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Abstract

In the present paper, we introduce the recurrence relations of Vieta Fibonacci, Vieta Lucas, Vieta
Pell and Vieta Pell Lucas polynomials. We obtain the generating functions of these polynomials,
then we give the new generating functions of the products of these polynomials and the products of
these polynomials with Gaussian numbers and polynomials. These results are based on the relation
between Vieta polynomials and Chebyshev polynomials of first and second kinds.
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1. Introduction

In [5], Horadam consider the Vieta Fibonacci polynomials and Vieta Lucas polynomials which are
defined by the following recurrence relations:{

Vn(x) = xVn−1(x)− Vn−2(x), ∀n ≥ 2
V0(x) = 0, V1(x) = 1

,

and {
vn(x) = xvn−1(x)− vn−2(x), ∀n ≥ 2
v0(x) = 2, v1(x) = x

,
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respectively.
Vieta Pell polynomials and Vieta Pell Lucas polynomials are defined in [6] by the following

recurrence relations: {
tn(x) = 2xtn−1(x)− tn−2(x), ∀n ≥ 2
t0(x) = 0, t1(x) = 1

,

and {
sn(x) = 2xsn−1(x)− sn−2(x), ∀n ≥ 2
s0(x) = 2, s1(x) = 2x.

,

respectively.
Chebyshev polynomials are a sequence of orthogonal polynomials which can be defined recursively.

Recall that the n th Chebyshev polynomials of the first and second kinds are denoted by (Tn(x))n∈N
and (Un(x))n∈N, respectively.

The Chebyshev polynomials of the first kind (Tn(x))n∈N is given either by the generating function
(see [4]):

+∞∑
n=0

Tn(x)z
n =

1− xz

1− 2xz + z2
,

or by the recurrence relation{
Tn(x) = 2xTn−1(x)− Tn−2(x), ∀n ≥ 2
T0(x) = 1, T1(x) = x

.

The Chebyshev polynomials of the second kind (Un(x))n∈N are given either by the generating
function (see [4]):

+∞∑
n=0

Un(x)z
n =

1

1− 2xz + z2
,

or by the recurrence relation{
Un(x) = 2xUn−1(x)− Un−2(x), ∀n ≥ 2
U0(x) = 1, U1(x) = 2x

.

It is well known that the Chebyshev polynomials of the first and second kinds are closely related
to Vieta Fibonacci and Vieta Lucas polynomials, Vieta Pell and Vieta Pell Lucas polynomials. So,
in [19] Vitula and Slota redefined Vieta polynomials as modified Chebyshev polynomials.

Corollary 1.1. [8, 7, 6] For n ∈ N, the related features of Vieta and Chebyshev polynomials are
given as

vn(x) = 2Tn(
1

2
x). (1.1)

sn(x) = 2Tn(x). (1.2)

tn+1(x) = Un(x). (1.3)

Vn+1(x) = Un(
1

2
x). (1.4)
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The characteristic equation of the Vieta Pell and Vieta Pell Lucas polynomials is

λ2 − 2xλ+ 1 = 0. (1.5)

Let α and β be the roots of the characteristic equation (1.5). α and β satisfy the following
equations

α + β = 2x, αβ = 1, α− β = 2
√
x2 − 1.

Using the standart tecniques, we have the Binet’s formulas of (tn(x))n∈N and (sn(x))n∈N polyno-
mials as

tn(x) =
αn − βn

α− β
,

and
sn(x) = αn + βn,

respectively.
The authors in [13] are calculated the generating functions of the products of Gaussian numbers

with Chebyshev polynomials of first and second kinds.
In [9], the authors are calculated the generating functions of the products of Gaussian polynomi-

als with Chebyshev polynomials of first and second kinds.

In the papers [1, 2], second-order linear recurrence sequence (Un(a, b; p, q))n≥0 or briefly (Un)n≥0

is considered by the recurrence relation:

Un+2 = pUn+1 + qUn, ∀n ≥ 0,

with the initial conditions U0 = a and U1 = b, special cases are listed in the Table below:

a b p q (Un)n≥0 Gaussian numbers
i 1 1 1 (GFn)n≥0 Gaussian Fibonacci numbers

2− i 1 + 2i 1 1 (GLn)n≥0 Gaussian Lucas numbers
i
2

1 1 2 (GJn)n≥0 Gaussian Jacobsthal numbers
2− i

2
1 + 2i 1 2 (Gjn)n≥0 Gaussian Jacobsthal Lucas numbers

i 1 2 1 (GPn)n≥0 Gaussian Pell numbers
2− 2i 2 + 2i 2 1 (GQn)n≥0 Gaussian Pell Lucas numbers

Table 1. The Gaussian numbers.

The Gaussian Jacobsthal and Gaussian Jacobsthal Lucas polynomials (GJn(x))n∈N and (Gjn(x))n∈N
are defined and studied by authors [15]. They give generating functions, Binet’s formulas, explicit
formulas, Q matrix, determinantal representations and partial derivation of these polynomials.

The Gaussian Pell polynomials, say (GPn(x))n∈N, is defined in [18] recurrently by{
GP0(x) = i, GP1(x) = 1
GPn(x) = 2xGPn−1(x) +GPn−2(x), ∀n ≥ 2

.

It is note that we have an important relation between Gaussian Pell polynomials and usual Pell
polynomials as follows.

GPn(x) = Pn−1(x) + iPn−2(x), ∀ n ≥ 2.
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2. Generating Functions of Vieta Polynomials

In this section, we calculate the generating functions of Vieta polynomials.

Theorem 2.1. For n ∈ N, the generating function of Vieta Fibonacci polynomials is given by

+∞∑
n=0

Vn(x)z
n =

z

1− xz + z2
.

Proof . We have
+∞∑
n=0

Un(x)z
n =

1

1− 2xz + z2
.

From which it follows
+∞∑
n=0

Un−1(x)z
n =

z

1− 2xz + z2
.

According to the relationship (1.4), we obtain

+∞∑
n=0

Vn(x)z
n =

+∞∑
n=0

Un−1(
1

2
x)zn =

z

1− 2(x
2
)z + z2

=
z

1− xz + z2
.

The proof is completed. □

Theorem 2.2. For n ∈ N, the generating function of Vieta Lucas polynomials is given by

+∞∑
n=0

vn(x)z
n =

2− xz

1− xz + z2
.

Proof . We have
+∞∑
n=0

Tn(x)z
n =

1− xz

1− 2xz + z2
.

According to the relationship (1.1), we obtain

+∞∑
n=0

vn(x)z
n = 2

+∞∑
n=0

Tn(
1

2
x)zn = 2(

1− x
2
z

1− 2(x
2
)z + z2

) =
2− xz

1− xz + z2
.

The proof is completed. □

Theorem 2.3. For n ∈ N, the generating function of Vieta Pell polynomials is given by

+∞∑
n=0

tn(x)z
n =

z

1− 2xz + z2
.

Proof . We have
+∞∑
n=0

Un−1(x)z
n =

z

1− 2xz + z2
.

Then, according to the relationship (1.3), we obtain

+∞∑
n=0

tn(x)z
n =

+∞∑
n=0

Un−1(x)z
n =

z

1− 2xz + z2
.

This completes the proof. □
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Theorem 2.4. For n ∈ N, the generating function of Vieta Pell Lucas polynomials is given by

+∞∑
n=0

sn(x)z
n =

2− 2xz

1− 2xz + z2
.

Proof . We have
sn(x) = 2Tn(x).

From which it follows

+∞∑
n=0

sn(x)z
n = 2

+∞∑
n=0

Tn(x)z
n =

2− 2xz

1− 2xz + z2
.

The proof is completed. □

3. Generating Functions of the Products of Vieta Polynomials

In this section, we calculate the new generating functions of the products of Vieta polynomials
by using the related features of Vieta and Chebyshev polynomials, we have the following results.

Theorem 3.1. For n ∈ N, the new generating function of the product of Vieta Fibonacci polynomials
is given by

+∞∑
n=0

Vn(x)Vn(y)z
n =

z − z3

1− xyz + (x2 + y2 − 2)z2 − xyz3 + z4
.

Proof . We have

+∞∑
n=0

Un(x)Un(y)z
n =

1− z2

1− 4xyz + (4x2 + 4y2 − 2)z2 − 4xyz3 + z4
, (see [3]).

From which it follows

+∞∑
n=0

Un−1(x)Un−1(y)z
n =

z − z3

1− 4xyz + (4x2 + 4y2 − 2)z2 − 4xyz3 + z4
.

Then, according to the relationship (1.4), we obtain

+∞∑
n=0

Vn(x)Vn(y)z
n =

+∞∑
n=0

Un−1(
x

2
)Un−1(

y

2
)zn

=
z − z3

1− 4(x
2
)(y

2
)z + (x2 + y2 − 2)z2 − 4(x

2
)(y

2
)z3 + z4

=
z − z3

1− xyz + (x2 + y2 − 2)z2 − xyz3 + z4
.

This completes the proof. □

Theorem 3.2. For n ∈ N, the new generating function of the product of Vieta Lucas polynomials is
given by

+∞∑
n=0

vn(x)vn(y)z
n =

4− 3xyz + (2x2 + 2y2 − 4)z2 − xyz3

1− xyz + (x2 + y2 − 2)z2 − xyz3 + z4
.
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Proof . We have

+∞∑
n=0

Tn(x)Tn(y)z
n =

1− 3xyz + (2x2 + 2y2 − 1)z2 − xyz3

1− 4xyz + (4x2 + 4y2 − 2)z2 − 4xyz3 + z4
, (see [3]).

Then

+∞∑
n=0

vn(x)vn(y)z
n =

+∞∑
n=0

(
2Tn(

1

2
x)

)(
2Tn(

1

2
y)

)
zn

= 4
+∞∑
n=0

Tn(
1

2
x)Tn(

1

2
y)zn

=
4
[
1− 3

(
x
2

) (
y
2

)
z + (2

(
x
2

)2
+ 2

(
y
2

)2 − 1)z2 −
(
x
2

) (
y
2

)
z3
]

1− 4
(
x
2

) (
y
2

)
z + (4

(
x
2

)2
+ 4

(
y
2

)2 − 2)z2 − 4
(
x
2

) (
y
2

)
z3 + z4

=
4− 3xyz + (2x2 + 2y2 − 4)z2 − xyz3

1− xyz + (x2 + y2 − 2)z2 − xyz3 + z4
.

This completes the proof. □

Proposition 3.3. For n ∈ N, the new generating function of the product of Vieta Pell polynomials
is given by

+∞∑
n=0

tn(x)tn(y)z
n =

z − z3

1− 4xyz + (4x2 + 4y2 − 2)z2 − 4xyz3 + z4
.

Proof . Recall that, we have

+∞∑
n=0

Un−1(x)Un−1(y)z
n =

z − z3

1− 4xyz + (4x2 + 4y2 − 2)z2 − 4xyz3 + z4
,

and according the relationship (1.3), we get

+∞∑
n=0

tn(x)tn(y)z
n =

z − z3

1− 4xyz + (4x2 + 4y2 − 2)z2 − 4xyz3 + z4
.

This completes the proof. □

Theorem 3.4. For n ∈ N, the new generating function of the product of Vieta Pell Lucas polyno-
mials is given by

+∞∑
n=0

sn(x)sn(y)z
n =

4− 12xyz + (8x2 + 8y2 − 4)z2 − 4xyz3

1− 4xyz + (4x2 + 4y2 − 2)z2 − 4xyz3 + z4
.

Proof . We have sn(x) = 2Tn(x), then

+∞∑
n=0

sn(x)sn(y)z
n =

+∞∑
n=0

(2Tn(x)) (2Tn(y)) z
n = 4

+∞∑
n=0

Tn(x)Tn(y)z
n,
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since
+∞∑
n=0

Tn(x)Tn(y)z
n =

1− 3xyz + (2x2 + 2y2 − 1)z2 − xyz3

1− 4xyz + (4x2 + 4y2 − 2)z2 − 4xyz3 + z4
, (see [3]).

Therefore

+∞∑
n=0

sn(x)sn(y)z
n =

4− 12xyz + (8x2 + 8y2 − 4)z2 − 4xyz3

1− 4xyz + (4x2 + 4y2 − 2)z2 − 4xyz3 + z4
.

This completes the proof. □

4. Generating Functions of the Products of Vieta Polynomials with Gaussian Numbers
and Polynomials

In this part, we now derive the new generating functions of the products of Vieta polynomials
with Gaussian numbers and polynomials.

Theorem 4.1. For n ∈ N, the new generating function of the product of Gaussian Fibonacci numbers
with Vieta Lucas polynomials is given by

+∞∑
n=0

GFnvn(x)z
n =

2i+ (1− 2i)xz + (i (4− x2)− 2)z2 − (1− i)xz3

1− xz + (3− x2)z2 + xz3 + z4
.

Proof . We know that

+∞∑
n=0

GFnTn(x)z
n =

i+ (1− 2i)xz + (2i(1− x2)− 1)z2 − (1− i)xz3

1− 2xz + (3− 4x2)z2 + 2xz3 + z4
, (see [13]).

From which it follows

+∞∑
n=0

GFnvn(x)z
n = 2

+∞∑
n=0

GFnTn(
x

2
)zn

=
2
(
i+ (1− 2i)

(
x
2

)
z + (2i(1−

(
x
2

)2
)− 1)z2 − (1− i)

(
x
2

)
z3
)

1− xz + (3− x2)z2 + xz3 + z4

=
2i+ (1− 2i)xz + (i (4− x2)− 2)z2 − (1− i)xz3

1− xz + (3− x2)z2 + xz3 + z4
.

The proof is completed. □

Proposition 4.2. For n ∈ N, the new generating function of the product of Gaussian Fibonacci
numbers with Vieta Pell polynomials tn+1(x) is given by

+∞∑
n=0

GFntn+1(x)z
n =

i+ 2(1− i)xz + (2i− 1)z2

1− 2xz + (3− 4x2)z2 + 2xz3 + z4
.
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Proof . Recall that, we have

+∞∑
n=0

GFnUn(x)z
n =

i+ 2(1− i)xz + (2i− 1)z2

1− 2xz + (3− 4x2)z2 + 2xz3 + z4
(see [13]),

and according the relationship (1.3), we get

+∞∑
n=0

GFntn+1(x)z
n =

i+ 2(1− i)xz + (2i− 1)z2

1− 2xz + (3− 4x2)z2 + 2xz3 + z4
.

The proof is completed. □

Theorem 4.3. For n ∈ N, the new generating function of the product of Gaussian Fibonacci numbers
with Vieta Pell Lucas polynomials is given by

+∞∑
n=0

GFnsn(x)z
n =

2i+ 2(1− 2i)xz + (4i(1− x2)− 2)z2 − 2(1− i)xz3

1− 2xz + (3− 4x2)z2 + 2xz3 + z4
.

Proof . By using the relationship (1.2) , we obtain

+∞∑
n=0

GFnsn(x)z
n = 2

+∞∑
n=0

GFnTn(x)z
n

=
2 (i+ (1− 2i)xz + (2i(1− x2)− 1)z2 − (1− i)xz3)

1− 2xz + (3− 4x2)z2 + 2xz3 + z4

=
2i+ 2(1− 2i)xz + (4i(1− x2)− 2)z2 − 2(1− i)xz3

1− 2xz + (3− 4x2)z2 + 2xz3 + z4
.

The proof is completed. □

Theorem 4.4. For n ∈ N, the new generating function of the product of Gaussian Lucas numbers
with Vieta Lucas polynomials is given by

+∞∑
n=0

GLnvn(x)z
n =

4− 2i+ (4i− 3)xz + (6− 2x2 + i(x2 − 8))z2 + (1− 3i)xz3

1− xz + (3− x2)z2 + xz3 + z4
.

Proof . We have

+∞∑
n=0

GLnTn(x)z
n =

2− i+ (4i− 3)xz + (3− 4x2 + 2i(x2 − 2))z2 + (1− 3i)xz3

1− 2xz + (3− 4x2)z2 + 2xz3 + z4
, (see [13]).

We see that
+∞∑
n=0

GLnvn(x)z
n = 2

+∞∑
n=0

GLnTn(
x

2
)zn

=
2
[
2− i+ (4i− 3)

(
x
2

)
z + (3− x2 + 2i(x

2

4
− 2))z2 + (1− 3i)

(
x
2

)
z3
]

1− xz + (3− x2)z2 + xz3 + z4

=
4− 2i+ (4i− 3)xz + (6− 2x2 + i(x2 − 8))z2 + (1− 3i)xz3

1− xz + (3− x2)z2 + xz3 + z4
.

The proof is completed. □
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Proposition 4.5. For n ∈ N, the new generating function of the product of Gaussian Lucas numbers
with Vieta Pell polynomials tn+1(x) is given by

+∞∑
n=0

GLntn+1(x)z
n =

2− i+ 2(3i− 1)xz + (3− 4i)z2

1− 2xz + (3− 4x2)z2 + 2xz3 + z4
.

Proof . Recall that, we have

+∞∑
n=0

GLnUn(x)z
n =

2− i+ 2(3i− 1)xz + (3− 4i)z2

1− 2xz + (3− 4x2)z2 + 2xz3 + z4
(see [13]),

and according to the relationship (1.3), we get

+∞∑
n=0

GLntn+1(x)z
n =

2− i+ 2(3i− 1)xz + (3− 4i)z2

1− 2xz + (3− 4x2)z2 + 2xz3 + z4
.

This completes the proof. □

Proposition 4.6. For n ∈ N, the new generating function of the product of Gaussian Lucas numbers
with Vieta Pell Lucas polynomials is given by

+∞∑
n=0

GLnsn(x)z
n =

4− 2i+ (8i− 6)xz + (6− 8x2 + 4i(x2 − 2))z2 + (2− 6i)xz3

1− 2xz + (3− 4x2)z2 + 2xz3 + z4
.

Proof . Recall that, we have

+∞∑
n=0

GLnTn(x)z
n =

2− i+ (4i− 3)xz + (3− 4x2 + 2i(x2 − 2))z2 + (1− 3i)xz3

1− 2xz + (3− 4x2)z2 + 2xz3 + z4
(see [13]),

and according to the relationship (1.2), we get

+∞∑
n=0

GLnsn(x)z
n =

4− 2i+ (8i− 6)xz + (6− 8x2 + 4i(x2 − 2))z2 + (2− 6i)xz3

1− 2xz + (3− 4x2)z2 + 2xz3 + z4
.

This completes the proof. □

Theorem 4.7. For n ∈ N, the new generating function of the product of Gaussian Jacobsthal num-
bers with Vieta Lucas polynomials is given by

+∞∑
n=0

GJnvn(x)z
n =

2i+ (2− 3i)xz − 4(4x+ i(2 + 2x+ x2))z2 − 4(2− i)xz3

2− 2xz + (10− 4x2)z2 + 2xz3 + 8z4
.

Proof . We know that

+∞∑
n=0

GJnTn(x)z
n =

i+ (2− 3i)xz − 4(4x+ i(1 + 2x+ 2x2))z2 − 4(2− i)xz3

2− 4xz + (10− 16x2)z2 + 4xz3 + 8z4
, (see [13]).



658 Boughaba, Saba, Boussayoud

Then
+∞∑
n=0

GJnvn(x)z
n = 2

+∞∑
n=0

GJnTn(
x

2
)zn

=
2
(
i+ (2− 3i)

(
x
2

)
z − 4(4

(
x
2

)
+ i(1 + x+ 2

(
x
2

)2
))z2 − 4(2− i)

(
x
2

)
z3
)

2− 2xz + (10− 4x2)z2 + 2xz3 + 8z4

=
2i+ (2− 3i)xz − 4(4x+ i(2 + 2x+ x2))z2 − 4(2− i)xz3

2− 2xz + (10− 4x2)z2 + 2xz3 + 8z4
.

The proof is completed. □

Proposition 4.8. For n ∈ N, the new generating function of the product of Gaussian Jacobsthal
numbers with Vieta Pell polynomials tn+1(x) is given by

+∞∑
n=0

GJntn+1(x)z
n =

i+ 2(2− i)xz + (3i− 2)z2

2− 4xz + (10− 16x2)z2 + 4xz3 + 8z4
.

Proof . By referred to [13], we have
+∞∑
n=0

GJnUn(x)z
n = i+2(2−i)xz+(3i−2)z2

2−4xz+(10−16x2)z2+4xz3+8z4
, and by using the

relationship (1.3),we get

+∞∑
n=0

GJntn+1(x)z
n =

i+ 2(2− i)xz + (3i− 2)z2

2− 4xz + (10− 16x2)z2 + 4xz3 + 8z4
.

The proof is completed. □

Proposition 4.9. For n ∈ N, the new generating function of the product of Gaussian Jacobsthal
numbers with Vieta Pell Lucas polynomials is given by

+∞∑
n=0

GJnsn(x)z
n =

2i+ (4− 6i)xz − 8(4x+ i(1 + 2x+ 2x2))z2 − 8(2− i)xz3

2− 4xz + (10− 16x2)z2 + 4xz3 + 8z4
.

Proof . By referred to [13], we have

+∞∑
n=0

GJnTn(x)z
n =

i+ (2− 3i)xz − 4(4x+ i(1 + 2x+ 2x2))z2 − 4(2− i)xz3

2− 4xz + (10− 16x2)z2 + 4xz3 + 8z4
,

and by using the relationship (1.2), we get

+∞∑
n=0

GJnsn(x)z
n =

2i+ (4− 6i)xz − 8(4x+ i(1 + 2x+ 2x2))z2 − 8(2− i)xz3

2− 4xz + (10− 16x2)z2 + 4xz3 + 8z4
.

The proof is completed. □

Theorem 4.10. For n ∈ N, the new generating function of the product of Gaussian Jacobsthal Lucas
numbers with Vieta Lucas polynomials is given by

+∞∑
n=0

Gjnvn(x)z
n =

8− 2i+ 6(i− 1)xz + 2((10− 4x2) + i(x2 − 7))z2 + 2(2− 5i)xz3

2− 2xz + (10− 4x2)z2 + 2xz3 + 8z4
.
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Proof . By [13], we have

+∞∑
n=0

GjnTn(x)z
n =

4− i+ 6(i− 1)xz + ((10− 16x2) + i(4x2 − 7))z2 + 2(2− 5i)xz3

2− 4xz + (10− 16x2)z2 + 4xz3 + 8z4
.

Then, we can see that

+∞∑
n=0

Gjnvn(x)z
n = 2

+∞∑
n=0

GjnTn(
x

2
)zn

=
2 (4− i+ 3(i− 1)xz + ((10− 4x2) + i(x2 − 7))z2 + (2− 5i)xz3)

2− 2xz + (10− 4x2)z2 + 2xz3 + 8z4

=
8− 2i+ 6(i− 1)xz + 2((10− 4x2) + i(x2 − 7))z2 + 2(2− 5i)xz3

2− 2xz + (10− 4x2)z2 + 2xz3 + 8z4
.

This completes the proof. □

Proposition 4.11. For n ∈ N, the new generating function of the product of Gaussian Jacobsthal
Lucas numbers with Vieta Pell polynomials tn+1(x) is given by

+∞∑
n=0

Gjntn+1(x)z
n =

4− i+ 2(5i− 2)xz + (10− 7i)z2

2− 4xz + (10− 16x2)z2 + 4xz3 + 8z4
.

Proof . Recall that, we have

+∞∑
n=0

GjnUn(x)z
n =

4− i+ 2(5i− 2)xz + (10− 7i)z2

2− 4xz + (10− 16x2)z2 + 4xz3 + 8z4
,

(see [13]) and according the relationship (1.3), we get

+∞∑
n=0

Gjntn+1(x)z
n =

4− i+ 2(5i− 2)xz + (10− 7i)z2

2− 4xz + (10− 16x2)z2 + 4xz3 + 8z4
.

This completes the proof. □

Proposition 4.12. For n ∈ N, the new generating functions of the product of Gaussian Jacobsthal
Lucas numbers with Vieta Pell Lucas polynomials is given by

+∞∑
n=0

Gjnsn(x)z
n =

8− 2i+ 12(i− 1)xz + 2((10− 16x2) + i(4x2 − 7))z2 + 4(2− 5i)xz3

2− 4xz + (10− 16x2)z2 + 4xz3 + 8z4
.

Proof . Recall that, we have

+∞∑
n=0

GjnTn(x)z
n =

4− i+ 6(i− 1)xz + ((10− 16x2) + i(4x2 − 7))z2 + 2(2− 5i)xz3

2− 4xz + (10− 16x2)z2 + 4xz3 + 8z4
(see [13]) ,

and according the relationship (1.2), we get

+∞∑
n=0

Gjnsn(x)z
n =

8− 2i+ 12(i− 1)xz + 2((10− 16x2) + i(4x2 − 7))z2 + 4(2− 5i)xz3

2− 4xz + (10− 16x2)z2 + 4xz3 + 8z4
.

This completes the proof. □
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Theorem 4.13. For n ∈ N, the new generating function of the product of Gaussian Pell numbers
with Vieta Lucas polynomials is given by

+∞∑
n=0

GPnvn(x)z
n =

2i+ (1− 4i)xz + (i(10− x2)− 4)z2 + (2i− 1)xz3

1− 2xz + (6− x2)z2 + 2xz3 + z4
.

Proof . By [13], we have

+∞∑
n=0

GPnTn(x)z
n =

i+ (1− 4i)xz + (i(5− 2x2)− 2)z2 + (2i− 1)xz3

1− 4xz + (6− 4x2)z2 + 4xz3 + z4
.

Then, we can see that

+∞∑
n=0

GPnvn(x)z
n = 2

+∞∑
n=0

GPnTn(
x

2
)zn

=
2
(
i+ (1− 4i)

(
x
2

)
z + (i(5− 2

(
x
2

)2
)− 2)z2 + (2i− 1)

(
x
2

)
z3
)

1− 2xz + (6− x2)z2 + 2xz3 + z4

=
2i+ (1− 4i)xz + (i(10− x2)− 4)z2 + (2i− 1)xz3

1− 2xz + (6− x2)z2 + 2xz3 + z4
.

This completes the proof. □

Proposition 4.14. For n ∈ N, the new generating function of the product of Gaussian Pell numbers
with Vieta Pell polynomials tn+1(x) is given by

+∞∑
n=0

GPntn+1(x)z
n =

i+ 2(1− 2i)xz + (5i− 2)z2

1− 4xz + (6− 4x2)z2 + 4xz3 + z4
.

Proof . Recall that, we have

+∞∑
n=0

GPnUn(x)z
n =

i+ 2(1− 2i)xz + (5i− 2)z2

1− 4xz + (6− 4x2)z2 + 4xz3 + z4
(see [13]),

and according the relationship (1.3), we get

+∞∑
n=0

GPntn+1(x)z
n =

i+ 2(1− 2i)xz + (5i− 2)z2

1− 4xz + (6− 4x2)z2 + 4xz3 + z4
.

This completes the proof. □

Proposition 4.15. For n ∈ N, the new generating function of the product of Gaussian Pell numbers
with Vieta Pell Lucas polynomials is given by

+∞∑
n=0

GPnsn(x)z
n =

2i+ 2(1− 4i)xz + (i(10− 4x2)− 4)z2 + (4i− 2)xz3

1− 4xz + (6− 4x2)z2 + 4xz3 + z4
.
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Proof . Recall that, we have

+∞∑
n=0

GPnTn(x)z
n =

i+ (1− 4i)xz + (i(5− 2x2)− 2)z2 + (2i− 1)xz3

1− 4xz + (6− 4x2)z2 + 4xz3 + z4
(see [13]),

and according the relationship (1.2), we get

+∞∑
n=0

GPnsn(x)z
n =

2i+ 2(1− 4i)xz + (i(10− 4x2)− 4)z2 + (4i− 2)xz3

1− 4xz + (6− 4x2)z2 + 4xz3 + z4
.

This completes the proof. □

Theorem 4.16. For n ∈ N, the new generating function of the product of Gaussian Pell Lucas
numbers with Vieta Lucas polynomials is given by

+∞∑
n=0

GQnvn(x)z
n =

4(1− i) + (10i− 6)xz + (12− 2x2 + 2i(x2 − 14))z2 + (2− 6i)xz3

1− 2xz + (6− x2)z2 + 2xz3 + z4
.

Proof . By referred to [13], we have

+∞∑
n=0

GQnTn(x)z
n =

2(1− i) + (10i− 6)xz + (6− 4x2 + i(4x2 − 14))z2 + (2− 6i)xz3

1− 4xz + (6− 4x2)z2 + 4xz3 + z4
.

We see that
+∞∑
n=0

GQnvn(x)z
n = 2

+∞∑
n=0

GQnTn(
x

2
)zn

=
2 (2(1− i) + (5i− 3)xz + (6− x2 + i(x2 − 14))z2 + (1− 3i)xz3)

1− 2xz + (6− x2)z2 + 2xz3 + z4

=
4(1− i) + (10i− 6)xz + (12− 2x2 + 2i(x2 − 14))z2 + (2− 6i)xz3

1− 2xz + (6− x2)z2 + 2xz3 + z4
.

This completes the proof. □

Proposition 4.17. For n ∈ N, the new generating function of the product of Gaussian Pell Lucas
numbers with Vieta Pell polynomials tn+1(x) is given by

+∞∑
n=0

GQntn+1(x)z
n =

2− 2i+ 2(6i− 2)xz + (6− 14i)z2

1− 4xz + (6− 4x2)z2 + 4xz3 + z4
.

Proof . By referred to [13], we have

+∞∑
n=0

GQnUn(x)z
n =

2− 2i+ 2(6i− 2)xz + (6− 14i)z2

1− 4xz + (6− 4x2)z2 + 4xz3 + z4
,

and according the relationship (1.3), we get

+∞∑
n=0

GQntn+1(x)z
n =

2− 2i+ 2(6i− 2)xz + (6− 14i)z2

1− 4xz + (6− 4x2)z2 + 4xz3 + z4
.

This completes the proof. □
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Proposition 4.18. For n ∈ N, the new generating function of the product of Gaussian Pell Lucas
numbers with Vieta Pell Lucas polynomials is given by

+∞∑
n=0

GQnsn(x)z
n =

4(1− i) + 2(10i− 6)xz + (12− 8x2 + 2i(4x2 − 14))z2 + (4− 12i)xz3

1− 4xz + (6− 4x2)z2 + 4xz3 + z4
.

Proof . By referred to [13], we have

+∞∑
n=0

GQnTn(x)z
n =

2(1− i) + (10i− 6)xz + (6− 4x2 + i(4x2 − 14))z2 + (2− 6i)xz3

1− 4xz + (6− 4x2)z2 + 4xz3 + z4
,

and according the relationship (1.2), we get

+∞∑
n=0

GQnsn(x)z
n =

4(1− i) + 2(10i− 6)xz + (12− 8x2 + 2i(4x2 − 14))z2 + (4− 12i)xz3

1− 4xz + (6− 4x2)z2 + 4xz3 + z4
.

This completes the proof. □

Theorem 4.19. For n ∈ N, the new generating function of the product of Gaussian Jacobsthal
polynomials with Vieta Fibonacci polynomials Vn+1 (y) is given by

+∞∑
n=0

GJn (x)Vn+1 (y) z
n =

i+ (2y − iy) z + ((2x+ 1) i− 2) z2

2− 2yz − (4xy2 − 8x− 2) z2 + 4xyz3 + 8x2z4
.

Proof . By [9], we have

+∞∑
n=0

GJn (x)Un (y) z
n =

i+ (4y − 2iy) z + ((2x+ 1) i− 2) z2

2− 4yz − (16xy2 − 8x− 2) z2 + 8xyz3 + 8x2z4
.

We use the change of variable y = y
2
and by relation (1.4) , we get

+∞∑
n=0

GJn (x)Vn+1 (y) z
n =

+∞∑
n=0

GJn (x)Un

(y
2

)
zn

=
i+ (2y − iy) z + ((2x+ 1) i− 2) z2

2− 2yz − (4xy2 − 8x− 2) z2 + 4xyz3 + 8x2z4
.

This completes the proof. □

Theorem 4.20. For n ∈ N, the new generating function of the product of Gaussian Jacobsthal
polynomials with Vieta Lucas polynomials is given by

+∞∑
n=0

GJn(x)vn(y)z
n =

2i+ (2− 2i)yz + ((2 + 4x− 2xy2)i− 4)z2 + (2i− 4)xyz3

2− 2yz − (4xy2 − 8x− 2)z2 + 4xyz3 + 8x2z4
.
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Proof . By referred to [9], we have

+∞∑
n=0

GJn(x)Tn(y)z
n =

i+ (2− 2i)yz + ((1 + 2x− 4xy2)i− 2)z2 + (2i− 4)xyz3

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4
.

We see that
+∞∑
n=0

GJn(x)vn(y)z
n = 2

+∞∑
n=0

GJn(x)Tn(
y

2
)zn

=
2
(
i+ (2− 2i)

(
y
2

)
z + ((1 + 2x− xy2)i− 2)z2 + (2i− 4)x

(
y
2

)
z3
)

2− 2yz − (4xy2 − 8x− 2)z2 + 4xyz3 + 8x2z4

=
2i+ (2− 2i)yz + ((2 + 4x− 2xy2)i− 4)z2 + (2i− 4)xyz3

2− 2yz − (4xy2 − 8x− 2)z2 + 4xyz3 + 8x2z4
.

The proof is completed. □

Proposition 4.21. For n ∈ N, the new generating function of the product of Gaussian Jacobsthal
polynomials with Vieta Pell polynomials tn+1(y) is given by

+∞∑
n=0

GJn(x)tn+1(y)z
n =

i+ (4− 2i)yz + ((2x+ 1)i− 2)z2

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4
.

Proof . Recall that, we have

+∞∑
n=0

GJn(x)Un(y)z
n =

i+ (4− 2i)yz + ((2x+ 1)i− 2)z2

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4
(see [9]),

and according the relationship (1.3), we get

+∞∑
n=0

GJn(x)tn+1(y)z
n =

i+ (4− 2i)yz + ((2x+ 1)i− 2)z2

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4
.

This completes the proof. □

Proposition 4.22. For n ∈ N, the new generating function of the product of Gaussian Jacobsthal
polynomials with Vieta Pell Lucas polynomials is given by

+∞∑
n=0

GJn(x)sn(y)z
n =

2i+ (4− 4i)yz + ((2 + 4x− 8xy2)i− 4)z2 + (4i− 8)xyz3

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4
.

Proof . Recall that, we have

+∞∑
n=0

GJn(x)Tn(y)z
n =

i+ (2− 2i)yz + ((1 + 2x− 4xy2)i− 2)z2 + (2i− 4)xyz3

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4
(see [9]),

and according the relationship (1.2), we get

+∞∑
n=0

GJn(x)sn(y)z
n =

2i+ (4− 4i)yz + ((2 + 4x− 8xy2)i− 4)z2 + (4i− 8)xyz3

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4
.

This completes the proof. □
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Theorem 4.23. For n ∈ N, the new generating function of the product of Gaussian Jacobsthal Lucas
polynomials with Vieta Fibonacci polynomials Vn+1 (y) is given by

+∞∑
n=0

Gjn (x)Vn+1 (y) z
n =

4− i+ ((4xy + y) i− 2y) z + ((8x+ 2)− i (6x+ 1)) z2

2− 2yz − (4xy2 − 8x− 2) z2 + 4xyz3 + 8x2z4
.

Proof . By [9], we have

+∞∑
n=0

Gjn (x)Un (y) z
n =

4− i+ ((8xy + 2y) i− 4y) z + ((8x+ 2)− i (6x+ 1)) z2

2− 4yz − (16xy2 − 8x− 2) z2 + 8xyz3 + 8x2z4
.

We use the change of variable y = y
2
and by relationship (1.4) , we get

+∞∑
n=0

Gjn (x)Vn+1 (y) z
n =

+∞∑
n=0

Gjn (x)Un

(y
2

)
zn

=
4− i+ ((4xy + y) i− 2y) z + ((8x+ 2)− i (6x+ 1)) z2

2− 2yz − (4xy2 − 8x− 2) z2 + 4xyz3 + 8x2z4
.

This completes the proof. □

Theorem 4.24. For n ∈ N, the new generating function of the product of Gaussian Jacobsthal Lucas
polynomials with Vieta Lucas polynomials is given by

+∞∑
n=0

Gjn(x)vn(y)z
n =

8− 2i+ ((y + 6xy)i− (8xy + 2y))z

2− 2yz − (4xy2 − 8x− 2)z2 + 4xyz3 + 8x2z4

+
((2xy2 − 12x− 2)i+ (16x− 8xy2 + 2y))z2

2− 2yz − (4xy2 − 8x− 2)z2 + 4xyz3 + 8x2z4

+
(4xy − i(8x2y + 2xy))z3

2− 2yz − (4xy2 − 8x− 2)z2 + 4xyz3 + 8x2z4
.

Proof . We have

+∞∑
n=0

Gjn(x)Tn(y)z
n =

4− i+ ((y + 6xy)i− (8xy + 2y))z

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4

+
((4xy2 − 6x− 1)i+ (8x− 16xy2 + 2y))z2

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4

+
(4xy − i(8x2y + 2xy))z3

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4
, (see [9]).
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Then, we can see that

+∞∑
n=0

Gjn(x)vn(y)z
n = 2

+∞∑
n=0

Gjn(x)Tn(
y

2
)zn

=
24− i+ ((y

2
+ 3xy)i− (4xy + y))z

2− 2yz − (xy2 − 8x− 2)z2 + 2xyz3 + 8x2z4

+
((xy2 − 6x− 1)i+ (8x− 4xy2 + y))z2

2− 2yz − (xy2 − 8x− 2)z2 + 2xyz3 + 8x2z4

+
2(2xy − i(4x2y + xy))z3

2− 2yz − (xy2 − 8x− 2)z2 + 2xyz3 + 8x2z4

=
8− 2i+ ((y + 6xy)i− (8xy + 2y))z

2− 2yz − (xy2 − 8x− 2)z2 + 2xyz3 + 8x2z4

+
((2xy2 − 12x− 2)i+ (16x− 8xy2 + 2y))z2

2− 2yz − (xy2 − 8x− 2)z2 + 2xyz3 + 8x2z4

+
(4xy − 2i(4x2y + xy))z3

2− 2yz − (xy2 − 8x− 2)z2 + 2xyz3 + 8x2z4
.

This completes the proof. □

Proposition 4.25. For n ∈ N, the new generating function of the product of Gaussian Jacobsthal
Lucas polynomials with Vieta Pell polynomials tn+1(y) is given by

+∞∑
n=0

Gjn(x)tn+1(y)z
n =

4− i+ ((8xy + 2y)i− 4y)z + ((8x+ 2)− i(6x+ 1))z2

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4
.

Proof . Recall that, we have

+∞∑
n=0

Gjn(x)Un(y)z
n =

4− i+ ((8xy + 2y)i− 4y)z + ((8x+ 2)− i(6x+ 1))z2

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4
(see [9]),

and according the relationship (1.3), we get

+∞∑
n=0

Gjn(x)tn+1(y)z
n =

4− i+ ((8xy + 2y)i− 4y)z + ((8x+ 2)− i(6x+ 1))z2

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4
.

This completes the proof. □

Proposition 4.26. For n ∈ N, the new generating function of the product of Gaussian Jacobsthal
Lucas polynomials with Vieta Pell Lucas polynomials is given by

+∞∑
n=0

Gjn(x)sn(y)z
n =

8− 2i+ ((2y + 12xy)i− (16xy + 4y))z

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4

+
((8xy2 − 12x− 2)i+ (16x− 32xy2 + 4y))z2

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4

+
(8xy − 2i(8x2y + 2xy))z3

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4
.
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Proof . Recall that, we have

+∞∑
n=0

Gjn(x)Tn(y)z
n =

4− i+ ((y + 6xy)i− (8xy + 2y))z

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4

+
((4xy2 − 6x− 1)i+ (8x− 16xy2 + 2y))z2

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4

+
(4xy − i(8x2y + 2xy))z3

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4
(see [9]),

and according the relationship (1.2) .
We get

+∞∑
n=0

Gjn(x)sn(y)z
n =

8− 2i+ ((2y + 12xy)i− (16xy + 4y))z

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4

+
((8xy2 − 12x− 2)i+ (16x− 32xy2 + 4y))z2

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4

+
(8xy − 2i(8x2y + 2xy))z3

2− 4yz − (16xy2 − 8x− 2)z2 + 8xyz3 + 8x2z4
.

This completes the proof. □

Theorem 4.27. For n ∈ N, the new generating function of the product of Gaussian Pell polynomials
with Vieta Fibonacci polynomials Vn+1 (y) is given by

+∞∑
n=0

GPn (x)Vn+1 (y) z
n =

i+ (y − 2ixy) z + (i (1 + 4x2)− 2x) z2

1− 2xyz − (y2 − 4x2 − 2) z2 + 2xyz3 + z4
.

Proof . By [9], we have

+∞∑
n=0

GPn (x)Un (y) z
n =

i+ (2y − 4ixy) z + (i (1 + 4x2)− 2x) z2

1− 4xyz − (4 (y2 − x2)− 2) z2 + 4xyz3 + z4
.

We use the change of variable y = y
2
and by relation (1.4) , we get

+∞∑
n=0

GPn (x)Vn+1 (y) z
n =

+∞∑
n=0

GPn (x)Un

(y
2

)
zn

=
i+ (y − 2ixy) z + (i (1 + 4x2)− 2x) z2

1− 2xyz − (y2 − 4x2 − 2) z2 + 2xyz3 + z4
.

This completes the proof. □

Theorem 4.28. For n ∈ N, the new generating function of the product of Gaussian Pell polynomials
with Vieta Lucas polynomials is given by

+∞∑
n=0

GPn(x)vn(y)z
n =

2i+ (y − 4ixy)z + ((8x2 − y2 + 2)i− 4x)z2 + (2ixy − y)z3

1− 2xyz − (y2 − 4x2 − 2)z2 + 2xyz3 + z4
.
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Proof . We have

+∞∑
n=0

GPn(x)Tn(y)z
n =

i+ (y − 4ixy)z + ((4x2 − 2y2 + 1)i− 2x)z2 + (2ixy − y)z3

1− 4xyz − (4(y2 − x2)− 2)z2 + 4xyz3 + z4
, (see [9]).

Then, we can see that

+∞∑
n=0

GPn(x)vn(y)z
n = 2

+∞∑
n=0

GPn(x)Tn(
y

2
)zn

=
2
(
i+ (y

2
− 2ixy)z + ((4x2 − y2

2
+ 1)i− 2x)z2 + (ixy − y

2
)z3

)
1− 2xyz − (y2 − 4x2 − 2)z2 + 2xyz3 + z4

=
2i+ (y − 4ixy)z + ((8x2 − y2 + 2)i− 4x)z2 + (2ixy − y)z3

1− 2xyz − (y2 − 4x2 − 2)z2 + 2xyz3 + z4
.

The proof is completed. □

Proposition 4.29. For n ∈ N, the new generating function of the product of Gaussian Pell polyno-
mials with Vieta Pell polynomials tn+1(y) is given by

+∞∑
n=0

GPn(x)tn+1(y)z
n =

i+ (2y − 4ixy)z + (i(1 + 4x2)− 2x)z2

1− 4xyz − (4(y2 − x2)− 2)z2 + 4xyz3 + z4
.

Proof . Recall that, we have

+∞∑
n=0

GPn(x)Un(y)z
n =

i+ (2y − 4ixy)z + (i(1 + 4x2)− 2x)z2

1− 4xyz − (4(y2 − x2)− 2)z2 + 4xyz3 + z4
(see [9]),

and according the relationship (1.3), we get

+∞∑
n=0

GPn(x)tn+1(y)z
n =

i+ (2y − 4ixy)z + (i(1 + 4x2)− 2x)z2

1− 4xyz − (4(y2 − x2)− 2)z2 + 4xyz3 + z4
.

This completes the proof. □

Proposition 4.30. For n ∈ N, the new generating function of the product of Gaussian Pell polyno-
mials with Vieta Pell Lucas polynomials is given by

+∞∑
n=0

GPn(x)sn(y)z
n =

2i+ (2y − 8ixy)z + ((8x2 − 4y2 + 2)i− 4x)z2 + (4ixy − 2y)z3

1− 4xyz − (4(y2 − x2)− 2)z2 + 4xyz3 + z4
.

Proof . Recall that, we have

+∞∑
n=0

GPn(x)Tn(y)z
n =

i+ (y − 4ixy)z + ((4x2 − 2y2 + 1)i− 2x)z2 + (2ixy − y)z3

1− 4xyz − (4(y2 − x2)− 2)z2 + 4xyz3 + z4
(see[9]),

and according the relationship (1.2), we get

+∞∑
n=0

GPn(x)sn(y)z
n =

2i+ (2y − 8ixy)z + ((8x2 − 4y2 + 2)i− 4x)z2 + (4ixy − 2y)z3

1− 4xyz − (4(y2 − x2)− 2)z2 + 4xyz3 + z4
.

This completes the proof. □
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5. Conclusion

In this paper, by making use of the relation between Vieta polynomials and Chebyshev poly-
nomials, we have derived some new generating functions of the products of Vieta Fibonacci and
Vieta Lucas polynomials, Vieta Pell and Vieta Pell Lucas polynomials. and the products of Vieta
polynomials with Gaussian numbers and polynomials.
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