα,sa,k g(t)

)2]
. (13a)

Now since
(ζ2(t)− f(t)) (f(t)− ζ1(t)) ≥ 0

and
(ξ2(t)− g(t)) (g(t)− ξ1(t)) ≥ 0,

therefore,
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (ζ2(t)− f(t)) (f(t)− ζ1(t)) ≥ 0, t ∈ [a, b]

and
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (ξ2(t)− g(t)) (g(t)− ξ1(t)) ≥ 0, t ∈ [a, b].
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By Theorem 2.7, we have

(s)
−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k f

2(t)− [Iα,sa,k f(t)]
2

≤ (Iα,sa,k ζ2(t)− Iα,sa,k f(t))(I
α,s
a,k f(t)− Iα,sa,k ζ1(t))

+
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (ζ1(t)f(t))− Iα,sa,k ζ1(t)I

α,s
a,k f(t)

+
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (ζ2(t)f(t))− Iα,sa,k ζ2(t)I

α,s
a,k f(t)

− (s)
−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (ζ1(t)ζ2(t)) + Iα,sa,k ζ1(t)I

α,s
a,k ζ2(t)

= Ss
k(f, ζ1, ζ2). (14)

Similarly

(s)
−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k g

2(t)− [Iα,sa,k g(t)]
2

≤ (Iα,sa,k ξ2(t)− Iα,sa,k g(t))(I
α,s
a,k g(t)− Iα,sa,k ξ1(t))

+
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (ξ1(t)g(t))− Iα,sa,k ξ1(t)I

α,s
a,k g(t)

+
(s)

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (ξ2(t)g(t))− Iα,sa,k ξ2(t)I

α,s
a,k g(t)

− (s)
−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (ξ1(t)ξ2(t)) + Iα,sa,k ξ1(t)I

α,s
a,k ξ2(t)

= Ss
k(g, ξ1, ξ2). (15)

Equations (14) and (15) together with inequality(13a) yield the inequality (7). □

Corollary 2.11. Put s = 1, the inequality (7) reduces to the following result for Riemann-Liouville
k-fractional integral Iαa,k of order α defined in [25]∣∣∣∣ (t− a)

α
k

Γk(α + k)
Iαa,k (f(t)g(t))− Iαa,kf(t)I

α
a,kg(t)

∣∣∣∣ ≤√Sk(f, ζ1, ζ2)Sk(f, ξ1, ξ2),

where

Sk(x, y, z) =
(
Iαa,kz(t)− Iαa,kx(t)

) (
Iαa,kx(t)− Iαa,ky(t)

)
+

(t− a)
α
k

Γk(α + k)
Iαa,k (y(t)x(t))− Iαa,ky(t)I

α
a,kx(t)

+
(t− a)

α
k

Γk(α + k)
Iαa,k (z(t)x(t))− Iαa,kz(t)I

α
a,kx(t)

− (t− a)
α
k

Γk(α + k)
Iαa,k (y(t)z(t)) + Iαa,ky(t)I

α
a,kz(t).
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Example 2.12. For k > 0, let f and g be two functions satisfying (t− a)r ≤ f(t) ≤ (t− a)r +1 and
(t− a)r − 1 ≤ g(t) ≤ (t− a)r for t ∈ [a, b]. Then for s > 0. α > 0, we have∣∣∣∣∣s

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (f(t)g(t))− Iα,sa,k f(t)I

α,s
a,k g(t)

∣∣∣∣∣
≤
√
Ss
k(f, (t− a)r, (t− a)r + 1)Ss

k(g, (t− a)r − 1, (t− a)r).

Here,

Ss
k(f, (t− a)r, (t− a)r + 1)

=

(
s

−α
k (t− a)

sα
k

Γk(α + k)
+
s

−α
k (t− a)

sα
k
+sΓk(

rk
s
+ k)

Γk(α + rk
s
+ k)

− Iα,sa,k f(t)

)

×

(
Iα,sa,k f(t)−

s
−α
k (t− a)

sα
k
+rΓk(

rk
s
+ k)

Γk(α + rk
s
+ k)

)
+
s

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k (f(t)t

r)

−
s

−α
k (t− a)

sα
k
+rΓk(

rk
s
+ k)

Γk(α + rk
s
+ k)

Iα,sa,k f(t) +
s

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k ((t− a)sf(t))

−

(
s

−α
k (t− a)

sα
k
+rΓk(

rk
s
+ k)

Γk(α + rk
s
+ k)

+
s

−α
k (t− a)

sα
k

Γk(α + k)

)
Iα,sa,k f(t)

+

(
s

−α
k (t− a)

sα
k
+rΓk(

rk
s
+ k)

Γk(α + rk
s
+ k)

)(
s

−α
k (t− a)

sα
k
+rΓk(

rk
s
+ k)

Γk(α + rk
s
+ k)

+
s

−α
k (t− a)

sα
k

Γk(α + k)

)

− s
−α
k (t− a)

sα
k

Γk(α + k)

(
s

−α
k (t− a)

sα
k
+rΓk(

rk
s
+ k)

Γk(α + rk
s
+ k)

+
s

−α
k (t− a)

sα
k
+2rΓk(

2rk
s

+ k)

Γk(α + 2rk
s

+ k)

)
,

and

Ss
k(f, (t− a)r − 1, (t− a)r)

=

(
s

−α
k (t− a)

sα
k

Γk(α + k)
−
s

−α
k (t− a)

sα
k
+rΓk(

rk
s
+ k)

Γk(α + rk
s
+ k)

+ Iα,sa,k g(t)

)

×

(
s

−α
k (t− a)

sα
k
+rΓk(

rk
s
+ k)

Γk(α + rk
s
+ k)

− Iα,sa,k g(t)

)
+
s

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k ((t− a)r − 1g(t))

−

(
s

−α
k (t− a)

sα
k
+rΓk(

rk
s
+ k)

Γk(α + rk
s
+ k)

− s
−α
k (t− a)

sα
k

Γk(α + k)

)
Iα,sa,k g(t)

+
s

−α
k (t− a)

sα
k

Γk(α + k)
Iα,sa,k ((t− a)rg(t))−

s
−α
k (t− a)

sα
k
+rΓk(

rk
s
+ k)

Γk(α + rk
s
+ k)

Iα,sa,k g(t)

+

(
s

−α
k (t− a)

sα
k
+rΓk(

rk
s
+ k)

Γk(α + rk
s
+ k)

− s
−α
k (t− a)

sα
k

Γk(α + k)

)(
s

−α
k (t− a)

sα
k
+rΓk(

rk
s
+ k)

Γk(α + rk
s
+ k)

)

− s
−α
k (t− a)

sα
k

Γk(α + k)

(
s

−α
k (t− a)

sα
k
+rΓk(

rk
s
+ k)

Γk(α + rk
s
+ k)

−
s

−α
k (t− a)

sα
k
+2rΓk(

2rk
s

+ k)

Γk(α + 2rk
s

+ k)

)
.
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Conclusions: The presented fractional integral contain the k-generalization of fractional con-
formable integrals. It produces some known and classical fractional integrals. We have obtained
results related to Grüss type inequalities involving k-fractional conformable integrals and a Grüss
inequality is presented which is a general version in k-fractional integrals. All results proved here
are generalizations of results for well known fractional integrals. If one set k = 1 the Grüss type
inequalities comprising fractional conformable integrals can be produced while setting s = 1 along
with k = 1 results produced will be for classical Riemann-Liouville fractional integral operators.
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