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Abstract

In the present paper, we introduce the recurrence relations of Vieta Fibonacci, Vieta Lucas, Vieta
Pell and Vieta Pell Lucas polynomials. We obtain the generating functions of these polynomials,
then we give the new generating functions of the products of these polynomials and the products of
these polynomials with Gaussian numbers and polynomials. These results are based on the relation
between Vieta polynomials and Chebyshev polynomials of first and second kinds.
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1. Introduction

In [5], Horadam consider the Vieta Fibonacci polynomials and Vieta Lucas polynomials which are
defined by the following recurrence relations:

Vo(z) =2V, 1 (x) = Vo(x), Vn > 2
Lo ’

and
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respectively.
Vieta Pell polynomials and Vieta Pell Lucas polynomials are defined in [6] by the following
recurrence relations:

to(z) = 20t 1 (x) — th_o(x), Vn > 2
{ to(z) =0,t1(x) =1 ’

and

so(x) =2, 81(x) = 2. ’
respectively.

Chebyshev polynomials are a sequence of orthogonal polynomials which can be defined recursively.
Recall that the n th Chebyshev polynomials of the first and second kinds are denoted by (7,,(z))nen
and (Uy(x)),,cn, respectively.

The Chebyshev polynomials of the first kind (7,,())nen is given either by the generating function
(see []):

fT()” 1 -2z
n\X)2 = —(——,
— 1—2xz+ 22

or by the recurrence relation

The Chebyshev polynomials of the second kind (U, (z)),cy are given either by the generating
function (see [4]):

- 1 —2xz + 22’

00 1
Z Up(x)z"
n=0

or by the recurrence relation

Up(x) = 22U, _1(x) — Up_2(x), Yn > 2
{ Up(xz) =1, Uy(z) =2z '

It is well known that the Chebyshev polynomials of the first and second kinds are closely related
to Vieta Fibonacci and Vieta Lucas polynomials, Vieta Pell and Vieta Pell Lucas polynomials. So,
in [I9] Vitula and Slota redefined Vieta polynomials as modified Chebyshev polynomials.

Corollary 1.1. [8, [7, [6] For n € N, the related features of Vieta and Chebyshev polynomials are
given as

onl() = 2Tn(%x). (1.1)
sp(x) = 2T, (x). (1.2)
b (2) = Un(2). (1.3)
Vi () = Un(2). (1.4)

2
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The characteristic equation of the Vieta Pell and Vieta Pell Lucas polynomials is
N —2zA+1=0. (1.5)

Let « and 8 be the roots of the characteristic equation (1.5). « and § satisfy the following
equations

a+B=2x, af=1, a—=2vVz2—1.

Using the standart tecniques, we have the Binet’s formulas of (,(x)), oy and (s,(z)),,cy Polyno-
mials as

a — Bn
tn = T4
@="=5
and
sp(x) =™ + ",
respectively.

The authors in [I3] are calculated the generating functions of the products of Gaussian numbers
with Chebyshev polynomials of first and second kinds.

In [9], the authors are calculated the generating functions of the products of Gaussian polynomi-
als with Chebyshev polynomials of first and second kinds.

In the papers [I], 2], second-order linear recurrence sequence (Uy,(a,b;p,q))n>0 or briefly (U,)n>o0
is considered by the recurrence relation:

Un+2 = pUn+1 + qUn7 vn > 07

with the initial conditions Uy = a and U; = b, special cases are listed in the Table below:

a b plq| (Un)nso Gaussian numbers

i 1 11| (GFE,)n>0 Gaussian Fibonacci numbers
2—i | 14+2i|1|1|(GLy)n>0 Gaussian Lucas numbers

5 1 12| (GJn)n>o Gaussian Jacobsthal numbers
2—2 | 1+24|1]2 (GJn)n>0 | Gaussian Jacobsthal Lucas numbers

) 1 21| (GPy)n>o Gaussian Pell numbers
2—20 242 |2|1](GQn)n>o Gaussian Pell Lucas numbers

Table 1. The Gaussian numbers.

The Gaussian Jacobsthal and Gaussian Jacobsthal Lucas polynomials (G J,()),,cn and (GJn()),,cn
are defined and studied by authors [I5]. They give generating functions, Binet’s formulas, explicit
formulas, () matrix, determinantal representations and partial derivation of these polynomials.

The Gaussian Pell polynomials, say (G P, (2))nen, is defined in [I8] recurrently by

GP,(x) =22GP, 1(z) + GP, 3(x), Yn>2

It is note that we have an important relation between Gaussian Pell polynomials and usual Pell
polynomials as follows.

GPn(x) = Pn,1($) + iPn,2($), Vn 2 2.
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2. Generating Functions of Vieta Polynomials
In this section, we calculate the generating functions of Vieta polynomials.
Theorem 2.1. For n € N, the generating function of Vieta Fibonacci polynomials is given by
= z
; Vol(z)2" = [l

Proof . We have

+o0 1
U, "= .
nZ:O ()2 1 —2xz + 22
From which it follows .
z
U,_ "=
; 1(w)2 1 — 22+ 22

According to the relationship ((1.4)), we obtain

“+o0 —+o0o

1 z z
V. "= U,_1(=2)z" = = .
% (x)2 2 1(2x)z 1-2(5)z+2%2 1—a2z+422

The proof is completed. [J

Theorem 2.2. For n € N, the generating function of Vieta Lucas polynomials is given by

oo
n 2—uaz
E Up(x)2" = S
- l—2z+2
Proof . We have .

o 1 o
ST () = L
o 1 —2xz+ %

According to the relationship ((1.1]), we obtain

+o0

+oo
1 1— 2, 2—x2
E v ()2 nE:o (Qx)z (1_2(%)2_1_22) 1 — a2z + 22

n=0

The proof is completed. [

Theorem 2.3. Forn € N, the generating function of Vieta Pell polynomials is given by

< z
2 (0" = Ty
Proof . We have .
Z Up-1(z)z" ©
n=0

— T 1-2zz+ 22
Then, according to the relationship ([1.3]), we obtain

+oo +o0
z
tn "= U,_ " —_—
;} ()2 nzo 1(@)2 1 —2x2 + 22

This completes the proof. [J
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Theorem 2.4. For n € N, the generating function of Vieta Pell Lucas polynomials is given by

fs (2) 2" = 2 —2xz
il 1 —2xz+ 22

Proof . We have
sp(x) = 2T, (x).

From which it follows

- 1—2xz + 22

o= o= 2—2xz
Z Sp(x)2" =2 Z T, (z)z"
n=0 n=0

The proof is completed. [J

3. Generating Functions of the Products of Vieta Polynomials

In this section, we calculate the new generating functions of the products of Vieta polynomials
by using the related features of Vieta and Chebyshev polynomials, we have the following results.

Theorem 3.1. Forn € N, the new generating function of the product of Vieta Fibonacci polynomials
s given by

+o00 s 23
Va(x)Vo(y)2" = .
nz:% (#)Valy)2 1 —zyz+ (22 +y? — 2)22 —zyz3 + 24

Proof . We have

1— 22

1o dryz + (4o + 4y? — 2)22 — day23 + 24

+o0

> Un(@)Un(y)2" (see [3]).
n=0

From which it follows

+oo 3

zZ—Zz
Un—1(2)Up-1(y)2" = '
TLZ:O l(x) 1(y)Z 1— 41)y2 + (41‘2 + 4y2 — 2)22 — 4.Ty23 + Z4

Then, according to the relationship ([1.4)), we obtain

+00 +o00
n z Y\ n
ZVn(x)Vn(y)z = ZUR—I(E)Un—1(§)Z
n=0 n=0
B z— 23
T TG0 @ - 0)E AR T A
3
z—z

1—ayz+ (22 +y? — 2)22 — xy2d + 24
This completes the proof. [1

Theorem 3.2. Forn € N, the new generating function of the product of Vieta Lucas polynomials is

given by
= . 4 —3zyz+ (227 + 2y* — 4)2% — zy2?
> n(@)va(y)z" =

— ol —ayz+ (224 y? —2)22 — zyd + 2t
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Proof . We have

1 —3zyz + (222 + 2y — 1)2% — ay2?

+oo
T, ()T, (y) 2" = , 30).
; () Tn(y)2 1 —dzyz + (422 + 4y? — 2)22 — 4dzyz3 + 2* (see [3))
Then
R R 1 1
> wn= = Y (250) (2nGgn)
n=0 n=0
<, 1 1
= 4 Z Tn(éx)Tn(éy)z"

=33 B =+eE) +2(1)° -2 - (3) () #]
L4 (5) () 2+ (1(5) +4(3) 222 —4(5) (§) 2+ =1
4 — 3zyz + (2% + 2y — 4)2? — zy2?
1 —xyz + (22 4+ y? — 2)22 — xyz® + 24

This completes the proof. [

Proposition 3.3. For n € N, the new generating function of the product of Vieta Pell polynomials
18 given by
z—23

+0o0
to(2)t, n— .
; (@)tn(y)z 1 —dayz + (42 + 4y? — 2)22 — doyz3 + 24

Proof . Recall that, we have

2—23

1 dryz + (4o + 4y? — 2)22 — doy23 + 2

> Unoa (@)U (y)2"

and according the relationship ((1.3)), we get

Z—Z3

1 dryz + (422 + 4y? — 2)22 — doyzd + 24

+o0
Z tn (x)tn(y)z”

This completes the proof. []

Theorem 3.4. For n € N, the new generating function of the product of Vieta Pell Lucas polyno-
mials is given by

% " 4 —12zyz + (822 + 8y* — 4)2? — dayz?
Z sn()sn(y) 2" = 2 2 2 3 4
— 1 —dzyz + (422 + 4y? — 2)22 — dzyz3 + 2

Proof . We have s, (z) = 27, (z), then

—+00

S sn(@salv)” = 3 L) CTaly) 2" = 43 Tu(e)Tuly)=",

n=0
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X 1 —3zyz + (222 + 2y? — 1)2? — zy2?
T, ()T, (y) 2" = , 30).
nZ% (#)Tnly)= 1 —dxyz + (422 + 4y? — 2)2%2 — dayz3 4 24 (see [31)
Therefore
o3 " 4 —12zyz + (82 + 8y* — 4)2% — 4xy23
an(x)sn(y)z = 1_4 Ar2 1+ 4q2 — 2 _ Y 3 4
— xyz + (422 + 4y? — 2)z Tyz® + 2

This completes the proof. [J
4. Generating Functions of the Products of Vieta Polynomials with Gaussian Numbers
and Polynomials

In this part, we now derive the new generating functions of the products of Vieta polynomials
with Gaussian numbers and polynomials.

Theorem 4.1. Forn € N, the new generating function of the product of Gaussian Fibonacci numbers
with Vieta Lucas polynomials is given by

f CF,u(a) = Ar (1= 2eet (=) = 928 = (L = o’
n=0 1 —xz+4 (3 —22)22 + 223+ 24

Proof . We know that

+oo . . . .
i+ (1—20)zz+ (2i(1 —2?) —1)2% — (1 —4)z2?
GF,T,(z)2" = , 3).
;% (z)z 1 —2xz + (3 —422)22 4 2223 + 24 (see [13])
From which it follows
+oo +o0
Z GF,o,(x)2" = 2 Z GF,T,(=)z"
n=0 n=0

2 (i (1= 20) (3) 2+ (201 = (3)) = D=2 = (1-4) (5) *)
1l —zz+ (3—a2)22 +x23 4 24
2+ (1 —2i)zz+ (i (4 — 2%) — 2)2% — (1 —i)xz?
l—xz+ (3—a2)22+ 1223+ 24 '

The proof is completed. [J

Proposition 4.2. For n € N, the new generating function of the product of Gaussian Fibonacci
numbers with Vieta Pell polynomials t,1(x) is given by

021 —d)xz 4 (20— 1)27
1 =222+ (3 — 432)22 4 2123 + 24

+oo
Z GFutn1(x)z"
n=0
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Proof . Recall that, we have

—+00 . . .
i+ 2(1 —d)zz + (20 — 1)22
GF,U, "=
Z (x)2 1 —2zz+4 (3 —42?)22 + 2223 4 24

n=0

and according the relationship ((1.3)), we get

(see [13]),

2(1 — 21 —1
GEty oy (2)2" = i+2(1—d)zz+ (20— 1)z .
Z 1 —2zz+ (3 —42?)22 + 2223 + 24

The proof is completed. [J

Theorem 4.3. Forn € N, the new generating function of the product of Gaussian Fibonacci numbers
with Vieta Pell Lucas polynomials is given by

*i P, (2)2" = 2+ 2(1 — 2i)wz + (4i(1 —2932)2— 2)22 — 2(;1 —i)zz®
ot 1—2xz+ (3—422)22 + 2223 4 2
Proof . By using the relationship ((1.2) , we obtain
400 +oo
Z GFusn(z)z" = 2 Z GF,T,(r)z
n=0 =0

201+ (1 —20)zz + (2i(1 —2?) — 1)22 — (1 —4)z2?)
1 —2xz 4 (3 —422)2% 4 2223 + 2*

20+ 2(1 — 20)zz + (4i(1 — 2%) — 2)2% — 2(1 — 4)z2?
1 —2xz + (3 — 422)22 + 2223 + 24 '

The proof is completed. [J

Theorem 4.4. For n € N, the new generating function of the product of Gaussian Lucas numbers
with Vieta Lucas polynomials is given by

f GLyv,(x)2" = 4 =20+ (4i = 3)zz 4 (6 — 22% +i(z® — 8))2* + (1 — 3i)x2®
l—2z+ (3—22)22 + 2234 24

Proof . We have

n 2—i4(4i—3)zz+ (3 —4a? 4 2i(2® — 2))2* + (1 — 3i)az?

GL,T,(z)=" = , .
; (x)2 1 —2xz + (3 —422)2% + 2223 + 24 (see [L3])

We see that

+00 +oo
Z GLyv,(x)2" = 2 Z GL,T,(=)z
n=0 n=0

2[2—z+(4z—3)( )24 (3= 2%+ 2i(2 — 2))22 + (1 — 30) (2) 3]
l—zz+ (3—a2)22+ 223+ 24
4—2i+ (4i —3)zz+ (6 — 22% +i(z* — 8))2% + (1 — 3i)xz?
1—az+ (3—a2)22 4+ a23 + 24

The proof is completed. [J
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Proposition 4.5. Forn € N, the new generating function of the product of Gaussian Lucas numbers
with Vieta Pell polynomials t,,1(x) is given by

22— i+2(3i— L)zz + (3 — 4i)2?
1 - 2wz 4 (3 —422)22 + 2223 + 24

+oo
Z GLpty1(x)2"
n=0

Proof . Recall that, we have

22— +2(3i— 1)zz 4 (3 — 4i)2?
1= 22+ (3 — 422)22 + 2223 + 24

> GL.U(2)2" (see [13]),

and according to the relationship (1.3]), we get

2—i+2(3i— L)zz 4 (3 — 4i)2?
1 - 2wz 4 (3 — 422)22 + 2223 + 24

+oo
Z GLpty1(x)2"
n=0

This completes the proof. [J

Proposition 4.6. Forn € N, the new generating function of the product of Gaussian Lucas numbers
with Vieta Pell Lucas polynomials is given by

o3 L4 — 2+ (8i— 6)xz + (6 — 822 + 4i(2% — 2))22 + (2 — 6i)a23
ZGL”S”(x)Z - 2),2 3 A :
— 1 —2xz+4 (3 —422)22 4+ 2223 + 2

Proof . Recall that, we have

C2—i+ (4 —3)xz+ (3 — 42?4 2i(2* — 2))2* 4 (1 — 3i)z2?
B 1 —2xz 4 (3 —422)22 4 2223 + 2*

+oo
> GL,T,(x)2" (see [13]),

and according to the relationship (1.2)), we get

_ 4—2i4 (8 — 6)zz + (6 — 82® + 4i(a? — 2))2* + (2 — 61)z2?
B 1 —2xz+ (3 —422)22 + 2223 + 2* '

+00
Z GL,sn(z)z"
n=0

This completes the proof. [J

Theorem 4.7. For n € N, the new generating function of the product of Gaussian Jacobsthal num-
bers with Vieta Lucas polynomials 1s given by

204 (2= 3d)xz — 4(4x +i(2+ 2z + 2?)) 2 — 4(2 — )P
B 2 — 2xz + (10 — 422)22 4 2223 4 824 '

+oo
Z GJpv,(z)2"
n=0

Proof . We know that

i+ (2 —3i)zz — 4(dx +i(1 + 22 + 222))2? — 4(2 — i)x23
2 —dxz + (10 — 1622)22 + 423 + 824

> GJ T (z)2" = , (see [13]).
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Then
+00 +o0 T
GJ,o, ()" = 2 GJ, T, (=)z"
; (x) ; (3)

2 (i (2-30) (5) 2 — 44 (3) + i1+ o +2(3)")22 - 42 - 1) (3) &)
2 —2xz + (10 — 422)22 + 2223 + 824
20+ (2 = 3i)rz — 4(dx 4+ i(2 + 22 + 22)) 2% — 4(2 — i)z2?
2 —2xz + (10 — 422)22 + 2223 + 824 '

The proof is completed. [

Proposition 4.8. For n € N, the new generating function of the product of Gaussian Jacobsthal
numbers with Vieta Pell polynomials t,1(x) is given by

2(2 — 31— 2
> Gl = 2O L B2
e 2 —4dxz + (10 — 1622)22 + 4223 + 82
Proof . B ferred 13 h ) GJ,U, n _— i+2(2—i)z2+(3i—2)22 db i h
roof . By referred to [13], we have z—:o WUn ()2 = T Ies (10 16.7):2 115,551 and by using the
relationship (|1.3),we get
+oo . . .
2(2 — 30— 2)2°2
> Gl = 2O L B2
e 2 —4dxz + (10 — 1622)22 + 4223 + 82

The proof is completed. [

Proposition 4.9. For n € N, the new generating function of the product of Gaussian Jacobsthal
numbers with Vieta Pell Lucas polynomials is given by

20+ (4—6i)xz — 8(4w +i(1 + 2z + 22°))2° — 8(2 — i)x2®
B 2 — 4z + (10 — 1622)22 + 423 4 824 '

+o0
Z GJnsp(x)2"
n=0

Proof . By referred to [13], we have

i+ (2= 3z — 44 4 i(1 4 20 + 22%)) 2 — 4(2 — i)z2?
B 2 —4dzxz + (10 — 1622)22 + 423 4 824 ’

+00
Z GJ.T,(x)z"
n=0

and by using the relationship ((1.2)), we get

24 (4 —61)xz — 8(dx + (1 4 2z + 22%))2* — 8(2 — i)z2®
B 2 —4dxz + (10 — 1622)22 + 4xz3 + 82* '

+o0o
Z GJpsn(z)2"
n=0

The proof is completed. [

Theorem 4.10. Forn € N, the new generating function of the product of Gaussian Jacobsthal Lucas
numbers with Vieta Lucas polynomaials is given by

_ 8—2i46(i — 1)zz +2((10 — 42°) +i(a? — 7))2° + 2(2 — 5i)z2?

+oo
G.n n "
; Jnvn(z)2 2 —2xz+ (10 — 422)22 + 2223 + 824
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Proof . By [13], we have

f T ()" 4—i+6(i—1)zz—+ ((10 — 1622) 4 i(422 — 7))2% + 2(2 — 5i)x2>
nin Z =
J 2 —dxz + (10 — 1622)22 + 423 + 824

Then, we can see that

“+o00 “+00
Gjion(x)z" = 2 Gi.1.(=)z
> Gl > GiT(3)

24 —i430 — Dzz+ ((10 — 42?) + i(2® — 7))z* + (2 — 5i)xz?)
2 —2xz + (10 — 422)22 + 2223 4 82*

8 —2i+6(i — 1wz + 2((10 — 42?) + i(z? — 7)) 2% + 2(2 — 5i)x2?
2 —2xz + (10 — 422)22 + 2223 + 824

This completes the proof. [J

Proposition 4.11. For n € N, the new generating function of the product of Gaussian Jacobsthal
Lucas numbers with Vieta Pell polynomials t,1(x) is given by

i’fG. 4 —i+2(5i — 2z + (10 — 7i)2?
nln z = .
Intnid 2 —dxz + (10 — 1622)22 + 423 + 824

Proof . Recall that, we have

i"G.U L A—i+2(5i — 2wz + (10 — 7i)2?
Jnn © 2 — 4wz + (10 — 1622)22 + 4123 + 824

(see [13]) and according the relationship ([1.3), we get

i"G.t 4 — i+ 2(5i — 2wz + (10 — Ti)2?
nln z = .
nfnid 2 —4dxz + (10 — 1622)22 + 423 + 824

This completes the proof. [J

Proposition 4.12. For n € N, the new generating functions of the product of Gaussian Jacobsthal
Lucas numbers with Vieta Pell Lucas polynomials is given by
f o L8 —2i+12(i — 1)zz + 2((10 — 1622) + (422 — 7))2% + 4(2 — 5i)z2?
nSn z =
J 2 —dxz + (10 — 1622)22 + 423 + 824

Proof . Recall that, we have

| 4 — i+ 6(i — az + ((10 — 162°) +i(da® — 7)) +2(2 — 5i)az"
GjuTo(2)2" = .
"; p: 2 — 4wz + (10 — 162%)2% + 4229 + 824 (see [13])

and according the relationship ((1.2)), we get

f G L 8 —=2i+12(1 — 1)xz + 2((10 — 1622) +i(42? — 7)) 2% + 4(2 — 5i)z 23
nSn z =
J 2 —dxz+ (10 — 1622)22 + 423 4 824

This completes the proof. [J
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Theorem 4.13. For n € N, the new generating function of the product of Gaussian Pell numbers
with Vieta Lucas polynomials is given by

<= % + (1 — 4i)zz 4 (i(10 — 22) — 4)2% + (20 — 1)x23
ZGP Un, = )
1 =222+ (6 — 22)22 + 2223 + 24

Proof . By [13], we have

i+ (1 —4i)xz + (i(5 —22%) — 2)22 + (20 — 1)xz?
1 —4dxz+ (6 — 422)22 + 4az3 + 24 '

+oo
Z GP,T,(z)z" =
n=0
Then, we can see that
+00 +oo T
GP,v,(x)z" = 2 GP,T,(=)z"
nZ_() (z) HZ:O (5)

2(i+(1-4) (3) 2+ (152 (3)) =22 + (2 = 1) (3) &)
1 =222+ (6 —22)22 + 2223 4 24
2+ (1 —4i)zz + (1(10 — 2%) — 4)2% + (20 — 1)x23
1 —2xz+ (6 — 22)22 + 2223 + 2* '

This completes the proof. [

Proposition 4.14. Forn € N, the new generating function of the product of Gaussian Pell numbers
with Vieta Pell polynomials t,,1(x) is given by

2(1 -2 o1 — 2
GPut sy ()27 = i+ 2( z)a:z2~|—2( i )?)z N
Zn—o 1 —dxz+ (6 —422)22 + da23 + 2

Proof . Recall that, we have

+oo . . .
i+ 2(1 — 2i)xz + (5i — 2)22
GP,U,(z)z" =
Z (x)2 1 —dxz+ (6 —422)22 4 4da23 + 24

n=0

(see [13]),

and according the relationship ((1.3)), we get

20— 20z + (50— 2)2?
1 —daz + (6 — 422)22 + w23 + 24

“+o00
Z GPuty1(x)z"
n=0

This completes the proof. [

Proposition 4.15. Forn € N, the new generating function of the product of Gaussian Pell numbers
with Vieta Pell Lucas polynomaials is given by

io GPysy(a)er — 220 4i)ee £ (10— 4a) — )27 + (4 = )
et 1 —dxz + (6 —422)22 + 4223 + 2
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Proof . Recall that, we have

+o00 . . . .
i+ (1 —4d)zz + (i(5 — 22?) — 2)2% + (20 — 1)x23
GP,T,(1)2" — 13)),
; (x)2 1 —4dxz + (6 — 422)22 + 4223 + 24 (see {13])
and according the relationship ((1.2)), we get
<= 20+ 2(1 — 4i)az + (i(10 — 4a?) — 4)2% + (40 — 2)x2®

Z GP,s,(z)z"

n=0

1 —4dazz+ (6 —42?)22 + 4x23 + 24
This completes the proof. [1

Theorem 4.16. For n € N, the new generating function of the product of Gaussian Pell Lucas
numbers with Vieta Lucas polynomaials is given by

i" GO, (2" = 41— i) + (100 — 6)zz + (12 — 222 + 2i(2? — 14))2% + (2 — 6i)z2?
ntnlP)e = 1— 212+ (6 — 22)22 + 2123 + 24 '

n=0

Proof . By referred to [13], we have

f GO ()2 = 2L =)+ (10 = 6wz + (6 - 4x22+ 2‘(4;}52 _314))i2 + (2 6i)zz®
n=0 1 —dxz+ (6 —4a2)22 + 423 + 2
We see that

“+o00 o0
x
GQ,v,(x)z" = 2 GQ,T,(=)z"
nz; Qnon(z) ; QuTn(3)

2(2(1 —4)+ (5 — 3)xz + (6 — 2 + (2 — 14))2* + (1 — 3i)z2?)
1 =222+ (6 —22)22 + 2223 + 24

4(1—1) 4+ (10i — 6)xz + (12 — 222 + 2i(z? — 14))2* + (2 — 6i)z2?
1—2zz2+4 (6 —22)22 + 2223 4 24 '

This completes the proof. [J

Proposition 4.17. For n € N, the new generating function of the product of Gaussian Pell Lucas
numbers with Vieta Pell polynomials t,1(x) is given by

_2—2i+2(60 — 2)xz 4 (6 — 141) 2

1 —daz+ (6 — 422)22 + dw2d + 24

400
> GQutnyi ()"
n=0

Proof . By referred to [13], we have

2204 2(6i — 2wz + (6 — 14i)2?
1 —daz+ (6 — 422)22 + dx23 + 24

+oo
Z GQnU,(x)2"
n=0

and according the relationship ((1.3)), we get

92— 24 2(6i — 2az + (6 — 14i)22
1 —daz+ (6 — 422)22 + dx23 + 24

+oo
> " GQutnyi ()"
n=0

This completes the proof. [J
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Proposition 4.18. For n € N, the new generating function of the product of Gaussian Pell Lucas
numbers with Vieta Pell Lucas polynomials is given by

4(1—14) +2(10i — 6)zz + (12 — 8x2 + 2i(4a® — 14))2* + (4 — 124)z2?
1 —4dzz+ (6 — 422)22 4 daz3 4 24 '

+oo
Z GQpnsp(x)2" =
n=0

Proof . By referred to [I3], we have

2(1 —4) + (100 — 6)zz + (6 — 42* + (42 — 14))2* + (2 — 64)z2>

+oo
G nln "= )
nz% QnTnlr)z 1 —4dxz + (6 — 422)22 + 4a23 + 24

and according the relationship ((1.2)), we get

f‘i G5, (2)7" 4(1 = 0) + 2(10i — 6)zz + (12 — 822 + 2i(4a® — 14))22 + (4 — 12i)x2
nSnlx)2z" = .
1 —4dzz+ (6 — 422)22 4+ 4daz3 4 24

n=0

This completes the proof. [J

Theorem 4.19. For n € N, the new generating function of the product of Gaussian Jacobsthal
polynomials with Vieta Fibonacci polynomials V11 (y) is given by

- i+ 2y —iy)z+ (2x+1)i —2) 2
02— 2yz — (4wy? — Sz — 2) 22 + 4wy 4 Sa224

+00
Z GJn (x) Vn+1 (y) 2"
n=0

Proof . By [9], we have

B i+ (dy — 2iy) 2 + (22 + 1) i — 2) 22
© 2 —dyz — (162y? — 8z — 2) 22 + Swyz3 + Sx2z4

+oo
Y G () Un(y) 2"
n=0

We use the change of variable y = £ and by relation (1.4]), we get

:Z:GJH () Va1 (y) 2" = :Z:)GJ” (x) U, (g) "

i+ Qy—iy)z+ ((2x+1)i—2)22
2 —2yz — (doy? — 8x — 2) 22 + dwyz3 + 8x2z%

This completes the proof. [J

Theorem 4.20. For n € N, the new generating function of the product of Gaussian Jacobsthal
polynomaals with Vieta Lucas polynomials is given by

204 (2 20)yz + (24 4o — 22y7)i — 4)2° + (20 — 4)xy2®
N 2 —2yz — (4xy? — 8x — 2)22 + dayz3 + 8x22* '

+o0o
Z GJp(x)v,(y)2"
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Proof . By referred to [9], we have

+o0o . . 9 - 9 . 5
o 2 =20)yz+ (1422 — 4oy®)t — 2)2° + (20 — 4)xyz
E GJn ()T, (y)2" = (2 4) (( : )2 ) ’ ( : 4) ‘
n=0 — 4dyz — (162y? — 8z — 2)2% + 8zxyz3 + 8x2z
We see that

N Gu(@)vay)e" = QZGJn(x)Tn(g)zn

2(0+(2-20) (%) 2+ (14 2z — ay?)i — 2)22 + (20 — D)z (1) 2°)
2 —2yz — (doy? — 8x — 2)22 + dwyz® + 8x224
20+ (2 — 2i)yz + ((2 + 4o — 22y?)i — 4)2% + (20 — 4)zy2?
2 — 2yz — (doxy? — 8x — 2)22% + 4ayz3 + 8224 ’

The proof is completed. [J

Proposition 4.21. For n € N, the new generating function of the product of Gaussian Jacobsthal
polynomials with Vieta Pell polynomials t,.1(y) is given by

B i+ (4 —20)yz+ ((2z + 1)i — 2)2?
2 —dyz — (162y? — 8z — 2)22 + 8xyz3 + 8x2z4

+0o0
Y G(@)tnia(y)="
n=0

Proof . Recall that, we have

B i+ (4 —20)yz+ ((2z + 1)i — 2)2?
2 —dyz — (162y? — 8z — 2)22 + 8xyz3 + Sx2zt

> Ga(x)Un(y)2" (see [9]),

and according the relationship ((1.3)), we get

_ i+ (4 —20)yz+ ((2z + 1)i — 2)2?
T2 —dyz — (162y? — 8z — 2)22 + 8xyz3 + 8wzt

+o0o
Z GJn(2)tn g (y)2"
n=0

This completes the proof. [

Proposition 4.22. For n € N, the new generating function of the product of Gaussian Jacobsthal
polynomials with Vieta Pell Lucas polynomials is given by

2+ (4 —di)yz + (24 4o — 8xy?)i — 4)2° + (4i — 8)ay2?

N 2 —4dyz — (162y? — 8z — 2)22 + 8wyz3 + 8x2z*

Z GJp(x)sn(y)2"

Proof . Recall that, we have

i+ (2= 20)yz+ (14 22 — day®)i — 2)2% + (20 — 4)ayz3
2 —4dyz — (162y? — 8z — 2)22 + 8xyz® + 8x224

> G ()T (y)2" = (see [9]),

and according the relationship ((1.2)), we get

24 (4 —di)yz + (2 + 4o — 8xy?)i — 4)2* + (4i — 8)xy2®
N 2 —dyz — (16zy? — 8x — 2)22 + 8xyz3 + 8x22?

Z GJp(x)sn(y)z"

This completes the proof. [J
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Theorem 4.23. Forn € N, the new generating function of the product of Gaussian Jacobsthal Lucas
polynomials with Vieta Fibonacci polynomials V11 (y) is given by

*fG. )V, ()Zn_4—@'—1—((4xy+y)i—2y)z+((8x+2)—i(6x+1))z2
gt In n+1 \Y - 2—2yz—(4xy2—8$—2)22+4xyz3+8x224

Proof . By [9], we have

4—i+(8zy+2y)i—4y)z+ ((8z+2) —i(6x+ 1)) 22
2 —4yz — (162y? — 8x — 2) 22 + 8xyz3 + 8224

S G (@) Us (y) 2" =

We use the change of variable y = § and by relationship (L.4) , we get

:Z:Gjn (@) Vs (y) 2" = :Z:Gjn () U, (%) o

4—i+ ((dzy+y)i—2y)z+ ((8z+2) — i (6z + 1)) 22
2 —2yz — (4xy? — 8x — 2) 22 + dxyz3 + 8224

This completes the proof. [J

Theorem 4.24. Forn € N, the new generating function of the product of Gaussian Jacobsthal Lucas
polynomaals with Vieta Lucas polynomials is given by

+00 ; 1
, 8 —2i+ ((y + 6xy)i — (8xy + 2y))z
G n n "
ano In(x)on(y)z 2 —2yz — (4oxy? — 8x — 2)22 + dayz3 + 8224

((2zy* — 122 — 2)i + (162 — 8xy? + 2y))22
2 —2yz — (4xy? — 8x — 2)22 + 4ayz3 + 8224
(4zy — i(82%y + 2xy)) 23
2 —2yz — (day? — 8x — 2)22 + dwyz3 + 8a22t

Proof . We have

4—i+ ((y+6zy)i — (8zy + 2y))z
2 —dyz — (16zy? — 8x — 2)22% + 8xyz3 + 8x22*
((4zy? — 62 — 1)i + (8 — 16zy? + 2y))2>
2 —dyz — (16zy? — 8x — 2)22% + 8xyz3 + 8x22*
(4xy — i(8z%y + 2xy))23
+2 —4yz — (16xy? — 8x — 2)22 + 8xyz3 + 8x22*’

Z Gin(2)T(y)2" =

(see [9]).
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Then, we can see that

> Gial@)a(y)e" = 2 Gin@)T(5)"

24 — i+ ((4 + 3wy)i — (4oy +y))z
2 —2yz — (zy? — 8x — 2)22% + 2xyz3 + Sa22?
((zy? — 62 — 1)i + (87 — 4day* + y)) 2>
2 —2yz — (zy? — 8x — 2)22% + 2xyz3 + 8224
N 2(2zy — i(42%y + zy)) 2>
2 —2yz — (zy? — 8x — 2)22% + 2xyz3 + Sa22?
8 —2i+ ((y + 6zy)i — (8zy + 2y))=
2 —2yz — (zy? — 8x — 2)22% + 2xyz3 + Sa22?
((2zy* — 122 — 2)i + (162 — 8xy? + 2y))22
2 —2yz — (zy? — 8x — 2)22 + 2xyz3 + 8224
(4zy — 2i(422y + xy)) 23
+2 — 2yz — (xy? — 8x — 2)22 4 2xyz?® + 8x2z4’

This completes the proof. [

Proposition 4.25. For n € N, the new generating function of the product of Gaussian Jacobsthal
Lucas polynomials with Vieta Pell polynomials t,.1(y) is given by

4 — i+ ((8zy +2y)i — 4y)z + ((8z +2) —i(6x + 1))2?
2 —4yz — (162y? — 8x — 2)22 + 8xyz3 + 8x22*

+0o0
Z Gin(T)tni1(y)2" =
n=0

Proof . Recall that, we have

4 —i+ ((8zy +2y)i — 4y)z + ((8z +2) — i(6x + 1))2?
2 —4dyz — (162y? — 8x — 2)2% + 8xyz3 + 8x2z4

+00
S Gnl@)Un(y)2" = (see ),

and according the relationship ((1.3)), we get

4—i+ ((8zy+2y)i —4y)z + ((8x +2) —i(6x + 1))2?
2 —dyz — (16zy? — 8x — 2)22 + 8xyz3 + 8x22*

+0o0
Z Gjn (x)thrl <y>zn =
n=0

This completes the proof. [

Proposition 4.26. For n € N, the new generating function of the product of Gaussian Jacobsthal
Lucas polynomials with Vieta Pell Lucas polynomials is given by

8 — 2i + ((2y + 12zy)i — (16xy + 4y))z
2 —dyz — (162y? — 8z — 2)22 + 8wyz3 + 8x22*
((8zy? — 122 — 2)i + (16 — 32zy? + 4y))2?
2 —dyz — (162y? — 8z — 2)22 + 8wyz3 + 8224
N (8zy — 2i(8z2y + 2xy))2°
2 —dyz — (16zy? — 8z — 2)22 + 8xyz3 + 8wzt

Z Gin(7)s,(y)2"
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Proof . Recall that, we have

o= . 4 —i+ ((y+6xy)i — (8zy + 2y))z
% Gn(@)Tn(y)2" = 2 — 4yz — (16;(342 — 8z >— 2),22 + 8xyz3>>+ 824
((4zy* — 62 — 1)i + (8z — 16zy? + 2y))2*
2 —dyz — (162y? — 8z — 2)22 + 8ryz? + 8x224
(4zy — i(8x%y + 2xy))2>
+2 — 4dyz — (162y? — 8x — 2)2% 4 8xyz3 + 8x224

(see [)),

and according the relationship ((1.2)) .
We get

= . 8 — 2i + ((2y + 122y)i — (162y + 4y))2
nz% Gin(@)snly)=" = 2 — 4yz — (1((SEUy2 — 8x —)2)22(—1- Sxyz3 +))8$224
((8zy* — 122 — 2)i + (162 — 32xy? + 4y)) 2>
2 —dyz — (162y? — 8z — 2)22 + 8wyz3 + 8224
N (8zy — 2i(8z2y + 2xy))2°
2 —dyz — (162y? — 8z — 2)22 + 8xyz3 + 8wzt

This completes the proof. [J

Theorem 4.27. Forn € N, the new generating function of the product of Gaussian Pell polynomials
with Vieta Fibonacci polynomials Vi, 11 (y) is given by

400 . . .
i+ (y — 2izy) 2z + (i (1 + 42?) — 22) 22

g GP, (x)V, "= :

gt () Vasr (v) 2 1—2zyz — (y? — 42?2 — 2) 22 4 22y23 + 24

Proof . By [9], we have

+o0 . . . 2 2
n 1+ 2y —4dizy) 2+ (0 (1 +42*) — 22) 2
ZnO —dayz — (4 (y? — a?) — 2) 22 + dayz3 + 2

We use the change of variable y = § and by relation (1.4) , we get

400 400
Z GP, () Voyq (y) 2" = Z GP, (z)U, (%) 2"

i+ (y — 2izy) 2 + (i (1 + 42?) — 2x) 22
1 —2zyz — (y2 — 42?2 — 2) 22 + 2ay23 + 24

This completes the proof. [J

Theorem 4.28. Forn € N, the new generating function of the product of Gaussian Pell polynomials
with Vieta Lucas polynomials is given by

+oo . . . .

. 20+ (y— dizy)z + (822 — y? + 2)i — 4x)2% + (2ixy — y)2*°
Z GPn(LU)Un(y)Z = 1 2 2 4 2 2 2 2 3 4 :
n=0 —ZUyZ—(y—JS—)z—l—xyz +z
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Proof . We have

ZGP + (y = dizy)e + (407 = 2" + )i = 20)2" + Qiay =)= gy

1 —dxyz — (4(y? — 22) — 2)22 + 4dayz3 4 24

Then, we can see that

ZGPn(x)vn(y)z” = QZGPn(x)T =

2 <z + (4 — 2izy)z + ((42® — % +1)i — 2x)2% + (iwy — %)z?’)
1 —2xyz — (y? — 422 — 2)22 + 20y23 4 24
2+ (y — dizy)z + ((82% — y?* + 2)i — 4x)2? + (2ixy — y)2°
1—2zyz — (y? — 42% — 2)22 + 2zy23 + 24

The proof is completed. [J

Proposition 4.29. Forn € N, the new generating function of the product of Gaussian Pell polyno-
mials with Vieta Pell polynomials t,.1(y) is given by

Z Gy g i+ (2y — dizy)z + (i(1 + 42?) — 22)22
Jonia(y T 1 —dayz — (A(y% — 22) — 2)22 + dayd + 24

Proof . Recall that, we have

+oo . . .
i+ (2y — dizy)z + (i(1 + 42?) — 2x) 22
GP,(z)U, "= ),
Z (#)Un(y)2 1 —Adzryz — (4(y? — x2) — 2)22 + dayz3 + 24 (see [3])
and according the relationship ((1.3)), we get

Z Gy g i+ (2y — dizy)z + (i(1 + 42?) — 22)22
Jona(y T 1 —dayz — (402 — 2?) — 2)2% + dayES + 24

This completes the proof. [J

Proposition 4.30. For n € N, the new generating function of the product of Gaussian Pell polyno-
mials with Vieta Pell Lucas polynomaials is given by

+ZOO GP. ()5, ()" 20 + (2y — 8izy)z + ((8x2 — 4y? 4 2)i — 4x)2% + (dizy — 2y)2°
o (2)sn(y)2" =
Y 1 —dzyz — (4(y? — 22) — 2)22 + dxyz3 + 24

Proof . Recall that, we have

ZGP + (y — dizy)z + ((4o* — 2y* 4+ 1)i — 22)2% + (2izy — y)2°

9
1-— 4IyZ — (4(y - ) — 2)22 + 4£Uy23 4 4 (See[ ])7

and according the relationship ((1.2)), we get

in GP. ()5, ()" 20 + (2y — 8izy)z + (822 — 4y? + 2)i — 4x)2? + (dizy — 2y)2°
()8, (y)2" =
Y 1 —dxyz — (4(y% — 2?) — 2)22 + doyz3 + 24

This completes the proof. [J
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5. Conclusion

In this paper, by making use of the relation between Vieta polynomials and Chebyshev poly-
nomials, we have derived some new generating functions of the products of Vieta Fibonacci and
Vieta Lucas polynomials, Vieta Pell and Vieta Pell Lucas polynomials. and the products of Vieta
polynomials with Gaussian numbers and polynomials.
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