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Abstract

Lie’s theory of symmetry groups plays an important role in analyzing and solving differential equa-
tions; for instance, by decreasing the order of equation. Moreover, there are some analytic methods
to find the infinitesimal generators that span the Lie algebra of symmetries. In this paper, we first
converted the problem of finding infinitesimal generators in to the problem of solving a system of
polynomial equations in the context of computational algebraic geometry. Then, we used Grobner
basis a novel computational tool to solve this problem. As far as we know, when a differential equa-
tion contains some parameters, there is no linear algebraic algorithm up to our knowledge to deal
with these parameters; so, we must apply the algorithms, which are based on Grobner basis.
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1. Introduction

To gain a better understanding of the formulation of the basic laws of nature and many technological
problems, it is useful to consider them as differential equations. This leads to finding solutions such
equations are useful. Norwegian mathematician, Sophos Lie, spent most of his life on the Lie groups
theory to find solutions to differential equations through the systematic use of symmetries [13].
Today, Lie group analysis is an essential tool in many sources such as analysis, geometry, number
theory, differential equations, physics, and atomic structures, and so on. Symmetric methods are
important, especially when it comes to finding solutions to nonlinear differential equations because
most standard methods are inadequate for these cases. Texts are suggested for better and more
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complete learning of symmetric methods includes [2], [10], [I5], [16] and [I8]. When working
with Li groups, the most difficult step in symmetric methods is to find the symmetries (infinitesimal
generators) of the differential equations. In this paper, we presented the infinitesimal generators of
Lie symmetry group of ordinary differential equations of the form

y " =w(ryy,y™ ), nx2 (11)

Infinitesimal generators X = {(z,y)0x + n(x,y)dy of differential equations, are determined by solv-
ing the linearized symmetry condition. Infinitesimal generators are useful to determine the general
solution of ODE or enable us to reduce the order of the ODE. So far, no general scheme has been devel-
oped for solving partial differential equations whose solution gives the infinitesimals of the symmetry
group. Peter Haydon stated that finding such solutions using some ansatz is easier than trying to
directly solve determining equations directly [I0]. ODE tools package in Maple to find the solutions
of determining equations with an ansatz, collected by E. S. Cheb-Terrab and coworkers [4]. This
package is based on six algorithms to finds Lie point symmetries. In this paper, using an algorithm,
we found a specific type of symmetry that had polynomial ansatz. In fact, the bridge between Lie’s
theory and computational algebraic geometry is that we substitute £ and n by their Taylor series at
the origin up to the degree equal to the order of equation, with unknown coefficients. By substituting
this taylor series into a given determining equations, we obtained a system of polynomial equations.
The Grobner basis is one of the strongest tools for solving system of equations in computer algebra.
These bases were introduced by Bruno Buchberger [3] in 1965. He also produced the fundamental
algorithms to compute them in his Ph.D. thesis. There are many applications of Grobner bases such
as graph coloring problems [§], robotics [7], coding theory [17], solving Diophantine equations (Pell)
[5], solving fuzzy systems [I], and so on. In fact, we found infinitesimal generators by dividing £ and
n on Grobner basis.

We also illustrated this method on the partial differential equations as well as the parametric dif-
ferential equations. Indeed, we intended to find a solution for a parametric polynomial system to
describe all the different behaviors of such system. The main difficulty with this process was to
analyze the parametric system to obtain infinitesimal generators. Kapur [11l [12] computed a para-
metric Grébner basis G from prametric ideal basis in K[U, X]. Furthermore, we found infinitestimal
generators for each of the cases through applying the parametric Grobner- based algorithms.

This paper has been structured as follows: Subsection 2.1 recalls some basic facts about point
symmetries of ODEs. Subsection 2.2 presents basic concepts of Grébner basis and comprehensive
Grobner systems. Finally, section 3 offers a new approch for computing infinitestimal generators for
ODE, PDE, and parametric differential equations.

2. Preliminaries

2.1. Basic facts on the point symmetries of ODFEs

We begin by recalling some basic facts about point symmetries of ODEs, more details have been
given in [10]. A point symmetry of the ODE is a smooth invertible transformation of the (x,
y) plane that maps the set of solutions of in to itself. To facilitate this expression, we consider
a one-parameter Lie group of transformatin in the form

T=ux+e(x,y)+O(H),
U=y +en(z,y)+O(e), (2.1)
79 =48+ g+ O k2 1
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for each e in some neighbourhood of zero. Specifically, a point symmetry is a diffeomorphism
I (z,y) = (22, ), 52, y). (2.2)
This map induces the n-th prolongation map
™ (z,y,....,y"™) = @,7,...,.5™),
where y(0) =y and foreach k =1,...,n

D, y*—b

(k)
y D%

Here, D, is the total derivative whit respect to z,
Dy=0s+ydy+y Oy +--. (2.3)
The symmetry condition for the ODE is
7" =w(@,9.7,..., 5™V, (2.4)

provided that holds. We are going now to state the general form of infinitesimal generators of
Lie symmetry group, where the infinitesimal generators X = &(z,y)0, + n(z,y)0, are determined
by solving the linearized condition (2.4)). We substitute into the symmetry condition
and expand the result in powers of €; by equating the the O(€) terms yield the linearized symmetry
condition:

77(") — gwx + Ny —+ n(l)wy/ + ...+ n("*l)wqu), (25)

provided that holds. This makes it easy to split the linearized symmetry condition using all
terms that are multiplied by the highest power of 4™~V and so on, which are determining equations
for the Lie point symmetries. Lie point symmetries of PDEs are also calculated by the same procedure
as for ODEs. However, PDEs involve several independent variables.

2.2. Basic concepts of Grobner basis and comprehensive Grobner systems

In this section, we present briefly the basic concepts of Grobner basis and comprehensive Grobner
systems. For a more detailed discussion, we refer the reader to [3| [7, 19]. Using the method of
Grobner bases, we can solve systems of polynomial equations in a very nice fashion.

Let the ring of all polynomials in xy,xs,--- ,z,, with coefficients in field K is denoted by R =
K[z, 29,--- ,2,]. An expression of the form z%'z%? - - - 2i» € R with non-negative exponents is called
a term. In order to define Grébner basis, we need to define the term order.

One the most important of a term order will be lezicographical order (or Lex order for short). We

now introduce that as follows:

Definition 2.1. [7] Let a = (a,...,0y) and B = (B1,...,0,) € Z2,, We say a >y B if, in the

vector difference o — B € 7", the leftmost nonzero entry is positive. We will write x{'x§? -+ - 207 >0,
xflxéb coeaPrif o> B

Suppose > be an arbitrary term order on R. For any non-zero polynomial f, the maximum term
appearing in f with respect to > is denoted by LT(f), and is called the leading term of f. The
coefficient of LT'(f) is the leading coefficient of f is denoted by LC(f).

Now, we can define a Grobner basis for an ideal in R as follows:
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Definition 2.2. [7] Fiz a monomial order >. A Grébner basis of an ideal I in R with respect to
> is a finite set of polynomials G = {g1, ..., gm} C I with the property that for every nonzero f € I,
LT(f) is divisible by LT (g;) for somei. A Grébner basis G is called a reduced Grobner basis for I if
for any g; € G, LC(g;) =1 and no term of g; lies in the ideal generated by {LT(g;)|1 < j # i < m}.

We introduce the following theorem which are used in next section.

Theorem 2.3. Let I be an ideal in Klx|, G = {g1,...,9:} be a Grébner basis for I and f € K|z].
Then there is a unique r € K| with the following two properties:

1. No monomial of r is divisible by any of Im(g1),...,Im(g;).
2. There is g € I such that f =g+ .

The remainder on division of f by G, r, is sometimes called the normal form of f.

Proof . See [7] O

Now, we describe the concept Grébner bases for a polynomial ideal with parametric coefficients,
in this case, these are called comprehensive Grobner bases. In general, comprehensive Grobner bases
and comprehensive Grobner systems are called “parametric Grobner bases”. Let K be a field, R be
the polynomial ring K[U] in the parameters U = uy, ..., u,,, and R[X] be the polynomial ring over
the parameter ring R in the variables X = z,...,2, and X NU = ), i.e., X and U disjoint sets.
K[U][X] denotes parametric polynomial ring over K, where consisted of the set of all parametric
polynomial as

¢
sz‘Xai
i—1

where p; € K[U] is a polynomial on U with a coefficients in K, for each i. Assume that K { is an
algebraically closed filed containing K. A specialization o, corresponding to a where a € K of
K[U][X] is a ring-homomorphism

0, K[U][X] = K[X]
f=fla)

where f € K[U][X]. The comprehensive Grobner systems has been defined by Weispfenning [19]
as follows; if we take the parameter space P and its set of parametric polynomials G' from a com-
prehensive Grobner systems for a parametric polynomial ideal I, then o(G) constitutes a Grobner
basis of the ideal generated by o(I) under the specialization o with respect to the parameter space
P of the parameters. Comprehensive Grobner systems are also important parts for solving problem
of parametric polynomials.

Definition 2.4. [17] Let I C K[U|[X] be a parametric ideal and < be a monomial ordering on X.
Then the set

C(I) = {(Ei, Ni, Gy)li = 1,...,1} € K[U] x K[U] x K[U][X]
is said a comprehensive Grébner system for I if for each (A1, ..., \¢) € K™ and each specialization

.....
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there exists an 1 <1 < I such that (A1, ..., \y) € V(E;) \ V(N;) and o,z 45 o Grébner basis
Jor oo, a1y with Tespect to <. Because of simplicity, we call E; and N; the null and non-null
conditions respectively.

We refer the reader to [12] for more details. For instance, let F = {f; = (a — )z + 42, fo =
ay+a} C Qlallx,yl], x,y variables, a parameter. Choosing the lexicographic ordering x > y, we have
the following Grobner systems:

{—z+v’} { {a}
{1} fo} |{a—1}
{la—Dr+y’ay+a} [{faa—-1} | {}

For instanse, 0,—1(G;) = {1} is also a Grobner basis of o,—1(f1, f2) = {v*, vy + 1}.

3. Computing infinitesimal generators

When the Lie groups studied infinitesimal generators seen. In this section, we look for infinitesimal
generator of a given ordinary differential equation of order two or greater. Roughly speaking, X is
infinitesimal generator of form X = £(x,y)0x + n(z, y)dy for point symmetries from ODEs. Here, an
algorithm is presented to find all the infinitesimal generator that has polynomial ansatz. The main
bridge between Lie theory and computational algebraic geometry in the topic of this paper is to
substitute the functions &(z,y) and n(z,y) by their Taylor series at the origin up to the degree equal
to the order of equation, with unknown coefficients. The main algorithm used to help us achieve our
aim is presented below:

Algorithm 1 (Main Algorithm)

Input: ODEs of order n > 2.
Output: Computing infinitesimal generators.

1. Apply linearized symmetry condition on given ODE.

e 2. Extract coefficients of all terms that are multiplied by the highest power of ¥~ which
are the system of PDEs.

3. Substitute the functions £(z,y) and n(z,y) by their Taylor series at the origin up to the
degree equal to the order of equation, with unknown coefficients.

4. Substitute &(x,y) and n(z,y) into determining equations gained from step 2.

5. Compute Grobner basis for the ideal generated by these systems of linear equations from
previous step with respect to lex order.

6. Find all the infinitesimal generator by dividing {(z,y) and n(x,y) on Grébner basis.

Below, we illustrate the algorithm with an example:
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Example 3.1. [10] Consider the simplest second-order ODE,

y' =0. (3.1)
The linearized symmetry condition for this ODE is

n® =0,
proided that holds. From (3.21) [10],

Nzx + (277zy - fxw)y, + (nyy - 2§a:y)y,2 - gyyy/3 = 0.
By reding off all terms that are multiplied by a particular power of vy, the linearized symmetry
condition splits into the following system of determining equations:

Nez = 0, 277xy — & =0, Tyy — 251’3/ =0, gyy =0. (32)

Now, let’s consider the functions £(x,y) and n(x,y) by their Taylor series at the origin up to a degree
equal to the order of differential equation that is two. Then, general solution of the (3.2]) as

n(x,y) == co+ 1@ + oy + c32° + cay® + cxay;
E(m,y) i=do + diz + doy + d3x® + dyy? + dszy;

for arbitrary constants ¢; and d;, i,j=0,...,5. After substitution these £ and n into (3.2) and doing
some simplifications, we receive to the following system of equations:
J1=2d3=0
fo=2d5 —2c3 =0
f3:2d4—205:0
f4 = 264 =0.

Let I be the ideal generated by fi, fo, f3, fa. By computing a Grobner basis for I with respect to lex
order we receive to

(3.3)

G :={cy,ds5 — c3,dq — c5,d3}.
To find all the infinitesimal generator, we divide & and n on Grobner basis.
a := NormalForm(xi(x,y), G, T),
b := NormalForm(eta(x,y), G, T),
X := axRx+b*Ry.
For this example,
X = (co + 10 + coy + ds2® + dy2y) 0, + (do + dizv + doy + dyy® + d5xy)0,. (3.4)

If in (3.4), we put one of the coefficients ¢; or d;, ,j=0,...,5 one respectively and the rest coefficients
zero. We obtained infinitesimal generator

Dy 20y, YOy, O, 0, YOy, wY0y + 10y, y* 0y + YOy

Theorem 3.2. The main algorithm finds the infinitesimal generators from the given differential
equation.

Proof . Suppose that I is the ideal generated by these determining equations replaced by Taylor series
instead of £ and 7. Variety of the mentioned ideal equal variety of Grobner basis. The coefficients
¢; or d; which are zero in § and 7. Now the remainder of the division of £ and 7 on Grobner basis is
the coefficients ¢; or d; which are not zero. Infact, which are the same as infinitesimal generators. [
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3.1. ODE examples

In such subsection, three ODE examples are given to illustrate the performance of computinging
infinitesimal generators by the proposed method. PDE and parametric examples are given in further
subsections.

Example 3.3. [10] In studing the ODE

y == —y°, (3.5)
the linearized symmetry condition is

y? 2y
n® =n(== —2y) + (=), when (3.5) holds.
y y

That is from (3.20) and (3.21) [10],

2

’ ’ ’ N, Y
Mow + 20y — &aa)y + (yy — 260)y° — &y + (ny — 260 — 3§y )(? —y’) =
/2 ’
Yy ’ ’ 2y
(=" = 2) + O+ (= &)y — &) ).
By comparing powers of y , we obtain the determining equations of the form:
1
gyy + ;gy = 07
1 1
Nyy — 2513/ - gﬁy + En =0, (36)

2
27]acy — &ax + 3y2£y - ;f]z =0,
Mew = Y° (11 — 2&) + 2yn = 0.
We consider the general solution of the (3.6]) is

E(z,y) = co + a1z + oy + c37® + cay® + csay;
n(x,y) = do + diw + doy + dsx® + dyy® + dsxy;

for arbitrary constants ¢; and d;, i,j=0,...,5. We substitute this & and n into (3.6)). Let I be the ideal
generated by this substitution and simplification

Ji =4y + o+ o5

fg = d4y2 — 205y2 + do + dll’ + d3I2

fa = —2c3y + 3coy® + 6c4y* + 3csyPr — 2dy — 4dsx

fi = 2ds + doy? + dsy*x + 2¢1y* + 4esyPx + 2¢5y3 + 2doy + 2diyx + 2dsya’.

(3.7)

Then by computing Grobner basis w.r.t. ¢; <jeq d; for I, we have the following:

G = {05, Cy4, C3, Co, d5, d4, dg, d2 + 261, dl, do}
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Hence by dividing £ and n on Grébner basis, the general solution of the linearized symmetry condition

is
§(z,y) = co + a1,
n(z,y) == —2c1y,
where (as usual) co,cy are constants. We obtained infinitesimal generator
Op, 20y — 2y0,.

Example 3.4. [10] Consider the following ODE:

y/// _ y73.

The linearized symmetry condition for this ODE is

n® = =3y~

proided that (3.8)) holds. That is from (3.22) [10],

Neww + (3Nezy — &mc)y/ + 3(Nayy — fmy>yl2 + (Myyy — 3£:ryy)yl3 - gyyyyl4
+3<nzy - 61:}: + (nyy - 353:3/):9/ - 2€yyyl2)yﬁ - 3£yyu2 + (ny - 35:1: - 4£yy/)y73 = _397477'

By comparing powers of y ,y'y , vy , we obtain the determining equations:

Y Neaa + 30 + 1y — 3&y = 0,
Y (3ay — Eawa) — 4y = 0,
Y (Nayy — Eeay) = 0,

y4(nyyy - 3§a:yy) =0,

Y &y =0,

Y (Ney — 3&aa) = 0,

94(77yy - 3fxy) =0,

Y&y =0,

y'&, = 0.

Our assumption for the solution of the (3.10)) is

E(z,y) == co + a1 + ey + c32® + cay® + sy + e’ + ey + sy + coxy?;
n(z,y) == do + diz + doy + dzz® + dyy® + dszy + dez® + dry® + dsz®y + dowy?;

(3.9)

(3.10)

for arbitrary constants ¢; and d;, i,j=0,...,9. [In this example, if we put n(x,y) = co+ c1x + c2y and
E(x,y) == do + dyx + doy, we get the same results]. We substitute this & and n into (3.10). Let I be
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the ideal generated by the product this placement and simplification

( fl = 6d6y4 + 3d0 + 3d11’ + 4d2y + 3d31’2 + 5d4y2 + 4d5l"y + 3d6$3+
6d7y> + 4dsz?y + Sdoxy? — 3c1y — 6esyxr — 3esy? — Yegyr? — 6egxy? — 3y
fo = 6dgy* — 6cgy* — deoy — 8cay? — desxy — 12¢7y® — degx®y — 8cyay?
f3= 2(d9 - Cs)yi
4= 6(d7 — ¢y
fo = (ds + 2dgx + 2dgy — 2c3 — 6cgx — 2c5y)y*
fr = (2dy + 6d7y + 2dgx — 3¢5 — Gegr — 6oy )y?
fs = 2(cq + 3cry + cox)y?
L fo = (e2 4 2c4y + 5 + 3cry® + csa® + 2cozy)yt.

Then by computing Grobner basis w.r.t. ¢; <iep dj for I, we have the following:
G = {097 Cg, C7, Cg, C5, C4, C3, C2, dg, dSa d77 d67 d57 d47 d37 4d2 - 3017 dla dO}
From by dividing the & and n on Grobner basis, the tangant vector field is

6(1‘7 y) ‘=c¢Co+ ax,

3
n(z,y) = 1Y

where (as usual) co, ¢y are constants. Like before

3
X = (co+c1z)0, + (chy)é?y. (3.12)

By placement one of the coefficients x and y one and the rest coefficients zero in (3.12)), respectively.
We obtained infinitesimal generator:

0, x0T + %yay.

Example 3.5. [10/Consider the Blasius equation,

n "

Yy =Yy . (3.13)

The linearized symmetry condition for this ODE is

—ny’ —ny when (3.13) holds.
That is from (3.21) and (3.22) [10],

Nrza + (377my - fzm)y/ + 3(77xyy - gmy)ylz + (nyyy - 3€xyy)y,3 - fyyyy/4
+3(7];By - fz:v + (nyy - Sgwy)y/ - 2£yyy12)y“ - 3€yy”2 + (ny - 3§$ - 4§yy/)(_yy”) (314)
= _77?/ — Y[Maa + 20y — fm)y/ + (Myy — 2§zy)y/2 - gyyy/3 + (ny — 28 — 3£yy/>y//]-

By comparing powers of y ,y'y",y , we obtain the determining equations:
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Neww + YNz = 0,
3Mawy = &aa + Y(2Nay — &ax) =0,
3(Mayy — Eaay) + Y(Nyy — 262y) = 0,
Myyy — ayy — Y&yy = 0, (3.15)
Eyyy = 0,
B(Nay — &uw) — y(my — 3&) + 0 +y(n, —2&) =0,
3(1yy — 3&ay) +y&y =0,
Eyy =0,
& = 0.

We consider the tangant vector field of the form

E(x,y) :==co+ 1z + ey + csx? 4 cay? + cszy + cex® + cry® + csxy + coxy?;
n(z,y) = do + dix + doy + dsz® + duy® + dszy + dez® + dry® + dsz’y + dozy?;

for arbitrary constants ¢; and d;, 4,j=0,...,9. We substitute this & and n into (3.15)). Let I be the
1deal generated by

[ fi = 6ds + 2dsy + 6dsyz + 2dsy?

fo = 6dg — 6¢c¢ + 2dsy + 4dgzy + 4doy? — 2c3y — Gegyr — 2csy?
f3 = 6dy — 6cg + 2d,y + 6d7y? + 2dgxy — 2c5y — degry — 4egy?
f1 = 6d; — 6cog — 2c4y — 6c7y® — 2c9zy

J5 = 6cq

fo = do + 3ds — 6c3 + dix + doy + yer + dsxy + dgay + dowy?

+3ceyr? + 2csxy?® + 2c3yT + c5y? + coy® — 18cx + 6dgy + dsz? + day? + dga® (3.16)
+d7y3 + 6dgx — 6cgy
fr = 6dy + 18d7y + 6dyx — 9c5 — 18csx — 18¢coy + oy + 2c4y® + c52y
+3c7y® + csz?y + 2coxy?
fs = 2¢c4 + 6c7y + 2¢c9
| fo =2+ 2c4y + c5x + 3ery? + csx® + 2c92y.
Then by computing Grobner basis w.r.t. ¢; <jeq d; for I, we have the following:
G = {097 cg, C7, Cg, Cs5, C4, C3, C2, d97 d87 d77 d67 d57 d47 d37 d2 + C1, d17 dO}
By dividing the & and n on Grobner basis like before
X = (co+ c12)0; + (—c1y)0y. (3.17)

By placement one of the coefficients x and y one and the rest coefficients zero in (3.17)), respectively.
We obtained infinitesimal generator:

Oz, — YOy + x0x.
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3.2. PDE example

The technique taken to carry out Lie point symmetry for PDEs is essentially the same as for ODEs,
however, there are more calculations for PDEs because they have several independent variables. This
algorithm works to calculate the infinitesimal generators of the PDEs with finite Lie algebras with
some changes, which we explain with an example.

Example 3.6. [10] To better understand the implementation of the algorithm, consider the following
PDE:

Uy + ULy = Ugyy. (3.18)
The linearized symmetry condition is
n'+un® + ugn = n* when holds. (3.19)

That is from (8.29) to (8.31) [10)], using (3.18)) to eliminate u,,, we see the highest-order derivative
terms in (3.19) have a factor uy in the following:

0= 27Uy — 2Ty Uy Uy,
This leads to
Ty = Ty = 0.
By remouving this terms from the linearized symmetry condition; the remaining terms are

Nz + (znxu - gm)u:v + (nuu - 2£zu)ui - éuuui + (77u — 28, — 3€uux)(ut + uux)

By reding off all terms that are multiplied by a particular power of u, and uzus, the linearized
symmetry condition splits into the following system of determining equations:

Nex — M — unz =0

S =0
—26,+ 1 =0
&=0
Ty =0
Ty = 0.

We consider the functions £(x,t,u), 7(x,t,u) and n(x,t,u) by their Taylor series at the origin up to
the degree equal to the order of partial differential equation that is two,

E(x,t,u) = co + 11 + ot + c3u + cu7® + st + cgu® + crat + cgau + cotu;
m(z,t,u) = dy + dix + dot + dsu + dyx® + dst? + deu? + dyat + dgru + dotu;

n(z,t,u) = ey + e1x + eat + esu + e,2” + est? + egu® + erxt + egru + egtu,
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for arbitrary constants c;, d; and ey, 4,5,k=0,...,9. After replacing the above Taylor series in deter-
mining equations and simplifying, we have a system of linear equations in the following:

(1 = —2equx — ertu — egu® — equ — 2est — erx — egu — €9 + 2e4 = 0
fo = —2cqur — ctu — csu? — e x? — est? — egu® — et — eguxr — egtu — c1u
+2c5t + crx + cgu — e1x — est —ezu+cog — 2¢c4 —eg + 2e5 =0
f3 = —4dcgu® — 2cgux — 2cgtu — 2c3u — 2cg + 2e = 0
f4 = 266 =0 (320)

f5 = degx + 207t + 2cgu — 2dst — drx — dou 4+ 2¢1 — dy = 0
f6:2cﬁu+ch+cgt+03:0
f7:2d4l’+d7t+dgu+d1:0

L f8:2d6U+d8I+d9t+d3:0

Let I be the ideal generated by fi,..., fs. Then by computing Grobner basis w.r.t. ¢; <jeq dj <iex €k
for I, we have the following:

G:= {097 Cg, Cg, Cs5, C4, C3, d97 d87 d77 d67 —c7 + d57 d47 d37 _261 + d27

dy, cr + eg, €3, €7, €6, €5, €4, C1 + €3, €3, —C7 + €1, —C2 + €0}
By dividing the £, T and n on Grébner basis, we have

E(z,t,u) = crte + 1@ + cot + co,
7(z,t,u) = et + 2e1t + d,

n(x,t,u) = cr(x — ut) — cru + co.
For this example,
X = (cqtz + 13 + ot + ¢0)0p + (et + 2¢1t + do)O; + (cr(—tu + 2) — cru + ¢) 0. (3.21)

In (3.21) the coefficients ¢; and d; once one and we set the rest to zero. Therefore, the infinitesimal
generator is as follows:

Oy, Op, 10y + Oy, 10, + 2t0; — udy, w0y + 120, + (x — ut)0,,

3.3. parametric example

Many engineering problems are parameterized and then solved for different parameter values.
The person is also interested for what parameters to find the structure of the solution space. In the
following, we present a new approch for computing infinitestimal generators in parametric ODE. For
the sake of simplicity, we consider parametric ODE of the form

Yt =w(E, gy sy U e U, (3.22)
that u; are parameters. Similar to the previous algorithm, the linearized symmetry condition on given
parametric ODE splits into the system of determining equations. By taking the appropriate ansatz
for £ and n and placement in determining equations, we arise systems of parametric polynomials
ideals. Kapur (2010) computed a parametric Grobner basis G from prametric ideal basis in K[U,
X] [11, I2]. We found infinitestimal generators by dividing on parametric Grobner basis for each of
the cases. We give now an example to illustrate what described above.
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Example 3.7. Consider the parametric equation [14]

y' =2y —By”, (3.23)
where B is arbitrary parameter. The linearized symmetry condition is
n® =2y"n — 28y nM + 2yn® when (3.23)) holds.

By reding off all terms that are multiplied by a particular power of y”, y'y", the linearized symmetry
condition splits into the following system of determining equations:

Neaw = 2YMee = 0,
3(Naay — &aw) = 2Y(2May — &ax) + 260, =0,
3(Mayy — Saay) — 2y(Myy — 264y) + By + BE = 0,
Nyyy — 3ayy + 2y&yy + 28, = 0, (3.24)
Eyyy = 0,
3(May — &aw) + 2y(1y — 3&) — 20 — 2y(ny — 2&) = 0,
Nyy — 3€:py - Sygy =0,
&y =0,
& =0

We consider the functions {(x,y) and n(x,y) by their Taylor series at the origin up to the degree
equal to the order of differential equation that is three,

E(z,y) = co + a1 + ey + c37° + cay® + csxY + 6 + Yy’ + ey + comy?;
n(z,y) == do + diz + doy + dzz® + dyy® + dszy + dez® + dry® + dsz®y + dowy?;

for arbitrary constants c¢; and d;, 1,j=0,...,9. After replacing the above Taylor series in determining
equations and simplifying, we have a system of linear parametric equations in the following:

( f1 = —12dgzy — 4dgy® — 4dsy + 6dg
fo = 6Bdgx® + 4Bdgxy + 2Bdgy? + 4Bdsx + 2Bdsy — Sdsxy — Sdoy? + 12c6y
—|—4ng2 + 2ﬁd1 — 4d5y + 403y + 6dg — 1866
fs = 3Bdry? + Bdgx® + 2Bdgxy + 3Bcer? + 2Bcgxy + Pegy? + 2Bdyy + Bdsw
+2Bcsx + Besy — 12d7y? — 4dgy + 8cgxy + Scoy? + Bds + Bey — 4dyy + 4esy + 6dy — 6cg

= 68cry? + 2Bcgx® + 4Bcoxy + 4Bcsy + 2Bcsx + 12¢7y? + degay + 26¢o

+4c4y + 6d7 — 609
f5 = 6¢; (3.25)
fo = —2dgx® — 2d7y3 — 2dga®y — 2dgxy? — 6cewy — desy® — 2c9y® — 2d32?
—2d4y? — 2dsxy — desxy — 2c5y® — 2dix — 2doy + 6dsw + 6dgy — 2d1y — 18csx
—6cgy — 2dy + 3ds — 6c¢3
fr = —24cy® — 8cgx®y — 16coxy® — 16¢4y* — S8cszy + 6d7y + 2dgx — 8coy — by
—6cygy + 2dy — 3¢5
fs = 6¢5y + 2cox + 2¢4

L fo = 3cry® + e + 2c9y + 204y + 5T + Co.

We consider F' = {fi,..., fo} C K[B][z,y], where 5 parameter, z,y variables and > the lexicographic
order such that x > y. Then a comprehensive Grobner system for < F > with respect to >~ is
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Like the previous, for obtaining infinitestimal generators for every line of the table, we divide & and
n on parametric Grobner basis.

Gi N; E;
{Cg,68707,66705,64702,d97d87d7,d6,d5+2*03,d4,d3,c1+d2,d1,6* {} {,3—3}
c3 +do}

{co,c8,c7,C6,C5,ca,c3 * (B — 3),c2,dg,ds,d7,ds,ds,ds,d3,c1 + | {B—3} {}
da,dy,do}

When is = 3, this equation is known as the Chazy equation, more complete discussion of the
Chazy equation and its symmetries can be found in [6]

(x,y) = cs2® + crz + o,
n(@,y) = (—2zy — 6)cs — yer.
So, infinitestimal generators are
Oy, 10y — y0,, 120, — (2xy + 6)0,.
When is B # 3
£(z,y) = a1z + co,
n(z,y) = —ye.
We have the infinitestimal generators in the following:

Oy, Oy — Y0,.

4. Conclusion

As we saw in the above examples, all polynomials in the appeared system are linear and so one
can solve it by linear algebra techniques. However, there are two important reasons that we prefer
to use Grobner basis for this purpose:

e This is shown in some scientific papers (see [9]) that Grobner basis has better algorithmic
performance in comparison by linear algebra techniques to solve systems of linear equations.

e When the differential equation contains some parameters, the system of equations will also
contain these parameters and so, we must analyse a parametric system. In this case, there is
no linear algebraic algorithm up to our knowledge to deal with parameters and so we must
apply the algorithms which are based on Grobner basis.
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