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Abstract

In the present paper, we study a new subclass M,(«, ) of p-valent functions and obtain some
inequalities concerning the coefficients for the desired class. Also, by using the Hadamard product,
we define a new general operator and find a condition such that it belongs to the class M, (v, ).
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1. Introduction
Let A, denote the class of functions f of the form:
f(Z):Zp+ Z akzk peN: {1’2’3’.__}’
k=p+1

which are analytic and p-valent in the unit disk A = {z € C : |z| < 1}. Further, we write A4; = A.
A function f(z) € A, is said to be in the class M, (a, §), if it satisfies

2f'(2) 2f'(2)
Re(5) <9
*Corresponding author

f(z)
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—p‘%—pa (z € A), (1.1)
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for some 8 < 0 and a > 1. Notice that ((1.1)) follows that

Re (z]f(iz)")) <pa (z€A), (1.2)

because (3 is negative or 0. Moreover, if we write (1.1]) in the following equivalent form

FG)-p 1
Ro{pa —F(z)] ~ —p €4

where

2f'(z)
f(z)
then we see that the relation between the distance F(z) from the focus p and the distance F(z)
from the directrix Re {w} = pa depends on the eccentricity —1/8. Therefore, if f(z) € M,(a, ),
then F(z), z € A lies in a convex conic domain: elliptic when § < —1, parabolic when § = —1 and
hyperbolic when —1 < 8 < 0, or F/(A) is the half-plane , for g = 0.

The class M, (a, §) cover many subclasses considered earlier by various authors, see [2, 3], 5] [7].
We remark that the class M (a, ) = MD(«, §) was investigated earlier by J. Nishiwaki and S. Owa
[4].

In this work we shall be mainly concerned with functions f € A, of the form

F(z) := (z € A),

<m) :1—k2pbkz (u>0,2€ AU{l}), (1.3)

where (27/f(z))" represents principal powers (i.e. the principal branch of (27/f(z))* is chosen).
This paper is organized as follows. In Section [2, we present some inequalities for the class

M, (a, B). In Section , by using the Hadamard product and applying the generalized Bessel func-

tion and the Gaussian hypergeometric function we introduce a new operator which we denote by

Isg(p,e,(S)(z). As an application, we prove that the operator Ig’cll’(p, e,0)(z) belongs to the class

Mp(aa 5)

2. Main Results
Our first result is contained in the following:

Theorem 2.1. Let the function f be in the class M,(a, B) and let f be of the form (1.3) for some
b, such that

by >0 for ke{p,p+1l,p+2,...} and Zbk<1.
k=p

Then

oo

> Ippla — 1) + k(1 = B)]br < pua — 1), (2.1)

k=p

where <0, u >0 and o > 1.
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Proof . Let f € M,(«, ). A simple calculation gives us

d /22 \" 22\ 2\ ()
o (70) = [p () - () ] | 22
Thus, by use of the above relation (2.2), we have

Re (1) - 5|20
(7)) <*l7

Re<p+ = (o) >>><5 s /()

if and only if

/)" @i | TP

Since f is of the form (|1.3), the last inequality may be equivalently written as

1 kb 2k kb 2"
Re p+— Zk ¢ & < é Zk_poo : k
uwl— Zk:p bpz w1 =220, biz

Now suppose that z € A is real and tends to 1~ through reals, then from the last inequality (2.3),

+ pa. (2.3)

we get
S kbk S0 kby,
up+ ——=2 | + ppa
1— Zk p 1—- Zk:p bk
or equivalently
) + Zk—p Zk p

3 P = T puo,
Zk =p bk Zk =p bk
which gives (2.1)). This competes the proof. [J

Remark 2.2. Taking p = p = 1 in the above Theorem we get the result that was recently
obtained by Aghalary et al. [1, Theorem 2.1 with n = 1].

Next we derive the following:

Theorem 2.3. Let f € A, be of the form (1.3)) with pn > 0. If
> o= 1) + k(1 = B)]|bi| < pp(a— 1), (2.4)
k=p

then f is in the class M,(a, 5), where § <0 and o > 1.

Proof . In the proof of Theorem we saw the following inequality

Zf’(Z)) 2f'(z)
Re —pa<f3 —D|,
( f(2) f(z)
which is equivalent to
> kbp2® > kb2t
Re (222 ) o -1y < p| iz
1-— Zk:p kak 1-— Zk‘:p bkzk
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Thus, to show that f is in the class M, (a, (), it suffices to prove that

Z;O_ kbkzk k— kbkz
Re _poo - 6 poo < p,u(a - 1) (25)
(1 — Zk:p bkz’“ 1— Zk::p bkz
Note that from (2.4)), we obtain that
1= ol > 0.
k=p
Therefore one can rewrite (2.4)) in the following equivalent form
> i b > i b
]‘_Zk’:p|k5| 1_Zk:p|k|
Because < 0, we have
o k o] k [e§) 00
Re Zk:pjbkz - N Zk:pjbk’z - S Zk:pof}’bk’ . Zk:pj‘bk| . (27)
1—- Zk:p biz 1 - Zk,’:p bz 1 - Zk,’:p |0 1—- Zk:p | b

Then (2.6 and (2.7) immediately follow (2.5) and therefore, f € M,(«, ). O
Corollary 2.4. Assume that f € A and (z2/f(2))* =1 = 77 bpz* with p > 0. If the function f

satisfies the condition

> e = 1) + k(1 = B)][be] < plar— 1),

k=1
for some B <0 and o > 1, then f is in the class MD(a, 3).

Remark 2.5. The casep =pu=11n Th60rem was obtained by Aghalary et al. [1, Theorem 2.2].
Theorem 2.6. A function f of the form f(z) =2 + 3777 | arz" is in the class M,(a, B8), if

> [pa+ B+ k(1= B)]lar| < p(a— 1), (2.8)

k=p+1

for some <0 and a > 1.

Proof . If the function f belong to A, then by definition of the class M, («, 3), we have
zf’(Z)) ‘Z '(2) ‘
Re —pa< fB|———=—p
( f(2) f(z)

+ kagz5P
R (p Zk =p+1 k >—pOé<

L+ 30 anz™
Thus, it suffices to show that

Re (p+2k p+1kak2 p) _

L 3 an2h?

if and only if
Zk p+1( )akz P

1+>00 p+1akzk p

Zk—p—H( )a’kzk P

< pa. 2.9
1+ Zk=p+1 agzk P P (29)
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Note that from (2.8)), we have

1 - i |ax| >0,

k=p+1
thus from ([2.8) we obtain that

p + Zzo:p—s—l k|ak| . Z?):p—i—l(k - 1)|a/€|
1- Z:O:pﬂ || 1 - Zf:pﬂ |a|

Moreover, we have

R p + Zk—p kakz P . Zkz p( )a'k'z P
L+, ap2h L4300, apzk?
P+ Zk:p+1 k|ak| . Zzo:p—H(k - 1)|ak|
B ZZO—pH | 1— ZZo:pH ||

Therefore, and ([2.11)) follow (2.9)). This completes the proof. O
Puttmg p= 1 in Theorem [2.6] we have:

Corollary 2.7. If f € A satisfies

D la+B+k(1 = B)lla] < a—1,
k=2

for some a > 1 and <0, then f € MD(«, ).

At the end of this section, by Theorem we consider an example for the class M, («, 3).

Example 2.8. Define the function f € A, as follows

o p*(a —1)e®
JO=24 2 o pr k- kG =D

where a > 1, f <0 and 0 € R. Then the coefficients inequality (2.8) yields

[e.o]

> Ipo+ B+ k(1= B)]|ax| = p*(a — 1) Zk Py = pla —1),

k=p+1 k=p+1

which shows f € My(a, B).

3. Applications

In [6] Porwal and Dixit considered the function Uy, 5 as follows

1
Ud7e75<2) - 2dF <d + e—; > Z_d/ZU)d,e,(S(Zl/2)7

571

(2.10)

(2.11)

where w, . s is called the generalized Bessel function of the first kind of order d and has the familiar

representation

- (—1)ko* o\ 2k+d
Waes(2) =Y — (z,d,e,6 € C).
L RT(d+ k+ 550 (2)
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It is easy to see the function U, . s has the following representation

Uies(z i SO/ (3.1)

e—i—l |’
— d—|— K

where d + <+ #0,—1,-2,... and and (), is the Pochhammer symbol defined by

1, (n = 0);
(f”)n'—{x(az+1)(x+2)...(x+n—1), (n €N).

We remark that the function Uy s(z) is analytic on C.
The Gaussian hypergeometric function F'(a,b;c;z) is given by

[e.o]

(D)
F(a,b;c; 2) E Zkl (2 e ), (3.2)
)i (
k=0

where a,b,c € C and ¢ # 0,—1,—2,.... We note that F(a,b;c;1) converges for Re(a — b —¢) > 0
and is related to the Gamma function by

['(c—a—b)(c)
[(c—a)l'(c—0)

F(a,b;c;1) = (Re(c —a —b) > 0).

Now by using (3.1)) and (3.2) we introduce a new function Z?, Y(p,e,0)(2) : A, — A, defined by

;r;g;(p, e,0)(2) = 2P(F(a,b; ¢; 2) % Uy 5(2)),

7 7

where ” 7 is the well-known Hadamard product. The function Z7; "(p,e,0)(2) has the following
representation

a,b )k p( )i p(5/4)k_p k
T(pe,0)(z) = 2" + o 52"
o kzp;—l rp (d+ 2 )k,p [(1)k—p]

We set IZ’;(L e,0)(2) = I*%(e,8)(z). Applying Theorem [2.6{ we have the following.

C,

Theorem 3.1. Let a,b € C\{0} and e,d € C. Also, assume that 0,d + % > 0 and c is a real
number such that ¢ > |a| + |b| + 1. Then IZf(p, e,0)(z) € Mp(a, B) if

3 (@) k—p(b)s—p| (6 /4)FP
k;ﬂ[pa + B+ k(1 —p)] iy (d i %)k_p k=) < pla—1). (3.3)

Proof . Let f(z) =27 + 377 ax2* € A,. By virtue of Theorem , it suffices to show that

00 _ (=1 P(a)p_p(b)g_p(8/4)FP .
kgl[pa + B+ k(1 = B)] ey (440, [P < pla—1).

Some reductions give (3.3) O
Setting p = 1 in Theorem [3.1, we have:
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Corollary 3.2. If a,b € C\{0}, e,d € C, §,d + % > 0 and c is a real number such that ¢ >
la| + |b| + 1, then a sufficient condition for sz(e, 0)(z) € MD(a, ) is that

Y @ — [(a)k—1(D)g—1](0/4)F"
;[ + B+ k(1 - B)] (k-1 (d+ %)kq k=11

If we take 8 = 0 in Corollary [3.2] we have the following result:

2<0¢—1.

Corollary 3.3. If a,b € C\{0}, e,d € C, §,d + % > 0 and c is a real number such that ¢ >
la| + |b| + 1, then a sufficient condition for Ig’f(e, 9)(z) € M(a) is that

3 o ‘(a)kfl(b)k71|(5/4)k—1
LG S,

The class M(a)) was considered by Uralegaddi et al. [7], Nishiwaki and Owa [3], and Owa and
Nishiwaki [5].

2<Oz—1.
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