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Abstract

In this paper, we introduce a new class of mappings called the (1, ¢)-Suzuki-type mapping and (1), ¢)-
Jungck-Suzuki contraction type mappings and we establish the existence, uniqueness and coincidence
results for (¢, ¢)-Suzuki-type mapping and (v, ¢)-Jungck-Suzuki contraction mappings in the frame
work of complete metric spaces. Furthermore, we applied our results to the existence and uniqueness
of solutions of a differential equation. Our results improve, extend and generalize some known results
in the literature.
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1. Introduction and Premilinaries

Banch contraction principle [3] can be seen as the pivot of the theory of fixed point and its appli-
cations. The theory of fixed point plays an important role in nonlinear functional analysis and its
very useful for showing the existence and uniqueness theorems for nonlinear differential and integral
equations. The importance of the Banach contraction principle cannot be over emphasized in the
study of fixed point theory and its applications. We recall that a mapping 7" : X — X is said to be
an a-contraction if there exists « € [0,1) such that

d(Tz, Ty) < ad(z,y), YV z,y€ X. (1.1)
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Thereafter, the Banach contraction theorem have been extended and generalized by researchers in
this area. Researchers in this area generalizes the well celebrated Banach contraction principle
by considering a class of nonlinear mappings and spaces which are more general than the class of
a contraction mappings and metric spaces (see [, 4], [16] 17, 18, 19, 1) 22, 25 27, 28] B3] and the
references therein). For example, in 1973, Geraghty [9] introduced a generalized contraction mapping
called Geraghty-contraction and established the fixed point theorem for this class of contraction
mappings in the frame work of metric spaces. We recall the following definition and result from [9].

Definition 1.1. Let (X,d) be a metric space. A mapping T : X — X is called a Geraghty-
contraction mapping if and only if

d(Tz, Ty) < o(d(z,y))d(z,y) (1.2)
for all x,y € X, where ¢ : RT™ — [0, 1) satisfies the following condition:
é(tn) 1 as n—oo=t,—0 as n— 0.

Theorem 1.2. Let (X,d) be a complete metric space and T : X — X be a self map that satisfies
condition . Then T has a unique fized point x* € X such that for each v € X, lim, o, T"x = z*.

In [I0] Goebel generalized (1.1) by introducing a continuous mapping S in place of the identity
mapping (/z = x), such that S commute with 7" and 7'(X) C S(X). More precisely, he introduced
the following definition.

Definition 1.3. Let S,T :Y — X be two mappings, T is called a Jungck-contraction if there exists
a real number § € [0,1) such that

d(Tx,Ty) < dd(Sz, Sy) (1.3)
forall z,y € X.

In 1976, Jungck [7], proved a common fixed point theorem for commuting maps under the condition
that X =Y. The result is as follows:

Theorem 1.4. Let (X,d) be a complete metric space. Suppose the mappings S, T : X — X satisfies
condition such that (T,S) are commuting pair, T(X) C S(X) and S is continuous. Then T
and S have a unique common fized point say p € X.

Remark 1.5. Clearly, if we take Sz = x in for all x € X, we obtain condition .

Definition 1.6. [§/ Let X be a nonempty set and S,T : X — X be any two mappings.

1. A point x € X is called:
(a) coincidence point of S and T if Sx = T,
(b) common fized point of S and T if x = Sx = Tx.
2. If y=Sx =Tx for some x € X, then y is called the point of coincidence of S and T.
3. A pair (S,T) is said to be:
(a) commuting if T'Sx = STx for all x € X,
(b) weakly compatible if they commute at their coincidence points, that is STx = T'Sx, when-
ever Sx = Tx.
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In 1984, Khan, Swaleh and Sessa in [I5] introduced the concept of alternating distance function,
which is defined as follows: A function v : Rt — R™ is called an alternating distance function if the
following conditions are satisfied:

1. ¥(0) =0,
2. 1 is monotonically nondecreasing,
3. 1 is continuous.

They established the following result.

Theorem 1.7. Let (X,d) be a complete metric space, let 1) be an altering distance function, and let
T:X — X be a self mapping which satisfies the following condition

(d(Tz, Ty)) < 6p(d(z,y))
for all x,y € X, where § € (0,1). Then T has a unique fixed point.

Remark 1.8. Clearly, if we take ¢(z) = z, for all x € X, we obtain condition (1.1]).

In what follows, we present some examples of an alternating distance functions.

Example 1.9. A function ¢ : Rt — R" is defined by

1. ¥(t) =nt, for alln € N,
2. Y(t) =t", for alln € N,
3. ¥(t) = cosh(t) — 1.

In 1997, Alber and Guerre-Delabriere [2] introduced a generalization of Banach contraction mapping
called weakly contraction mapping in the frame work of Hilbert space. They established some fixed
point results. We recall that a mapping T : H — H is a weakly contractive mapping if

d(Txu Ty) < d(:L’, y) - ¢(d(l’, y)),

for all z,y € X, where H is an Hilbert space and ¢ : Rt — R™ is a continuous and nondecreasing
function such that ¢(¢) = 0 if and only if ¢t = 0.

Remark 1.10. Clearly, if we take ¢(z) = (1 — o)z, were 0 < a < 1 for all x € X, we obtain

condition .

Rhoades [26] extend the concepts of weakly contraction mapping to metric spaces and he established
the following result.

Theorem 1.11. Let (X, d) be a complete metric space. Suppose the mapping T : X — X is a weakly
contractive, then T have a unique fized point.

Using the concept of alternating distance function, Doric [5], Dutta and Choudhury [6], Harjani
and Sadarangani [I1], T2] established some fixed points results for weak contraction and generalized
contrac tion mappings in the frame work of partially ordered metric spaces. They established the
following results.
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Theorem 1.12. [6/ Let (X,d) be a complete metric space and T : X — X be a mapping satisfying
V(d(Tz, Ty)) < ¥(d(z,y)) — o(d(z,y))

for all x,y € X where ¢, : [0,00) — [0,00) is continuous and nondecreasing function such that
Y(t) > 0,0(t) > t, fort >0 and ¢(0) = ¥(0) = 0 if and only if t = 0. Then T has a unique fized

point.
Theorem 1.13. [J] Let (X, d) be a complete metric space and T : X — X be a mapping satisfying

for all x,y € X where M(z,y) = max{d(a:,y),d(x,Ta:),d(y,Ty),W}, ¢, 1 [0,00) —
[0, 00) such that ¢ is continuous and nondecreasing function with ¥(t) > 0, for t > 0 and $(0) =0
if and only if t =0 and ¢ a lower semi-continuous function with ¢(t) = 0 if and only if t = 0. Then
T has a unique fized point.

Theorem 1.14. [11] Let (X, <) be a partially ordered set and suppose that there exists a metric d
such that (X,d) is a complete metric space. Let T : X — X be a continuous and nondecreasing
mapping such that

d(Tz, Ty) < d(z,y) — ¥ (d(z,y))
for x >y, where ¢ : [0,00) — [0,00) is continuous and nondecreasing function such that ¥ (t) >
0,9(0) = 0 and limy_,, 1(t) = co. If there exists xg € X with xo < Tz, then T has a fized point.

Theorem 1.15. [12] Let (X, <) be a partially ordered set and suppose that there exists a metric d
such that (X,d) is a complete metric space. Let T : X — X be a continuous and nondecreasing
mapping such that

P(d(Tx, Ty)) < p(d(z,y)) — ¢(d(z, y))
for x >y, where 1, ¢ are alteranting distance function. If there exists xqg € X with xq < Txq, then
T has a fixed point.

In 2008, Suzuki in [29] introduced the concept of mappings satisfying condition (C') which is also
known as Suzuki-type generalized nonexpansive mapping and he proved some fixed point theorems.

Definition 1.16. Let (X,d) be a metric space. A mapping T : X — X is said to satisfy condition
(C) if for all x,y € X,

1

The concept of alternating distance functions, weakly contractive mappings and mappings satis-
fying condition (C') have been explored by researchers in this area. For some notable works (see
[11], 12, [14), 21, 29, 30, BT, B2] and the references therein).

Motivated by the above works and the research in this direction. The purpose of this paper is to
introduce a new class of mappings called the (¢, ¢)-Suzuki-type mapping and (1, ¢)-Jungck-Suzuki
contraction type mappings and we establish the existence, uniqueness and coincidence results for
(1, ¢)-Suzuki-type mapping and (1, ¢)-Jungck-Suzuki contraction mappings in the frame work of
complete metric spaces. Furthermore, we applied our results to the existence and uniqueness of
solutions of a differential equation. Our results improve, extend and generalize some known results
in the literature.
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2. Existence and Uniqueness of Fixed Point of (v, ¢)-Suzuki type Mappings

In this section, we introduce the notion of (¢, ¢)-Suzuki type mapping and established the existence
and uniqueness result for this class of mappings.

Definition 2.1. Let (X,d) be a metric space. A mapping T : X — X is said to be (1, ¢)-Suzuki
type, if for all x,y € X,

54(e, ) < d(z,y) = 9(d(Tr, Ty)) < $(M(r,p)) ~ k6(N(2,9)) + Lo(Ni(w9)), (21)

where 0 < k < 1,L >0, M(x,y) = max{d(z,y),d(z, Tx),d(y, Ty)},
N(z,y) = max{d(x,y),d(y, Ty)}, N1(z,y) = min{d(z, Ty),d(x,Tz),d(y, Tx)} and 1, ¢ are alternat-
ing distance functions.

Theorem 2.2. Let (X,d) be a complete metric space and T : X — X be a mapping satisfying
condition . Then T has a unique fixed point.

Proof . Let xqg € X. We define the sequence x,,, = Tz, for all n € N. If we suppose that x,, = x,,11
for some n € N, we have z,, = Tz, which is the required result. So, suppose x,, # z,.1 for alln € N.
Now observe that

1
§d(xn, Tx,)

- %d(mnawrﬁl) < d(n, Tnia)
iw(d(ﬂfnJrl, xn+2>) — w(d<Txn; T$n+1)) S w(M(xn, anrl)) - k¢(N($n7$n+1>> + L¢(N1($n>$n+(l))7)
2.2
where

M (2, Tpy1) = max{d(x,, Txn), d(Tpi1, TTns1), d(Tn, Tny1) b = max{d(n, Tny1), d(Tni1, Tni2)}
N(In, xn—‘rl) - max{d(xna xn-l—l)u d(xn+17 Txn-i—l)} = maX{d(I’n, $n+1)7 d(l‘n+1, xn+2)}
Nl (xm xn+1) == mm{d(mn, Tanrl)a d(xm Txn)? d(.’L’n+1, Tl'n)} =0.

If we take max{d(zn, Tn11), d(Tpi1, Tnio)} = d(Tpy1, Tnie) for some n € N; then (2.2) becomes

Y(d(Tnt1, Tnt2)) < Y(d(@ns1, Tnt2)) — kO(d(@Tnr1, Tpya))
:>¢(d($n+17xn+2)) <0.

Using the fact that ¢(¢) > 0 and ¢(t) = 0 if t = 0, we have that d(z,41, Tn12) = 0, which implies that
Tpi1 = Tpyo, which is a contradiction. Thus, we have that the max{d(z,, zp+1), d(Tpi1, Tnio)} =
d(xy, xye1) and so

A(@pt1; Tnya) < d(Tn, Tntr),
d($n> xn—i—l) S d(xn—la xn) (23)

and becomes
Y(A(Tns1, Tnga)) < Y(A(Tn, Tryr)) — kS(d(T0, Tngr)). (2.4)
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From ({2.3), we have that {d(z,41,%n12)} is a nonincreasing sequence. Thus, there exists ¢ > 0 such

that

lim d(zp41, Tnaz) = ¢,
n—oo

lim d(zp, Tpi1) = C.
n—o0

Taking the limit as n — oo in ([2.4)), we have

¥(c) < (c) — ko(c)
=¢(c) <0 (using the definition of ¢)
=c=0.

And so, we have

lim d(x,11, Tni2) = 0,
n—oo

lim d(z,, zp41) = 0.
n—oo

(2.5)

(2.6)

We now show that {z,} is a Cauchy sequence in X. Assume on contrary that the sequence {z,} is
not Cauchy. Then there exists € > 0 for which we can find subsequences {z,, } and {z,, } of {z,}

with n, > my > k such that
d(Tpmy,, Tn,) > € and  d(xp,,Tn,—1) <€
Then, we have

€ S d(xmkaajnk) S d(Immxnk—l) + d(l‘nk—la xnk)
< e+ d(xp,—1,Tn,).

Setting k — oo and using ([2.6), we have

nh_{glo (T, Tn, ) = €.

Also, using and , we have

ATy, Ty ) < ATy Tngi1) + ATy t1, Ty 1) + A(Tpys1, Ty
and

A(Tmpt1, Tnpr1) < A @my 1, Ty, ) + A @y, Ty ) + A( @y, s T 11)-
Setting k — oo, we have

Jim d(zpy,, 2n,,) = €

More so, using ([2.6)) and (2.9)), we have

d('xmlw .Tnk) S d(ﬂ;'mk, xnk—&-l) + d(xnk+1; xnk)

(2.7)

(2.10)
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and
d(xmm xnkJrl) < d(xmiw x”k) + d(xnkv xnkJFl)'
Setting & — oo, we have

lim d(zp,, Tn,+1) = €. (2.11)

n—oo

Furthermore, using and - we have
d(xmk"!‘l? xnk+1) S d(xmzﬁ-l? xnk) + d(xnkﬂ ‘rnk"!‘l)

and

d(xmk+17 xnk) S d(xmk"!‘l? xnk+1) + d($nk+17 xnk)
Setting k — oo, we have

lim d(zp, 41, Tn,) = €. (2.12)

n—oo

In addition, for the e > 0, the convergence of the sequence {d(z,,z,+1)} implies that there exists
no € N such that d(z,,z,11) < € for all n > ng. Let Ny = max{m;, no}. Then, for all my > n; > Ny,
we have

ATy Tpyyy) < € < d(Tnys Ty

where m; > ny and so
éd(‘rnk’ xnk+1) < d<xnk7 Imk)

which implies that

where

M (2, , T, ) = max{d(zy,, Tx,,), d(Tm, TTm, ), d(Tn,, Tm, )}

( )
= max{d(:vnk, xnk-i-l) ($m7 gjm-&-l) (l‘nk ) ‘(Bmk)}
( )

N(Tp,, T, ) = max{d(T,,, Tm, ), d(Tm,, TTm,

= max{d(zn,, Tm, ), A Tm, Tm11) }
Ny (xnk7 Imk) = min{d($nk7 Txmk)7 d(l‘nk’ Tx”k)’ d(mmk ) Txnk)}

- min{d(xnkv xmk-&-l)v d<xnk7 xnk+1)7 d(xmm $nk+1)}‘

Setting k — co and using (26), [9), @10), @II) and @12), @13) becomes

w(e) < 9(e) — ko(e) + Lo(0)
=¢(e) <0 (using the definition of ¢)
=e=0.

}
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This contradict our assumption that € > 0. Thus {z,} is Cauchy. Since X is complete, then there
exists say y € X such that lim,,_,. x, = y. Now, suppose that for every n € N, we have

1
d<xm y) < §d($n, xn—i—l)
and
1
d(xn—l-lu y) < §d(xn+17 xn+2>-

Now, observe that

d(l‘n, anrl) S d(‘rTw y) + d(y; anrl)

—_

1
< §d(l'n, xn—l—l) + §d(l‘n+1a xn+2)
:d(l’n, :L‘n-l—l) < d(xn+17 xn+2)-
The above inequality has been shown as a contradiction in (2.2)). Hence, we have that

1

5(1(1‘”, ZCn+1) S d<xm y)

and
1
§d(xn+17 xn+2) S d(xn-i-la y)
It then follows that
1 1
§d(xn,Txn) = éd(a:n,wnﬂ) < d(zn,y),
which implies that

P(d(@ni1, Ty)) = Y(d(Tzn, Ty)) <YM (20, y)) = kS(N (20, y)) + LO(N1 (20, Y)), (2.14)

where

M (zn, y) max{d(mm T:Bn) d(y, Ty), (*Tnv y)}

N(zn,y) = max{d(zn,y), d(y, Ty)}

Ni(zp,y) = min{d(z,, Ty), d(x,, Tz,),d(y, Tx,)}.
Setting n — oo, we have becomes

=¢(d(y, Ty)) <0 (using the definition of ¢)

=d(y, Ty) =0

=y ="Ty.
To show that the fixed point is unique, we suppose on the contrary that there exists another fixed
point say z € X such that z =Tz and y # z.

1
§ﬂ%Tw=0§d@J%



Generalized Suzuki (1, ¢)-contraction 12 (2021) No. 1, 963-978 971

which implies that

P(d(y, 2)) = P(d(Ty, Tz)) <YMy, 2)) = kd(N(y, 2)) + Lo(Ni(y, 2),

we obtain

P(d(y, 2)) < P(d(y, 2)) — ko(d(y, 2))

=¢(d(y,z)) <0 (using the definition of ¢)
=d(y,z) =0
=y =2z

Hence, the fixed point is unique. [
Example 2.3. Let X ={0,1,2,3,4,---}. We define
r+y+4 if x#vy
d(z,y) = .
0 i z=y,
T:X — X by

Ty — r—1 if x>1
0 if =0,

and ¥, ¢ : [0,00) — [0,00) by P(x) = 2? and ¢(x) = z. Clearly, (X,d) is a complete metric space
(see, [4]). Then for any k € (0,1] and L >0, T is a (1, ¢)-Suzuki type mapping.

Proof . To establish that 7" is a (¢, ¢)-Suzuki type mapping, we consider the following cases.
Case 1: If x = y, we consider the following sub-cases.
Case 1(a): If z = y = 0. We have that d(T'z,Ty) = 0 and ¥(0) = 0. Clearly, we have that

%d(% Tx) < d(x,y) = P(d(Tz, Ty)) <P(M(z,y)) = ko(N(2,y)) + Lo(Ni(z,y)).

Case 1(b): If x = y # 0. We have
_ 2z+3

1 1
éd(x, Tx) = Ed(:v, r—1) >0=d(z,y).
Thus, we have nothing to show.
Case 2: If x >y and y = 1.
1 1 2
§d(x,Tx) = §d(x,x —-1)= T3 <z+5=d(z,vy),
and
d(Tz,Ty) =d(z—1,y—1)=d(z —1,0) =z +3
d(z,y) =d(z,1) =2 +5
d(z,Tz) =d(z,x — 1) =2x+3
d(y, Ty) = d(1,0) =
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Therefore, we have that
M(z,y)=2c+3, N(z,y)=z+5
and
(x+3)* < (2z+3)>— (z+5),
we have
d(e, ) < d(z,y) = W(d(T, Ty)) < 6(M(2.9)) ~ k(N (x.0)) + LN (2,0)).

Case 3: If x > y and y = 0. We consider the following sub-cases.
Case 3(a): If t =1 and y = 0.

%d(x, Ta) — %d(l, 0) = 5 = d(z,y),
and
d(Tz,Ty) =d(x —1,0) = d(0,0) = 0.
Therefore, we have that
%d(% Tz) <d(z,y) = $(d(Tz, Ty)) < p(M(z,y)) = ko(N(x,y)) + LO(Ni(z,y)).

Case 3(b): If x > 1 and y = 0.

1 1 2
§d(x,Tx) = Ed(x,x—l) _ s <z+4=d(z,y),
and
d(Tz,Ty) =d(z —1,0) =x+3
d(z,y) =d(z,0) =z +4
dz,Tz) =d(x,x — 1) =2x+3
) = d(

Therefore, we have that
M(z,y) =2x+3, N(z,y)=z+4
and
(z+3)* < (20 +3)" — (z +4),

we have

%d(% Tz) < d(x,y) = (d(Tz, Ty)) <P(M(z,y)) = ko(N(2,y)) + Lo(Ni(z,y)).
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Case 4: If x > y and y > 2. We consider the following sub-cases.
Case 4(a): If z =y + 1.

5
<2y+5=dy+1,y) =dxy),

1 1
2d(x, ) Qd(y+ ,Y)
and

d(Tz,Ty)=d(z—1,y—1)=dy,y—1) =2y +3
dla,y) = (y+Ly)=2y+5

dz,Tx)=dly+1,y) =2y +5

d(y, Ty) = 2y + 3.

Therefore, we have that
M(z,y) =22 +3, N(z,y)=xz+4
and
(2y +3)* < (2y +5)* — (2y +5),
we have
%d(l‘, Tx) < d(z,y) = ¢¥(d(Tz, Ty)) < O(M(z,y)) — k¢(N(z,y)) + Lo(Ni(z,y)).

Case 4(b): If z >y + 1.

1 1 2
§d<I’Tx> = §d(x,x—l) _ 2wt <z4+y+4=d(z,vy),
and
d(Tz,Ty) =dz—1lL,y—1)=x+y+2
d(z,y) =d(z,y) =z +y+4<2x+3
dz,Tz) =d(z,x — 1) =2x+3
d(y, Ty) = d(y,y —1) =2y + 3.

Therefore, we have that
M(z,y)=2zx+3, N(r,y)=x+y+4
and
(r+y+2P2<2r+1)2<(22+3)>%— (22 +3),
we have

%d(% Tz) < d(x,y) = P(d(Tz, Ty)) <P(M(z,y)) = ko(N(2,9)) + Lo(Ni(z,y)).

Hence, T is a (¢, ¢)-Suzuki type mapping with a unique fixed point 0. O
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3. Coincidence Point Theorem for (v, ¢)-Jungck-Suzuki type Mappings

In this section, we introduce the concept of (¢, ¢)- Jungck-Suzuki type mapping and established the
existence of a coincidence point for this class of mappings.

Definition 3.1. Let (X,d) be a metric space, Y an arbitrary nonempty set and S, T : Y — X be
two mappings. A mapping T is said to be (1, ¢)-Jungck-Suzuki type mapping, if for all x,y € Y,
1
§d(5x,Tx) < d(Sz, Sy)
S (d(T, Ty)) < W(M(Sz, Sy)) — k6(N(Sz, Sy)) + Lo(N1(Sz, Sy)),  (3.1)

where 0 < k < 1,L >0, M(Sx,Sy) = max{d(Sz, Sy),d(Sz, Tx),d(Sy,Ty)},
N(z,y) = max{d(Sz, Sy),d(Sy, Ty)}, N1(Sz, Sy) = min{d(Sz, Ty),d(Sz, Tx),d(Sy, Tx)}

and 1, ¢ are alternating distance functions.

Theorem 3.2. Let (X, d) be a complete metric space. Suppose the mappings S, T : Y — X satisfying
condition such that T(Y) C S(Y') and S(Y') is a complete subspace of X, then T and S have a
coincidence point.

Proof . For every xy € Y, there exists x; € Y such that Sz, = Tz, since T(Y) C S(Y). Using this
fact, for any z, € Y, there exists z,,; such that Sz, ; = Tx,. Now observe that

1
§d(S£L'n, Tz,)

= %d(sxru an+l) < d(S{L‘n,SIn+1)
:>1/}(d(SIn+1, an+2)) = ¢(d(Tl’m Txn—&-l))
< WY(M(Szp, Stpi1)) — k(N (ST, STpi1)) + LO(N1 (Sxy, Sxptt)), (3.2)

where

M(Szy, Stpy1) = max{d(Sz,, Tx,), d(Sx,i1, TTni1), d(Sxy, Stpin)}
= max{d(Sxy,, STni1),d(STpi1, STpio)}

N(Szp, Stpy1) = max{d(Sx,, Stni1),d(STpi1, Txni1)}
= max{d(Sxy,, STni1),d(STpi1, STpio)}

Ni(Sxy, Stpy1) = min{d(Sz,, Txpyi1),d(Szy, T2y, d(STpiq, Ta,)} = 0.

Using similar approach as in Theorem 2.2 we have that the max{d(Sz,, Szn+1), d(STni1, STpi2)} =
d(Sx,, Styy1) and so

d(an-i-la an+2) S d(ana an—i—l)a
d(Szp, Stpyr) < d(Sxy_1,ST,) (3.3)

and becomes
W(d(Stpy1, Stpie)) < Y(d(Sxy, Stpi1)) — kd(d(Sxy, STpit)). (3.4)
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From (3.3]), we have that {d(Sxz,.1,S%,.2)} is a nonincreasing sequence. Thus, there exists ¢ > 0
such that

lim d(Sx,41, Stpie) = ¢,

n—oo

lim d(Sz,, St,41) = c. (3.5)

n—oo

Taking the limit as n — oo in (3.4)), we have

¥(c) < ¥(c) — ko(c)
=¢(c) <0 (using the definition of ¢)
=c = 0.

lim d(Szp41, Stpio) =0,

n—o0

lim d(Sz,, St,+1) = 0. (3.6)

n—0o0

Using similar approach as in Theorem [2.2] it is easy to show that {Sz,} is Cauchy. Since S(Y) is
complete, then there exists say € S(Y') such that lim,,_,. Sz, = x. More so, we can find y € Y
such that Sy = z. Now suppose that for every n € N, we have

d(Szp,y) < %d(an,anH)
and
d(Stpi1,y) < %d(SwnH, STpia).
Now, observe that
d(Szp, Stpy1) < d(Sxyn,y) + d(y, Stpir)
< %d(Swn, Spi1) + %d(anH, STpio)
=d(Sx,, Stpi1) < d(STpi1, STpis).

Which is a contradiction. Hence, we have that
%d(an,Sa:nH) < d(Sz,,y) and %d(Sx‘nH,anH) < d(STpi1,y).
It then follows that
%d(an,Txn) = %d(S:cn, Sz,) < d(Szp,y),
which implies that
P(d(Stnar, Ty)) = (d(Tx, Ty)) < (M(Sxn, Sy)) — k¢(N (S, Sy)) + LO(N1 (S0, Sy)),  (3.7)

where

M(Sxz,, Sy) = max{d(Sxz,, Tx,),d(Sy, Ty),d(Sx,, Sy)} = max{d(Sx,, Stpi1),d(x,Ty),d(Sz,,x)}
N(Sz,, Sy) = max{d(Sz,, Sy),d(Sy, Ty)} = max{d(Sxz,, z),d(z,Ty)}
Ni(Szp, Sy) = min{d(Sz,, Ty),d(Szn, Tx,),d(Sy, Tx,)} = min{d(Sz,, Ty), d(STn, STpi1),d(x, Sxhi)}
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Setting n — oo, we have (3.7)) becomes

P(d(z, Ty)) < P(d(z, Ty)) — ko(d(z, Ty)) + Le(0)
=¢(d(x,Ty)) <0 (using the definition of ¢)
=d(z,Ty) =0
=z ="T1Yy.

It follows that

lim d(Sz,,Ty) =0 and lim d(Sz,,Sy) =0

n—00 n—00

Thus, we have x = Sy = T'y. This completes the proof. [

4. Application

In this section, we present an application on existence of a solution of a differential equation. Let
C(I) be the space of all continuous function defned on I = [0, 1]. Consider the following second order
differential equation with the associated boundary conditions

—d*x

—a = f(ta(). telre00) (4.1)

z(0) = z'(1) = 0.
If x € C*(I) is a zero of (4.1, then z € C(I) is also the zero of the following integral equation
1
x(t) :/ G(t,7)f(r,z(r))dr tel,
0
where G(t,7) is the Green function defined by

G(t.7) t(l—7) if 0<t<7<1
77-
T(1—t) if 0<7<t<L.

Theorem 4.1. Considering the differential equation and a mapping f: I x C(I) — R defined
by

flt,z) = f(ty) =6/ (z —y)2+ Az —y), z>y,

where 6 € (0,8],A = L —1 > 0. Suppose that f is weakly increasing with respect to the second
variable, then there exists a unique nonnegative solution of the differential equation .

Proof . Suppose that X = {x € C(I) : z(t) > 0} and d(z, y) = sup,e;{|x(t) —y(t)|} for all z,y € X.
Clearly, (X,d) is a complete metric space. We define T': C'(I) — C(I) by

Ta(t) = /0 Gt 7) f(r,x(r))dr (4.2)
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If x € C(I) is a fixed point of T, then € C'(I) is a zero of (4.1)). By our hypothesis that = >y, we
have

1y(t) = [ Gt () < [ Gt nsratr) = Tato)
More so, we have that

stlely{\Tx(t) —a(t)]} < stlelg{\x(t) —y(®)[}
that is
%d(Tx, z) < d(Tx,z) < d(z,y),

which implies that

i, Ty) = sup{ITalt) = Ty} = sup | G 2(7) - 5700
—Stlé.P/O (t, )6/ (2( )24+ A(x(1) — y(7))dr  (4.3)
= 5\/d(z,y)? + A(d sup/GtT

Clearly, the sup,¢; fol G(t,7)dT = 5. And so 1} becomes

A(Tw, Ty) = b/l y)? + Ad(e, ) < v/dw, g + Adr,y)
=d(Tz, Ty)* < d(z,y)* + Ad(x,y) = d(Tz,Ty)* < d(x,y)*+ (L —1)d(z,y),

where A = L — 1. Suppose that 1 (t) = t?, ¢(t) = t. Therefore, the last inequalities, becomes

Y(d(Tz, Ty)) < Y(d(z,y)) — ¢(d(z,y)) + Lé(d(z, y))
<Y(M(z,y)) — (N (z,y)) + Lo(Ni(z,9)).

Since all of the conditions of Theorem are satisfied, as a result, the mapping T has a unique fixed
point which is a solution of (4.2) and consequently a solution of (4.1)). [J

5. Conclusion

In this work, we have extend and improve various fixed point results in metric spaces. More so, the
result obtain in this paper generalizes and complements many well-known results in Banach spaces.
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