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Abstract

The aim of this research is to initiate a new concept of domination in fuzzy graphs which is called a
fuzzy co-even domination number denoted by v7.,(G). We will touch only a few aspects of the theory
to of this definition. Some properties and boundaries of this definition are introduced. The fuzzy
co-even domination number of fuzzy certain graphs as fuzzy complete, fuzzy complete bipartite, fuzzy
star, fuzzy cycle, fuzzy null, fuzzy path, and fuzzy star are determined. Additionally, this number is
computed for the complement of mentioned above fuzzy certain graphs. Finally, this number is also
determined for the join to mentioned above fuzzy certain graphs with itself.
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and complement of fuzzy graphs.
2010 MSC: Primary 90C33; Secondary 26B25.

1. Introduction

In the last few years, there has been a growing interest to bring together two areas in which there
is a relationship between them, which is the fuzzy set [24] and graph theory [§]. Generate from this
merge a new branch called a fuzzy graph was introduced in 1975 by Rosenfeld [I7]. So, a fuzzy graph
is a modern branch and our viewpoints shed some new light on this branch with important another
branch that is a domination number in graphs [9]. The domination number played an important role
via theoretical study in various fields such as a fuzzy graph [25]26], topological graph [10] [11], labeled
graph [5, 6] and others [1]-[4], [7, 13| 16l 18 21l 22]. Moreover, several applications in problems life
were solved by these branches. So, the study of this number is worth to care. A.Somasundram,
S.Somasundram [19-20] are the first used the concept of this number. There are some definition for
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this number, for example Mahioub and Soner [12] defined it by taking the minimum fuzzy cardinality
to an all-dominating set and Xavior et al. [23] by determining the minimum dominating set and
taking the sum of its all members. In this paper, by adding some hypotheses we work with the
definition of Xavior et al. because it seems to be the best adapted to our theory.

Consider G(V,E) is an undirected, simple, and finite graph. A mapping ¢ : V. — [0, 1] where
V' is a nonempty set of vertices called a fuzzy subset and G = (o, ) where p: V x V. — [0, 1] and
p(u,v) < o(u)Ao(v) is called a fuzzy graph. An edge (u, v) is called effective if p(u,v) = o(u) Ao(v)
and the fuzzy graph is called strong if its edge is effective. The open effective neighborhood is
Ng(v) = {u; (u,v) i an effective edge } and Ng[v] = Ng(v) U {v}. Degree of v is the number of
effective edges in Ng(v) and denoted by degy(v). In this work, we deal with the strong fuzzy graph,
so every two pairwise vertices are adjacent by an effective edge. Furthermore, A fuzzy null graph is
called strong if it has no edges and a strong fuzzy star graph denoted by S,; S, = K1 ,-1

Definition 1.1. Consider G = (o, 1) is a fuzzy graph of a graph G(V, E), if there is a set D C'V
and Yv € V — D there is a vertez u;u and v are adjacent by an effective edge (u dominates v ) and
the degp(v) is even, then D is called a fuzzy co-even dominating set (FCOD) on G.

Definition 1.2. A fuzzy co-even dominating set D in a fuzzy graph G = (o, ) is called minimum
fuzzy coeven dominating (MFCOD) if |D| is the smallest number of all cardinal of FCOD.

Definition 1.3. Consider W (D;) = {>_ o (v); Vv € D;; D; is a minimum fuzzy co - even dominating
set}, then the fuzzy domination number of a fuzzy graph is veo(G) = min {W (D;) ; D; isaminimumco—
evendominatingset }

Example 1.4. In a strong fuzzy cycle G as shown in Figure 1 , there are six MFCOD that are
Dy = {v1,v2} Dy = {v1,v3}, D3 = {v1, 0}, Dy = {va,v3}, D5 = {va,v4}, and Dg = {v3, va}.

U1(0> 2) 0.1 U2((), 1)
0.1 0.1
04(0,1) 0.1
U3(07 3)

Figure 1: The strong fuzzy cycle
Then |Dy| = 0.3,|Dy| = 0.5,|Ds| = 0.3, |D4| = 0.4, |Ds| = 0.2, and |Dg| = 0.4. Thus, vseo(G) =
0.2.
2. Some properties of FCOD and MFCOD.

Proposition 2.1. Suppose that G = (o, i) is a strong fuzzy graph has n vertices and has Vs.,(G),

(1) If G has vertices which have zero or odd degrees, then all these vertices belong to every MFCOD
and Y¢eo(G) > > 0(v), where v has zero or odd degree.

(2) if D is a fuzzy co-even dominating set, then V- — D doesn’t necessarily a fuzzy co- even domi-
nating set.
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(3) min (o (v;)) < V1eo(G) < >0 0 (v;), where v; the vertex that dominates all vertices in G.
Proof .
(1) It is clear that from Definition 1.1 and Definition 1.3.

(2) If G contains a vertex that has zero or odd degree, then all of these vertices belong to every
FCOD set D. Thus, V — D is not FCOD set, since V — (V' — D) = D and D contains a vertex
has zero or odd degree.

(3) If the number of vertices of a minimum fuzzy co-even dominating set is one, then min (o (v;)) =
Yo (Knm) , where v; the vertex that dominates all vertices in G.

Now, if each vertex in G has zero or odd degree, then v4.,,(G) = >.7 0 (v;). As a consequence
of the cases above, min (o (v;),i=1,...,7) < Y7,(G) <> o (v;) O

Proposition 2.2. If G is a strong path has n vertices; n = 1(mod3), then v, (Pn) = o (v1) +
o () + 30 0 (vaai).

Proof . The vertices v; and v, belong to every FCOD set according to Proposition 2.1.(1). It is
clear that these vertices dominate their adjacent vertices vy and v,y respectively. Thus, the set of
remaining vertices which are not dominated by the two vertices v; and v, is {v;, i = 3,4,...,n — 2}.
Let F' = {vgy,i= 0,1,..., "T"l}, one can easily show that F' is the FCOD set. The maximum
neighborhood of each vertex in G is two, so F' is FCOD set with minimum cardinality. Also, F' is
unique, since |F| =n —4 = 0(mod3), Ve (Pn) = 0 (v1) + 0 (v,) + 25114)/3 o (v413i). O

Proposition 2.3. If G is a fuzzy complete graph has n vertices, then

{ min (o (v;),i=1,...,n), ifnisodd}

Vsco (Kn) = S o (v), if nis even

Proof . Two possible cases are as the following.

Case 1. Suppose that n is odd, then all vertices of G have even degrees. Thus, a vertex can dominate
all other vertices. Therefore, vfq, (K,) = min (o (v;),i=1,...,n).

Case 2. Suppose that n is even, then all vertices have odd degrees. Thus, all these vertices belong
to each FCOD set according to Proposition 2.1.(1). Therefore, vy, (K,) = >+, 0 (v;) . Thus, from
the two cases above, the required is obtained. [

Proposition 2.4. If G is a fuzzy complete bipartite graph K, ,, contains two partite sets Vi and V,

suth that Vi has n vertices {uy,us, ..., u,} and Vy has m vertices {vy,va, ..., vy} ;n,m > 3, then
min (o (u;),i=1,...,n) +min (o (v;),7=1,...,m), if m and n are even
) Ytio(vy), if nis odd and m is even
Vseo (Fnm) = Yoo (), if nis even and m is odd
Do 0 (w) + 300 o (), if n and m are odd

Proof . Four possible cases are as follows.

Case 1. Suppose that m and n are even, then all vertices have even degrees in this graph. Thus, the
minimum F COD set occurs when taking only one vertex from each partite sets V; and V5. Therefore,
Ysco (Kpm) =min (o (u;),i=1,...,n) +min (o (v;),j=1,...,m).

Case 2. Suppose that n is odd and m is even, then all vertices in the set V5 belong to each FCOD
set by Proposition 2.1.(1). Furthermore, these vertices dominate all vertices in the graph G and each



Fuzzy co-even domination 12(2021) No. 1, 726-734 729

vertex in V; has even degree. Therefore, Ysco (Kpm) = Z;n:l o (vj).

Case 3 . Suppose that n is even and m is odd, the result is obtained by a similar technique in Case
2.

Case 4. Suppose that m and n are odd, all vertices have odd degrees in this graph. Thus, by
Proposition 2. 1.(1), all vertices in G belong to all FCOD sets. Therefore, vsco (Kpm) = > 1y 0 (wi)+
i1 0 (v;) Thus, from the four cases above, the required is obtained. O

Proposition 2.5. If G is a strong fuzzy cycle has n vertices ;n = 0(mod3), then

n/3
Yfeo (Cn) = min ZU(UH-j) ;7 =0,1,2

=1

Proof . Since n = 0(mod3), there are only three MFCOD sets which are

. n
D, = {U1+3i7Z:Oa"'7_

3_1}’ DQ:{U2+3i’i:O7'-'7E_1}7 D3={U3+3i,i=0,---,2—1}.

3 3

It is clear that the sets are MFCOD, since each vertex has maximum neighborhood and with
even degree. Also, these sets have the same cardinality where |D;| = [D,| = [D3| = §. Therefore,

Yseo (Cn) = min {Z?ﬁa (vitj):7=0,1, 2}. O

Proposition 2.6. If G is a strong fuzzy star graph has n vertices, then

{ Z?:_ol o(vi), ifniseven } |

Vseo (Sn) = St lo(v),  ifn s odd

where vy 1s the center of the star.

Proof . Two possible cases are as the following.
Case 1. Suppose that n is even, then all vertices have odd degrees. Thus, by Proposition 2.1.(1),

Ysco (Sn> - Z?:_Ol o (Ul)

Case 2. Suppose that n is odd, the center vertex has even degree and the other vertices have odd
n—1

degrees. Thus, according to Proposition 2.1(1), ¥seo (Sn) = > iy 0 (v;). Thus, from the two cases
above, the proof is done.
0

Observation: Consider G as a fuzzy null graph has n vertices, then

n

Veo (Nn) = ZU (vi) -

i=1

Proof . One can easily show that the proof is straightforward according to Proposition 2.1(1) . O

3. The complement of the certain graphs.

Proposition 3.1. If G is a strong fuzzy path has n vertices, then

Yfeo (E) =min {o (v;) + 0 (vj);d (v;,v;) #2,Vi # j in the graph G} .
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Proof . In the complement of G(G), each vertex is adjacent to all vertices except that adjacent
vertices to it in G. So, there is no any vertex that dominates the vertex set G, since there is no vertex
in G has degree equal to n — 1. Thus, the minimum number of vertices which dominate all vertices
in G is greater than or equal two. Now, every two vertices in G can dominate all other vertices
provided that the distance between these vertices is not equal to two. Since, if d (v;,v;) = 2, then
there is a vertex between the vertices v; and v;. This vertex cannot be dominated by the vertices v;
and v;. Therefore, the proof is done. [

Proposition 3.2. If G is a strong fuzzy cycle has n vertices, then
Yieo (Cn) = min{o (v;) + o (v;) ;d (v, v;) # 2,Vi # j in the graph G}

Proof . It is similar to proof in the Proposition 3.1. [J

Observation: If GG is a fuzzy complete or null graph has n vertices, then

1) Vfeo (Fn) = Ysco (Nn) = Z?:l o (Uz)

-\ [ min(o(v;),i=1,...,n), if nis odd
2) Ygeo (Nn) = Yaeo () = o g ifniseven [

Proof . It is obvious from Proposition 2.3 and Observation 2.7. [J

Proposition 3.3. If G is a fuzzy complete bipartite K, ,, contains two partite sets Vi and Va suth

that Vi has n vertices {uy,us, ..., u,} and Vo has m vertices {vy,va, ..., vm};n,m > 3, then
min (o (u;),i=1,...,n) +min (o (v;),7 =1, ...,m), if m and n are odd
min (o (v;),j=1,...,m)+ > o (w), if n is odd and m is even
Vyeo (Knm) = min (o (u;),i=1,...,n)+> " o (v;), if n is even and m is odd
Do 0 (wi) + 00 o (v), if n and m are even

Proof . It is known that m = K,,UK,,, so the fuzzy co-even domination number of m is equal
to the fuzzy co-even domination number of K, plus the fuzzy co-even domination number of K,,.
Thus, there are four cases as the following.
Case 1. Suppose that m and n are odd, then each vertex in K, or K,, has even degree. Thus, each
vertex in K, can dominate all vertices in K,,. Similarly, each vertex in K,, can dominate all vertices
in K,,. Therefore, Ve (Knm) = min (o (u;),i=1,...,n) + min(c (v;),j=1,...,m).
Case 2. Suppose that n is odd and m is even, then every vertex in K, has even degree and all
vertices in K, have odd degrees. Thus, all vertices in K, belong to every FCOD set according to
Proposition 2.1(1). Furthermore, in the same manner in case 1 each vertex in K, dominates all the
other vertices in K,,. Therefore, Yt (Kpm) = min (o (w;),i=1,...,n) + >y 0 (v)).
Case 3. Assume that n is even and m is odd, then by the same technique in Case 2, the result is
obtained. Case 4. Assume that n and m are even, then each vertex in K, or K,, has odd degree.
Therefore, by Proposition 2.1(1), Yseo (Knm) = >orq 0 (us) + > iy o ().

Thus, from the four cases above, the proof is done. [J

Corollary 3.4. Let G be a strong fuzzy star has n vertices, then Yseo (S_n) = 0 (vg) + min (o (v;)),
i=1,...,n— 1, where vy is the center of the star.

Proof . It is clear that S, = K;,_1, thus S, = K1UK,_1, and K; = {vy} . Therefore, by Proposition
3.3, the result is obtained. [
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4. The join of two graphs from certain graphs

Definition 4.1. The join (addition) G + Go of G1 and Gy is the graph having vertex set V (G1) U
V (G2) and edge set E (G1)UE (Ga)U{uv :u € V (Gy) and v € V (Ga)}. (as an example, see Figure

2):

Uy Uy

Figure 2. The join of P3 and P;

In this section, the join of a graph with itself (G + ) is determined. In order to prevent any
confusion, we labeled the vertices of the first graph G by {vy, v, ..., v,} and the copy of graph G by
{uy,us,...,u,} and obvious that o (v;) = o (u;) ;i =1,2,... n.

Proposition 4.2. Let G be a strong fuzzy path has n vertices; n > 2, then

25" o (i), if n is odd }

Yico (Pn+ Prn) = { 2(o (v1) + 0 (o)), ifn is even

Proof . Two possible cases are as the following.

Case 1. Suppose that n is odd, then the degree of vertices {v; and u;;i =2,...,n — 1} in the graph
P, + P, are odd, then by Proposition 2.1(1), each vertex v; belongs to every FCOD set. Also,
these v; are dominate the set {vy, v, u1, u,} which have even degrees. Therefore, v, (P, + P,) =
25" o (v).

Case 2. Suppose that n is even, then the degrees of vertices {v1, v, u1, u, } in P,+ P, are odd, then by
Proposition 2.1(1), each vertex v; belong to every FCOD set. Also, these v; are dominate the set {v;
and u;;0=2,...,n — 1} which have even degrees. Therefore, Vseo (P, + P,) = 2 (0 (v1) + 0 (vy)).
Thus, from the two cases above, the proof is done. [

Proposition 4.3. Let G is a strong fuzzy star has n vertices; n > 3, then

2> o(v), ifniseven
Treo (S + 50) = { 20 (vo) , if n is odd ‘

Proof . Two possible cases are as follows.
Case 1. Suppose that n is even, then the degree of each vertex in the graph S,, + .5, is odd. Thus,
according to the Proposition 21(1), Vs (S +Sn) =20, 0 (v;).
Case 2. Suppose that n is odd, then the degree of each vertex in the graph S,, + 5, is even except
the center of each star. Thus, according to Proposition 2.1(1), the center vertices of each star belong
to each FCOD set. It is clear that the two centers dominate all other vertices in S,, + S,,. Therefore,
Ysco (Sn + Sn) = 20 ().

As a consequence of the two cases above, the proof is done. [
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Proposition 4.4. Let G be a strong fuzzy cycle has n vertices; n > 3, then

foCO (Cn + Cn) = { 22?:1 o (U’L) 3 an 18 Odd } '

2min (o (v;)), if n is even

Proof . Two possible cases are as the following.

Case 1. Suppose that n is odd, then the degree of each vertex in GG is odd. Thus, according to
Proposition 2.1(1), Yfeo (Cr, + Cy) =230 0 (v5).

Case 2. Suppose that n is even, then the degree of each vertex in GG is even. Thus, a vertex of
the minimum value of fuzzy in C,, is chosen to dominate all vertices in the copy of C,. Again,
the corresponding vertex in the copy of C,, dominates all vertices of C,,. Thus, v, (Cr, + Cy) =
2min (0 (v;)) . As a consequence of the two cases above, the proof is done. [

Proposition 4.5. Consider G as a fuzzy null has n vertices; n > 1, then

2> o (v), ifnis odd }

fnyO (Nn + Nn) = { 2m1n (0— (Ui)>7 an 'ZS even

Proof . It is similar to proof in the Proposition 4.4. [J
Note that there is another proof of the graph N,,+ N,, by using Proposition 2.6, since N,, + N,, =
K.

Proposition 4.6. If G is a fuzzy complete has n vertices, then
Vieo (Kn + Kp) =2 Z o (vi).
i=1

Proof . One can easily show that K, + K,, = K, thus, the degree of each vertex in this graph is
odd. Therefore, according to Proposition 2.1(1), the proof is done. OJ

Proposition 4.7. If G is a fuzzy complete bipartite K, ,, contain two partite sets Vi and V, such

that Vi has n vertices {uy, ug,...,u,} and Vy has m vertices {vy,va, ..., vy} ;n,m > 3, then
2 min g(ui)’(.j vi)yi=1,....m , if m and n are even
j=1,....m
Yo Knm + Knm) =< 2> 0,0 (u;), if n is odd and m is even
23" o (v), if n is even and m is odd
20070 o (u) + >0 0 (v), if n and m are odd

Proof . Let Vj; and Vay (Vi has n vertices and Vap has m vertices) are the partite sets of a copy of
G = K,,,,», Two possible cases are as the following.

Case 1. Assume that m and n are even, then the degree of each vertex in K, ,, + K, is even.
Suppose that o(v) = min (¢ (u;),0 (vj);i=1,...,n and j=1,...,m), without loss of generality
assume that o(v) € Vi Thus, the vertex v dominates all vertices in the sets Viq, Vo and Vas. Also,
the corresponding vertex to v in Vj; dominates all vertices in the sets Vi, Vo and Vay. Therefore,
Vfeo (Kn,m + Kn,m) = 20’(1]).

Case 2. Assume that n is odd and m is even, then the degree of each vertex in V5 is odd, since each
vertex of them is adjacent to all vertices in the sets Vi, Vii, and Vs, Similarly, the degree of each
vertex in Vs is odd. Furthermore, the degree of each vertex in Vi or Vi, is even, then according to
Proposition 2.1(1) , Yfeo (Knm + Knm) =2 0, 0 (u;)
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Case 3. Assume that n is even and m is odd, then in the same manner in the previous case, the
result is obtained.

Case 4. Assume that m and n are odd, in the same technique in Case 1 , one can easily to
prove that the degree of each vertex in K, ,, + K, ,, is odd. Thus, according to Proposition 2.1,

Vico (Knm + Kpm) = 2 (Z?:l o (u;) + Z:il o (v;)).
As a consequence of the four cases above, the proof is done. [J

5. Conclusion

Based on the results, some properties and boundaries of this definition are determined. The fuzzy
co-even domination number of fuzzy certain graphs as fuzzy complete, fuzzy path, fuzzy star, fuzzy
cycle, fuzzy null, fuzzy complete bipartite, and fuzzy star are calculated. Also, this definition was
calculated to some certain graphs and it is some operations as complement and join (the addition)
for any two graphs from some certain graphs.
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