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Abstract

In this paper, we give sufficient conditions for the existence of solutions of a system of Volterra-type
integral inclusion equations using new sort of multi-valued contractions, named as generalized multi-
valued a,-n,-0-contractions defined on a-complete b-metric spaces. We give its relevance to fixed
point results. We set up an example to elucidate our main results.
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1. Introduction and Preliminaries

In 1989, Bakhtin [26] investigated the concept of b-metric spaces. However, Czerwik [29] [30]
initiated study of fixed point of self-mappings in b-metric spaces and proved an analogue of Banach’s
fixed point theorem. Since then, numerous research articles have been published comprising fixed
point theorems for various classes of single-valued andmultivalued operatorsin b-metric spaces, (see
e.g., [1, 11, 12] T3], 14, 15, [19] 20, 211, 22) 25], 27, 37, [38]) and related references therein.
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Definition 1.1. [29] Let x be a non-empty set and s > 1 (s € R). A function dy : x x x — [0, 00)
1s said to be a b-metric, if for allr,j,z € X,

(i) dy(r,j) = 0 &7 = j;
(i) do(r, j) = dy(j, 7);
(ii) db(r, s [db(r 2) + dy(2, 7]
is called a b-metric space (with constant s).

Example 1.2. [2]] Let H? = {f e W(U) : || f|| y» < 00}, p € (0,1) be H? space defined on the unit
disk U, where H(U) is the set of all holomorphic functions on U and

1
_ N NN
e = o (5 1f (re)"at)

Denote x = H? (U) . Define a mapping dy - x X x — [0,00) by

dy(f,9) = sup (iw \f(re“’)—g(rei@)y”w)p,

0<r<1 \ 27 —x
for all f,g € X. Then (x,dy) is a b-metric space with coefficient s = 251

Definition 1.3. [36] Let T : x — X be a self-map and a : x x x — [0,400). Then T is said to be
a-admissible, if a(r,j) > 1 = o(Tr,Tj) > 1.

Definition 1.4. [23] Let T : x — x be a self-map and o : x x x — [0,+00). Then T is said to be
trzangular a-admissible, sz satisfies:

(Tl) alr,j) > 1= o(Tr,Tj) > 1;

(T2) a(r,u) > 1 and a(u,j) > 1 = a(r,j) > 1.

Definition 1.5. [35] Let T : x — x be a self-map and a : x x x — [0,400). Then T is said to be
a-orbital admissible of
(T3) a(r,Tr) > 1= o(Tr,T%r) > 1.

Definition 1.6. [35] Let T : x — X be a map and a : x X x — [0,+00). Then T is said to be
triangular a-orbital admissible if T' satisfies (1'3),
(T4) a(r,j) > 1 and a(j, Tj) > 1 = «(r,Tj) > 1.

Definition 1.7. [6] Let T : x — x be a map and o, : x X x — [0,400). Then T is said to be
a-orbital admissible with respect to n if, o
(T5)rex, alr,Tr) > n(r,Tr) = a(Tr,T?r) > n(Tr,T?r).

Definition 1.8. [6] Let T : x — x be a map and a,n : x X x — [0,400). Then T is said to be
triangular a-orbital admissible with respect to n if T' satisfies (T5)

(T6) r,j € x, afr,j) >n(r,j) and (5, T5) > n(j, Tj) = a(r,Tj) > n(r,Tj).

Definition 1.9. [24] Let (x,dy) be a b-metric space and o,n : x X x — [0,00). Then x is said
to be a-n-complete, if every Cauchy sequence {r,} in x with a(rp, mpi1) > N(rp, i) for alln € N
converges in x.
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Recently, Jleli and Samet [8, 0] presented the notion of a #-contraction.

Definition 1.10. Let (X,d) be a metric space. A map T : x —> x is called 8-contraction, if there
exists a constant k € (0,1) and 0 € © such that,

rj € x,d (Tr,T5) #0 =6 (d(Tr,T5)) < [0 (d(r,))]",

Where © is the set of functions 6 : (0,00) — (1,00) satisfying,

(©1) 0 is non-decreasing;
(©2) for each sequence {i,} C (0,00),

lim 0(f,) = 1 if and only if lim £, = 07;

n—o0 n—oo

(©3) there exists ¢ € (0,1) and £ € (0,00] such that lim o)1 =/.

t—0t t

Jleli and Samet [§] established the following fixed point theorem.

Theorem 1.11. [§] Let (X,d) be a complete metric space and T : x —> x be O-contraction. Then
T has a unique fized point.

As in [10], we denote by u the family of all functions 0 : (0, 00) — (1, c0) satisfying the assertions
(1), (©2) and (©'3), where
(©'3) means 6 is continuous on (0, 00) .
Note that (©3) and (©'3) are independent of each other [10].

Example 1.12. [10)] For allt € (0,00), consider
$1(t) = e, ¢4(t) = cosht;

Go(t) = eVt gs(t) =1+In(t+1);

ds(t) = eVl pg(t) = e

Then ¢17¢27 ¢37¢47 ¢57¢6 SIA

Very recently, Hussain et al. [5] defined a generalized («,n)-O-contraction and extended the
results of Jleli and Samet [§].

Let (x,d,) be a b-metric space. Let C'By(x) denote the set of all closed and bounded subsets of
X- For r € x and A, B € CBy(x), define

Dy(r, A) = ingdb(r, a) and Dy(A, B) = supDy(a, B).
ac

a€A

Define a mapping H, : CBy(x) X CBy(x) — [0,00) by

Hb(AJ B) = max {Supr(T, B)? Supr(j7 A)} )

reA jEB

for each A, B € CBy(x). Hence the map Hy, is called Hausdorff b-metric (induced by a b-metric space
(Xadb>)

Lemma 1.13. [29] Let (x,dy) be a b-metric space. For any A,B € CBy(x) and any r,j € X, we
have:
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(i) Dy(r, B) < dy(r,b) for any b € B;
(i) Dylr, B) < Hy(4, B);
(i) Dy(r, A) < s [dy(,5) + D(j, B)]

Lemma 1.14. [29] Let (X,d(z) be a b-metric space, A, B € CBy(x) and M > 1. Then for all a € A,
there exists b € B such that dy (a,b) < M Hy(A, B).

Definition 1.15. [33] Let T : x — CBy(x) be a multi-valued mapping and o1 x X x — [0, +00).
Then T is said to be a.-admissible if a(r,j) > 1= a.(Tr,Tj) > 1, where

a.(A,B) =inf{a(r,j):r € A, j € B}.
Now, we introduce the following definitions.

Definition 1.16. Let S, T : x — CB, (x) be two multi-valued maps and o, n: x X x — [0,400) be
two functions. We say that S.T) is triangular o,-n.-admissible pair, if:

(i) a(r,j) > n(r,j) = a*(gr, Tj) > 77*(5'7", Tj) and a*(TT, S]) > n*(Tr, gj), where

a.(A,B) = inf{a(r,j):r€ A, j€ B},
n(A,B) = inf{n(r,j):reA, jeB};

(it) a(r,u) = n(r,u) and afu, j) 2 n(u, j) == a(r, j) = n(r, 7).

Definition 1.17. Let S, T : x — CB, (x) be two multi-valued maps and o, : x X x — [0,400) be
functions. We asy that (S‘ T) 1S an au-ny-orbital admaissible pair, if,

(i) au(r, Sr) > n.(r,Sr) and o (r,Tr) > n,.(r,Tr) = a,(Sr, T%r) > n,(Sr,T%r) and o, (Tr, S%r) >
ne(Tr, S2r).

Definition 1.18. Let S,T : x — CBy (X) be two multi-valued maps and a,n : x X x — [0, 4+00) be
functions. Then (S‘ , T) 1s said to be triangular au,-n.-orbital admissible pair, if:
(i) (S’, T) is cue-n.-orbital admissible pair;

~ ~

(”) a§r7j> Z 77(77vj), O{*(j7 S]) Z 77*(]75A’j) and a*(]aTj) Z n*(jvTj) = O{*(’I“, SJ) Z 77*(73 SJ) a’nd
a.(r, 1) = n.(r, Tj).

Lemma 1.19. Let 5,7 : x — CB, (x) such that (S,T) is triangular o,-n.-orbital admissible pair.
Assume that, there exists ro € x such that o (ro, 5’7“0) > min {77* (ro, 37“0) s s (STO,TSTO> } . Define

the sequence {ry} in x by roiq € Sry; and Toive € Troiiq, where i = 0,1,2,.... Then for n,m €
NU{0} with m > n, we have o (14, 7m) = 1 (Ta, T'm) -

Definition 1.20. Let (x, dy) be a b-metric space. Let Sy — CBy(x) and a,m = x X x — [0, +00).

Then S is said to be a multivalued a-n-continuous on (CBy(x), Hy) if whenever {ry} is a sequence

in x with o(ry, rav1) = N(ra, ras1) for all n € N and r € x such that lim dy(rp,r) = 0, then
n—aoo

lim H,(Srs, Sr) = 0.
n—-ao0
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2. Fixed point results

First, inspired by Jleli and Samet [8, 9], we give the following definition.

Definition 2.1. Let s > 1. We denote by O the set of all functions 0 : (0,00) — (1, 00), with the
following properties:

(©:1) 0 is non-decreasing;
(©,2) for each sequence {i,} C (0,00),

lim 6(f,) = 1< lim £, = 07;

n—oo n—o0

i—0t ¢

(©44) for each sequence {t } (o, oo) such that 6 (st,) < [0 ({,- )
[0 (s" )] , for some k € (0,1) and for all 1 € N.

IA

Example 2.2. Let 0 : (0,00) —s (1,00) defined by 6 (t) = €Y. Then clearly, 6 satisfies (©,1)-
(©,4). Now we show only, (©,4). suppose that, for some k € (0,1) and for all n € N, we eV <

0 (e fnl)}k. Thus,

< - - s
6\/8"% _ 6\/5”*15t7l _ |:6 stn:|

—1

-1

< =] =)

hence (©44) holds true. Note that also, 6 (t) = e € O,
Now, we introduce the concept of generalized multi-valued a,—,-0-contractions as follows:
Definition 2.3. Let (X,db) be a b-metric space, and a,n : x X x —> [0,00) be two functions. Let

ST X — OBy (x) be two multi-valued maps. Then (S, T> 1s called a generalized multi-valued
-y -0-contraction if for r,j € x, with a(r,j) > min {n* (r, gr) s Mx (j, Tj)} and H, (5’7’, Tj) > 0,

we have

0 (sHy ($.75)) < [0 (M, (r. )" (2.1)
where 0 € O, k € (0,1) and

m&jﬂ+m@ﬁﬂ
2s

M, (r,j) = max { dy (r, ), Dy <7’, Sr) , Dy (j, Tj) ,

The following theorem is our main result.

Theorem 2.4. Let (X,db) be a b-metric space and co,n : x X x — [0,00) be two functions. Let

S',T : X — CBy (x) be such that <S’, T) 1s a generalized multi-valued ov.-n,-0-contraction. Suppose
that,
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(i) (X, db) is an a-n-complete b-metric space;
(i1) (S,T) is triangular a,-n,-orbital admissible pair;
(iii) there exists 1o € x such that <r0, Sr()) > min {77* <r0, g?"g) s (S’TO,TST())} :

(iv) S and T are multi-valued o-n-continuous.
Then S and T have a common fized point r* € x.

Proof . Let ry € x be such that a, <r0,§r0> > min {77* <r0,,§'7"0> s Ms (STQ,TSTO)}. Choose

ry € 5’1”0 such that
a(rg,r1) > min {n* (To,5’m> , T (7“1,7’7“1)}
and ry # 9. By (2.1) and Lemma 1.12, we have

0<@6 (sDb (rl,Tﬁ)) <46 (sHb <5'T0, Tm)) . (2.3)

There exists zy € T such that

0 < 0 (sdy(r1,72)) <0 (sHy (Sro, 7))
< [0.(M, (ro,m)))F,

which implies that

0.< 0 (sdy (r1,72)) < [0 (M (ro,m))]", (2.4)
where
M B dy (ro, 1), Dy (7“0, g?”o) , Dy (r1,Tr)
S (T07 Tl) = max Db(TO,T71)+Db(T1,»§T0>
2s
; : : Dy, (ro, Try) +dj, (1,
< max {db (ro, 1), dy (10,71) , dy (r1,732) b (To T1)28 b (r1,71) }
; : D T
< maX{db (r0,71),dp (11,72), %} .
Since

Db (7"0,TT1) < S[db (7"0,T1)+Db (7’1,TT1)}

25 - ) 25
D T . .
< [db (70,71) +2 b (7’1, 7’1)} < max {db (ro,7m1) , Dy (7“1,T7"1)} ;
then we get

M, (ro,m1) < max {db (ro,m1), Dy (rl,Trl)} .
If max {Jb (ro,71), Dp (7’1, Trl)} =D, (7"1, Trl) , then from (2.4), we have
0 (sDb (rl,Trl)) < [0 (Db (rl,Trl))}k <0 (Db (rl,Trl)) ,
which is a contradiction. Therefore,

max {d (1o, 1) Dy (ri, Tra) } = (r0,71)
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By (2.4), we get that 0 (sczb (7“1,7’2)) <0 ( b (rg,rl)). Similarly, for ro € Tr and r5 € 5’7’2,

d
0 (sDb <r2, gm))
< 40 (sHb <T7’1, 5'7"2))

0 (dy (11,72)) ,

0 (sczb (g, 1"3))

VAN VAN

IA

which implies that

0 (sdy (12,73)) < 0 (dy (r1,72)) - (2.5)
Continuing in this way, we define a sequence {r,} in x such that ;41 € 5’7’21- and 7940 € T7’2i+1,
1=20,1,2, ...
Since a (7’0, gm) > min {77* (7’0,37”0) s M (gro,Tgro)} and (S,T) is triangular «,-n,-orbital ad-
missible pair, so by using Lemma 1.19, we get

a(TpyTne1) = 0 (rn,ras1), for all n € N.

Then ) R §
0 < 0 (sdy (rait1,72i42)) <0 <8Hb (ST‘Qi,TTQiﬂ))

< [0 (M, (ra5,m2i11))]" (2.6)
for all © € N, where

b (T2i5 T2i41) , D (7‘21', 57”2i> Dy (7’21+1,T7’2¢+1) )

Dy (7‘21 Troit1 ) +Dy, (T27,+1 57‘21)
2s

7”2“ 7“22+1 Czb (7“21', 7”2¢+1) ,db (7“2¢+1, 7’2i+2) )
Dy, (7"2i7T7"2i+1)

M (Tzi, 7°2i+1) =

IN

2s

7"217 7“21+1 db (7“2¢+1> 7’2i+2) )

IA
/—/H/—/%

Dy (7”21', TT2¢+1) }

2s
Since
Dy (Tzi, TT2¢+1) S [Czb (726, T2i41) + db (72641, 7”2i+2)]
2s - 2s
< [db (725, T2i41) + dp (T2i41, 7”21;+2)]
- 2

< max {db (rai, r2ir1) » dy (Pig1, Tais2) }

then we get } }
M, (rai, 72i41) < max {dy (rai, r2i11) , dp (raig1, m2i42) }, Vi >0.

If fOI' some ?:, max {db (7’21', TQiJrl) ,Czb (7’22'+1, 7’22‘+2)} = CZ(, (7’2“,1, 7’2i+2) s then by (26) we have

I < 9(0?17 (T2i+1,7‘2i+2)) < [Q (db (7“2i+1,7”2i+2))}k
< 0 (db (72641, 7’2¢+2)) )
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which is a contradiction. Thus

max {CZb (roisr2i1) » db (rai1, r2i2) } = dy (rai, Ty2i41) Vi > 0.

By (2.6), we get that

1< 6 (sdy (rair1,m2i12)) < [0 (dy (7“2i,7”2¢+1))}k <0 (dy (ras,r2i41))  Vi>0.

This implies that

1<6 (sdb (Tn+1,rn+2)) < [(9 (db (T, rnﬂ))]k <0 (db (rn,rn+1)) vV n>0. (2.7)

From (2.7) and axiom (0,4), we have

1< 0(8"dy (rny1, rmra) < [0(s" 7y (r1,ma))]" < 0 (8" Yy (rniyra)) Y0 >0, (28)
Further,
1< 0(s"dy (rng1, Tny2)) = 9( (A Tr n+1>> < [0(s" "y (Tn—lﬂ“n))}k
_ [9( =1, (Srn 0, Tr_ 1))} < [0(s"2dy (11, 10-2))]"
< < [0(d (To,rl))]k :
Which implies,

~ ~ km
1<0 (Sndb (7“”+1, TTH_Q)) < [0 (db (7"0, Tl)” , (29)
for all n € N. Taking the limit as n — oo in (2.9), since 6 € O, we have

lim 6 (s"czb (rn+1,rn+2)) =1,

n—ao0

y (0s2), we get )
lim s"dp (741, Tni2) = 0. (2.10)

n—ao0

From condition (©,3), there exist ¢ € (0,1) and ¢ € (0, o0] such that

lim 0 <5ndb (Tn-i-la Tn+2)) —1

- =/
oo [S"db (Tnt1, 7"n+2)] !

Suppose that ¢ < co. Let W = % > (0. From the definition of the limit, there exists ng > 1 such that

0 (Sndb (Tn+17 rn+2)) —1

e — 0| < W for all n > ny.
[S"db (Tny1, Tn+2):|

This implies §
0 (s"dp (rps1,7ni2)) — 1

[Sndb (Tn—i-l, rn+2)] !

>¢—W =W forall n > ng.

Then
n [S"db (rnﬂ,rnﬂ)}q < An [(9 (s”clb (Tn+1,7"n+2)) — 1] for all n > ng,
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where P = % Suppose now that ¢ = co. Let W > 0 be an arbitrary positive number. From the
definition of the limit, there exists ng > 1 such that

0 (s"dy (rns1, Tnia)) —

[Sndb (rnJrla Tn+2)] !

> W for all n > ny.

Which implies

n [S"db (e rn+2)}q < Pn [9 (sndb (e rn+2)) — 1] for all n > ny,
where P = % Thus, in all cases, there exist P > 0 and ng > 1 such that

n [s"d,, (Tn+1,rn+2):|q < Pn [0 (sndb (rn+1,rn+2)) — 1] for all n > ny.

By using (2.9), we get
n [s"dj (rn+1,rn+2)}q < Pn <[«9 (d(rog,m))]"" — 1) for all n > ny. (2.11)
Setting n — oo in the inequality (2.11), we get

nli_r)noon [s"czb (Prs1, rn+2)}q =0.

Thus, there exists n; € N such that

. 1
§"dp (Tpt1, Tng2) < — for all n > ny. (2.12)
na

To prove {r,} is a Cauchy sequence, we use (2.12) and for m > n > ny,

db (Tnﬂ"m) < ?;zlsidb (riyrivr) <2, Sidb (Ti,TiJrl)

1
< P

1=n 1
14

The convergence of the series 2, & entails lim dj (ry,7,) = 0. Thus {r,} is a Cauchy sequence.

14 n—aoo
Since x is an a-n-complete b-metric space and « (7, 741) = 1 (rn, rne1) , for all n € N there exists

r* € x such that lim d(r,,7*) = 0. This implies that lim dj, (roiy1,7*) = 0 and lim dj (7940, 7*) =
n—-ao0 1—>00 1—> 00
0. As T is an a-n-continuous multivalued mapping, so lim Hj, (rg;41,7) = 0. Thus
11— 00
D, (T*,Tr*) = lim D, (7’22-4_2, TT*) < lim H, (Tr2i+17Tr*) =0.
1—> 00 11— 00

Consequently, r* € Tr*. Similarly, r* € Sr*. Therefore, r* € X is a common fixed point of S and 7.
O

Theorem 2.5. Let (X» d,,) be a b-metric space, and c,n : x X x — [0,00) . Let S.T:xy — CB, (x)
be such that (S,T) is a generalized multi-valued c,-n.-0-contraction. Suppose that,

(i) (X,db) 1s an a-n-complete b-metric space;

(i1) (S,T) is triangular c..-n.-orbital admissible pair;

(iii) there exists ro € x such that o <7’0, S'rg) > min {?7* <r0, S’r0> s s (STO,TSTO)} :

(i) if {rn} is a sequence in x such that o (rpy,Tni1) > 0 (Tn,Tnt1) for alln € N and r, — 7% € x
as n — 0o, then either o, <5’rn,r*) > 1y <5’rn,r*) or vy (Trnﬂ,r*) > Ny (Trn+1,r*) holds for all
neN. )

Then S and T have a common fized point r* € x.



606 Ameer, et al.

Proof . Let ry € x be such that «, (7“0, gm) > min {n* (TQ, S’ro> 5 T (5’7"0, TS’T0> } As in proof of

Theorem 2.4, we construct a sequence {r,} in x defined by 79,1 € Sry; and Toise € Troiiq, where
i >0, a(rn,mny1) =0 (Tp,mag1), for all n € N and {r,} converges to r* € x. Since « (rp, Trpi1) >

N (rn,rnt1) for all n € N and r,, — 7* € x as n — o0, by condition (iv), either o (grn,r* >
s <5’7’n, r*) OT (v, (TrnH, r*) > Ny (Trn+1, r*) holds all n € N. Thus,
& (Tpy1, ) 20 (Tpgr, ™) or @ (rpg2, ") > 1 (rpge, ™), holds for all n € N.
Equivalently, there exists a subsequence {rn(k)} of {r,} such that
Q (rn(k), r*) > (rn(k),r*) forall k e N (2.13)

From (2.13), we deduce that

0 (Dy (rongy+1, Tr))

IN

0 <Db (Srgn(k)7TT*>> <40 (sHb (ngn(k),TT*>)
[0 (M, (rang. ™))"

VAN

This implies that

0 (Ds (rangey, Tr7)) < [0 (M (rangiy, %)) < 6 (M: (rany. 7)) (2.14)

where

dy, (7’2n(k), 7’*) , Dy (T2n(k)7 ngn(k)) , Dy (T*, TT‘*) 7

Dy, <T2n(k) ,ST* ) +Dy (7‘”F 7T7'2n(k) )
2s

{ db (7”2n(k), r*) ,db (Tgn(k),TQH(k)+1) 7Db (7“*, TT*) , }
< max '

Ms (rgn(k),r*) = Imnax

Db(r2n(k),Tr*)+Db (r*,é’mn(k))
2s

Suppose that r* ¢ T7r*, then D, (T*,TT*> > (0. Taking the limit as k — oo in (2.14) and using the
condition (©’3), we have ) )

0 (Db (r*, Tr*)) <0 (Db (r*,Tr*)) .
It is a contradiction. Hence Dy (7“*, Tr*) =0, and so r* € Tr*. Similarly, we can show that r* € Sr*.
Thus r* € x is a common fixed point of Sand T. O

Example 2.6. Let x = [—1,1] and define the function dy - x x x = [0,400) by dy(r, ) = |r —j[2.
Clearly, (x, d’{) is a complete b-metric space with s = 2. Let 0 (t) = €', t > 0, then 6 € O,. Define the
mappings S, T : x — CBy(x) by

TT:{ 0, 2], ifre[-1,0]
{1}y, ifre(o,1] ~

and

2 [05], ifre =10
S_{ (i},  ifre(0,1]
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Moreover, define the functions a,n : x X x — [0,00) by
(1, ifrge[-1,0]
a(r.j) = { 0, otherwise.

and . - |
N Jos Yrge |10
n(r.g) = { 3, otherwise.

If {r,} is a Cauchy sequence such that o (TnysTnt1) =1 (T, Tag1) for alln € N, then {r,} C [-1,0].
Since ([—1,0] ,db) is a complete b-metric space, then the sequence {r,} converges in [—1,0] C x.
>

Thus (X,czb) 15 an a-n-complete b-metric space. Let ay (7", S*r) > My (T, gr) and o, (r Tr)

s (r,Tr). So, r € [~1,0] and Sr, Tr € [=1,0]. Hence Sr = S'(S'?") T =T (Tr) € [-1,0].
Then o, (gr, TQT) > Ny <ST, T2r> and o, (TT, S2T> > N (Tr, S2T> . Thus, (S’, T) 1S -1y -orbital
admissible. Let r,j € x be such that o (r,j) > n(r,j), o (j, S]) > Ny (j, S]) and o, (j, Tj) >
My (j,Tj). Then we have 1,75,55,Tj € [—1,0], which implies that o (T, Sj) > N, (7‘, 5’]) and
Qy ('r’, Tj) > N (r, Tj). Hence, <S’,T> is triangular a,-n.-orbital admissible pair. Let {r,} be a
sequence such that r, —> 1 as n — oo and a(TpyTne1) = N (rp, o) for all n € N. Then
{rn} C [-1,0] for all n € N. So lim Tr, = lim [0,5%7r,] = [0,5%r] = Tr. Hence T is a

n—-oo

n—aoo
multi-vlued a-n-continuous. Similarly, we can check that S is a multi-vlued a-n-continuous. Let

ro = —%. Then

(35(3) = (39
N O L AR
) n*(é<—%>f(é<—%>>) 5

Letr,j € x be such that o (r, j) > min{n* (r, Sr) } Thenr,j € [—1,0] and Hy (S‘r, Tj> >

0. So o

0 (sHy (Sr.75)) < [0 (M, ()"
where k € (%, 1). Hence all hypothese of Theorem 2.4 are satisfied. Thus, S and T have a common
fixed point.
Corollary 2.7. Let (X, db) be a complete b-metric space, and a,n: x X x — [0,00). Let S X —
CBy (x) be such that S isa generalized multi-valued ov,-n.-0-contraction. Suppose that

(i) (X, cib) is an a-n-complete b-metric space;

(ii) S is triangular a,-n.-orbital admissible;

(iii) there exists 7o € x such that <7“0, STO) > min {77* <r0, gro) s s <S’T0,TSTO>} :

() either S is a multi-valued o-n-continuous or if {r,} is a sequence in x such that o (rp, rmey) >
N (Tn,Tny1) for alln € N and r, — r* € x as n — oo, then either a, (Srn,r*> > Ny (Srn,r*) or
Qly <§rn+1, r*) > N (S’rn+1,r*) holds for all n € N.

Then S has a fixed point r* € x.



608 Ameer, et al.

Definition 2.8. Let (X,clb) be a b-metric space. Let a,m : x X x — [0,00) and S, T : y —
CBy (x) be two multi-valued mappings. Then (S,T) is said to be a multi-valued a,n.-0-contraction
mapping, if there exists 0 € ©4 such that for all r,j € x with o (r,j) > min {17* (7", Sr) ) s (j, Tj)} ,
(S,T) satisfies:

0 (sHb (ST, T])) < [0 (d (r,j))]k , ke (0,1).

Theorem 2.9. Let (y, db) be a b-metric space, and a,n : Y X x — [0,00). Let 5, T : x — CBy (x)
be such that (S,T) is a multi-valued co,-n.-0-contraction. Suppose that,

(i) (X, cib) is an a-n-complete b-metric space;

(ii) (S,T) is triangular a,-n.-orbital admissible pair;

(iii) there exists 7o € x such that <7“0, STO) > min {77* <7“0, gro) s s <S’T0,TSTO>} :

(v) either S and T' are multi-valued o-n-continuous or if {r,} is a sequence in x such that o (ry, Tpy1) >
N (rp,Tny1) for alln € N and r, — r* € x as n — oo, then either a, <§7’n,r*> > Ny (Srn,r*) or
O (Trn+1,r*) > 1), (Trn+1,r*) holds for all n € N.

Then S and T have a common fixed point r* € .

Corollary 2.10. Let (x, =) be a partially ordered set and ST X — X. Suppose that there exists

a b-metric d, on x such that (X, db) is a complete b-metric space. Assume that,
(i) there exists 0 € ©4 such that

0 (sd (Sr.T5)) < [0 (M ()"
where k € (0,1) and
d (r.T5) +dy (5. 5r)
2s

M, (r.j) = max{ dy (r,3) . do (7. S7) . (. Sj)

for allr,j € x with r < j and dy <5’7’, Tj) > 0;

(i1) S and T are nondecreasing (that is, if for allr,j € x, r < j implies Sr < S‘j);
(i) there exists ro € x such that ro < Sro;
() either S and T are continuous or if {rn} is a sequence in x such that r, =X rni1 for alln € N

and Ty — r* € x as n — 0o, then either Srn <7r* or Trn+1 =< r* holds for all n € N.
Then S and T have a common fixed point r* € x.

Now, we deduce certain Suzuki-Samet type fixed point results.

Theorem 2.11. Let (X, ch) be a complete b-metric space. Let 5', T:x— CB, (x) be two contin-
uwous multi-valued mappings. If for all r,j € x with

1 . y
swin{ Dy (r,5r) Dy (7.79) } < dy ().
and H, (Sr, Tj) > 0, we have

6 (sHb (:;v», T])) < [0 (M, (r, )",

where 0 € O,. Then S and T have a common fixed point.
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Proof . Define a,n: x x x — [0,00) by

. y . . 1 .
CY(T,]) = db (Ta.]) and 77(7”73) = §db (Tuj)u

for all r,j € x. Since 1db(r §) < dy(r,j) for all 7,5 € x, so n(r,j) < a(r,j) for all 7,j € x. Hence
the conditions (i), (iii) and (iv) of Theorem 2.2 hold. Since S and T are continuous, S and T" are a-1-
continuous multi-vlued mappings. Let min {77* (r, ST) s Mx (7‘, TT)} < «(r,j) with H, <S7‘, Tj) > 0.

Equivalently, if § min {Db (r, 5’7”) , Dy (3, Ty)} < d, (r,j) with H, (gr, Tj) > 0, then we have

0 (SH,, (5»«, T])) < [0 (M, (r,5))]" .

That is, (S , T) is a geqeralized multi-valued a,-n,-0-contraction. Hence, all conditions of Theorem
2.2 hold. Thus S and T have a common fixed point. [J

Theorem 2.12. Let (X,db) be a complete b-metric space. Let ST - X — CBy(x). If for all
r,] € x with
1 . y .
m min {Db <7”7 ST) , Dy (j; Tj)} < dy (Taj) )
m >0 and H, (gr, Tj) > 0, we have

0 (sHy (Sr.75)) < [0, ()"
where 8 € ©,. Then S and T have a common fized point.

Proof . The result follows from Theorem 2.3 by taking «,n : x x x — [0,00) as

1

mdb (r,J)

O‘(Taj) = db (T’,j) and 77(7'73) =
U

3. Application

we apply the result given by Theorem 2.4 to study the existence of a solution for a system of
Volterra-type integral inclusions. For instance,
Consider the following system of Volterra-type integral inclusions:

r(t) € / I'(t,s,7(s))ds + f(t) and j (1) € / E(t, s,7(s))ds + g(t) (3.1)

where I', = : [a,b] x [a,b] x R — CV B(R), and CV B(R) denotes the family of nonempty closed,
convex and bounded subsets of R( set of all real numbers). let x = C ([a,b],R) be the space of all
continuous real valued functions on [a,b]. Note that y is a complete b-metric space by considering
dy(r,5) = SUDye(q |T(F) — j(®)|° with s = 2. For each r,j € C ([a,b],R), the operators I'(.,.,z) and
=(.,.,y) are lower semi-continuous. Further, the functions f,g : [a,b] — R are continuous.
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For the system of integrals inclusion given above, we can define multivalued operators S T
C ([a,b],R) — CB(C ([a,b] ,R)) as follows:

Sr(t) = {u € C([a,b],R):ue / L(t,s,r(s))ds + f(t), t € [a,b]},

and
Tj(t) = {U € C([a,b],R):ve / E(t,s,j(s))ds+g(t), t € [a,b]} .

Let 7,5 € C([a,b],R) and denote T, := I'(¢,s,r(s)) and Z; := Z(t,s,5()), t,s € [a,b]. Now for
I, 25 : [a,b] X [a,b] — CV B(R), by Michael’s selection theorem, there exist continuous operators
T, II; @ [a,b] x [a,b] — R with Y, (¢,s) € I'.(¢,s) and II;(¢,s) € Z;(t,s) for all ¢t,s € [a,b]. This
shows that [' Y, (t,s)ds + f(t) € Sr(t) and [ TI;(t,s)ds + g(t) € T5(t). Thus, the operators Sr and
Tj are nonempty. Since g, T, and H are continuous on [a,b] (resp. [a,b] X [a,b]), their ranges are
bounded and hence Sr and T'j are bounded (i.e., 5,7 : x — CB, (X))

Theorem 3.1. Tuake x = C ([a,b],R). Consider the multivalued operators S, T : x — CBy(x).

A

Sr(t) = {u € C([a,b],R):u 6/ [(t,s,7(s))ds + f(t), t € [a, b]},

and

Tj(t) = {v € C([a,b],R):ve /tE(t,s,j(s))ds+g(t), t € la, b]},

where f, g : [a,b] — R are continuous and I', = : [a, b] X [a,b] x R — CV B(R) is such that for each
r € C([a,b],R), the operators T'(.,.,r) and Z(.,.,7) are lower semi-continuous.

Assume that the following conditions hold:
(i) there exist a function ¢ : R* — R and a continuous mapping A : x — [0, 00) such that for all
r,J € X, we have

Hy (T'(t,s,7(s)), 2(t,5,7(5))) < A(s) Ms(r,7) for all t € [a, ],

where

dy (r(s ,7(8)), s S, T
Mq(r, j) = max{ Dy (§(s), bEEt,(s?]J(i)gg : gbb(r(( )(E)(tsj((ts)));;b(zgs)) L(t,s,r(s))) } ;

(ii) there exists ro € C ([a,b],R) such that for all t € [a, b],

3 <7“0 (t), /tf(t,s,ro(s))ds + f(t)> > 0;
(iii) for all t € [a,b] and for all r, 5,z € C ([a, b] ,R),

§(r(t),5(t) =2 0and £ (5 (1),2(t) = 0= &(r(t),2(t)) = 0;
(iv) for all ¢ € [a,b] and for all 7, j € C ([a,b],R),

E(r(t),j(t)) > 0 implies £ (/ [(t, s,7(s))ds + f(t),/ =(t, s,7(s))ds —I—g(t)) > 0;
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(v) if a sequence {r,} in C ([a,b],R) with & (r,, (t),7,41(t)) > 0 for all n € N and for all t € [a, b]
such that r,, — r € C'([a, b]) as n —» oo, then there exists a subsequence {7, } of {r,} such that
& (rnw (), 7 (t)) > 0 for all k € N and for all ¢ € [a, b];

(vi) there exist 7 > 0 and s > 1 such that for ¢ € [a,b], we have

/:Mdsg\/?.

Then the system of integral inclusions (3.1) has a solution.
Proof . Let r € x be such that u € Srand & (r (t),j(t)) > 0 for all ¢t € [a,b]. Then Y, (t,s) € I'.(¢, s)
for all t,s € [a,b] such that u (t) = [’ Y, (t,s)ds + g(t) € u(t) = [ T,(t, s)ds + g(t), t € [a,b]. But

dy (r(5),5(3)), Dy (r(s), (¢, 5,7(5))) ,

t,s
0, (I(t,5,7(s)),E(t, 5,(s))) < Z (s) max Dy (5(s ),u(t $,7(5))),
Dy (r(s), (tSJ(S)))+Db(J(S) L(t,s,r(s)))

25

for all ¢ € [a,b], so there exists j € x, 2(t,s) € Z;(t,s) for all ¢, s € [a,b] such that

db (T(S),];(S)) >Db (T<S)7 Fr(t7 S)) ;
T, (t,5) — 2(t, s)* < A(s) max dy (j(s), 2(t, 5)) , :

db(T(S),Z(t,S))-‘y—Db(j(S)7Fm(t,8))
2s

for all ¢t € [a,b] . Now, we can consider the multivalued operator E : [a,b] X [a,b] — C'B(R) defined
by
E(t,s) = Z;(t,s) N{L € RI[T,(t,5) = L[ < A(s) Mu(r,J) },

for all ¢,s € [a,b]. Taking into account the fact that the multivalued operator E is lower semi-
continuous, it follows that there exists a continuous operator II, : [a,b] X [a,b] — R such that
I1;(t,s) € E(t,s) for all t, s € [a,b]. We have for v € T,

v(t) = /t I1;(t, s)ds + g(t) € /t E;(t,s)ds +g(t), t € [a,b],

and

wo-vf < ([ Mmies-mslas)

Dy, (r,Ty)+Db (],Sr
) 2s

< (at \/st)Qmax  (r.), D (7“ Sr) Dl)’ (7. T)

Consequently, we have




612 Ameer, et al.

Now, by interchanging the role of r and j, we reach to
sHy (8r,T5) < e My(r.j), 7.j € x,

where )
Dy (r,T5) + D, <j, Sr)
2s

M,(r, §) = max { dy (r,§) . Dy (r, 57) , Dy (4, T5)

As 0 (t) = €' € O, applying it on above inequality and after some simplifications, we get
e(SHb(ST,T])> S [G(Ms(r,j))}e_‘r’ ,,,,7] 6 X

Define a,n : x X x — [0,00) as
a(m.)_{ L EE((1),5(8) > 0,1 € a,h

0, otherwise

and
: Lodf&(r(t),4(t) >0,t € [a,b]
J— 37 ) - 9
n(r.g) = { 1, otherwise.
Let r,j7 € x be such that «(r,j) > min {77* (r, 5‘7‘) 1 (4, Tj)} Then & (r (t),j(t)) > 0 for all
t € [a,b]. Thus

e(sHb(ST,Tj)) < [e(Ms(TJ))] ¢

This implies that
0 <3Hb (ST, Tj)) < [0 (M,(r,5))]", where k=e".

Hence, (5’ T ) is a generalized multi-valued «,-n.-0-contraction. By using (iv), for every r € y with
2> 1

Qy <r, gr)

(r, 5’7’) and o (r,Tr) >, (r,Tr) , we get
g(s% (1) ,T%@s)) >0
and
¢ (Tr (1), S%(t)) > 0.
Therefore, o, (5‘7’, Tgr) >, (5’7", T2r> and a, (Tr, 5’27’) > 1, (Tr, g27’> . Let 7, j € x be such that

n
a () 20 (r4)s e (3.57) = . (5.85) and a. (5, 75) = m. (. Tj) - Then
0, ¢ (s

A

By using (iii), we get that £ <7“ (1), j(t)) >0, f(r (t) ,Tj(t)) > 0. So a, (r, 5’]) > N (r, 5’]) and
a, (r,T7) > n. (r, Tj) . Then ,T) is triangular a,-n,-orbital admissible pair. By, (ii), there exists
ro € x such that
Ol (TO,S%) > min {77* (7“0,37’0> y T (gﬁ);TgT’o)}-

Let {r,} be a sequence in x such that r,, — r € x as n — oo. Then from (v), there exists a sub-
sequence {7y} of {r,} such that & (rna (£),7 (¢)) > 0, this implies that o (), 7) = 0 (rag), 7).
Therefore, all hypothese of Theorem 2.4 are satisfied. Hence S and T have a common fixed point,
that is, the system of Volterra-type integral inclusions (3.1) has a solution. [J
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