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Abstract

In this study, we obtain exact traveling wave solutions of the conformable space-time fractional
Sawada-Kotera-Ito, Lax and Kaup-Kupershmidt equations by using the extended tanh method. The
obtained traveling wave solutions are expressed by the hyperbolic, trigonometric, exponential and
rational functions. Simulation of the obtained solutions are given at the end of the paper.
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1. Introduction

Nonlinear fractional partial differential equations have extensive application in many areas of sci-
ence and engineering such as physics, chemistry, mechanics, electrical networks, astronomy, diffusion,
viscoelastic fluid, entropy and biological sciences [1, 2, 3]. As a result, researchers have begun to
search for methods that give exact and approximate solutions of nonlinear fractional partial differ-
ential equations (see, for example, [4, 5, 6, 7, 8, 9, 10, 11]).

The Korteweg-de Vries (KdV)-type equations are one of the important mathematical models of
nonlinear partial differential equations. They are used to describe long wave motion in shallow water,
one-dimensional nonlinear lattice, hydrodynamics, quantum mechanics, plasma physics, and optics
[12, 13, 14, 15]. Due to the higher-order dispersion or other properties, the higher-order integrable
members in the KdV hierarchy have also been studied, which can model some physical phenomena
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such as the surface and internal waves, gravity-capillary waves, interaction between a water wave
and a floating ice cover, etc. [16, 17].

The conformable space-time fractional Korteweg-de Vries (KdV) equation is given as follows:

Tαt u+ au3T βx u+ b(T βx u)3 + cu.T βx u.T
β
x T

β
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β
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β
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β
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β
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β
x T

β
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β
x T

β
x u = 0,

where a, b, c, d, e, f and g are non-zero constants. α (0 < α ≤ 1) and β (0 < β ≤ 1) are param-
eters describing the order of the conformable time fractional and the conformable space fractional,
respectively. When α = 1, β = 1, Eq.(1.1) corresponds to the classical seventh-order KdV equation.
In fact, the seventh-order KdV was introduced by Pomeau et al.[18] and its structural stability was
discussed under a singular perturbation. For a = 252, b = 63, c = 378, d = 126, e = 63, f = 42
and g = 21, Eq.(1.1) is called the conformable space-time fractional Sawada-Kotera-Ito equation
[19, 20, 21]. For a = 140, b = 70, c = 280, d = 70, e = 70, f = 42 and g = 14, Eq.(1.1) is called the
conformable space-time fractional Lax equation equation [19, 20, 21]. For a = 2016, b = 630, c =
2268, d = 504, e = 252, f = 147 and g = 42, Eq.(1.1) is called the conformable space-time fractional
Kaup-Kupershmidt equation [19, 20, 21].

Seventh-order KdV equations have been widely studied in the literature. Exp-function method
and modified Kudryashov method have been used to solve seventh-order Sawada-Kotera-Ito, Lax and
Kaup-Kupershmidt equations in [21, 20], respectively. Seventh-order Sawada-Kotera-Ito equation
has been solved by using G′/G-expansion method, Bell-polynomial approach, tanh-coth method in
[22, 23, 24], respectively. Seventh-order Sawada-Kotera-Ito and Lax equations have been solved by
using homotopy perturbation method, the Cole-Hopf transform and reconstruction of variational
iteration method in [25, 26, 27], respectively. G′/G-expansion method to construct the closed form
solutions of the seventh order conformable time fractional Sawada-Kotera-Ito equation has been
presented in [28]. Lie symmetry analysis of the seventh-order time fractional Sawada-Kotera-Ito
equation with Riemann-Liouville derivative has been performed and obtained exact traveling wave
solutions by using the sub-equation method in [29].

The objective of this paper is to employ the extended tanh method (see, for example, [30, 31]) to
obtain the exact traveling wave solutions of the conformable space-time fractional Sawada-Kotera-Ito,
conformable space-time fractional Lax and conformable space-time fractional Kaup- Kupershmidt
equations. The paper is organized as follows. In Section 2, definition and properties of the con-
formable fractional derivative are presented. In Section 3, 4 and 5, exact traveling wave solutions
of the conformable space-time fractional Sawada-Kotera-Ito, conformable space-time fractional Lax
and conformable space-time fractional Kaup- Kupershmidt equations via the extended tanh method
are obtained, respectively. Finally, conclusion is given in Section 6.

2. Description of conformable fractional derivative and its properties

For a function f : (0,∞) → R, the conformable fractional derivative of f of order 0 < α < 1 is
defined as (see, for example, [32])

Tαt f(t) = lim
ε→0

f(t+ εt1−α)− f(t)

ε
. (2.1)
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Some important properties of the the conformable fractional derivative are as follows:

Tαt (af + bg)(t) = aTαt f(t) + bTαt g(t), ∀a, b ∈ R, (2.2)

Tαt (tµ) = µtµ−α, (2.3)

Tαt (f(g(t)) = t1−αg
′
(t)f

′
(g(t)). (2.4)

3. Analytic solutions to the conformable space-time fractional Sawada-Kotera-Ito equa-
tion

Firstly, we consider the conformable space-time fractional Sawada-Kotera-Ito equation as follows
[19, 20, 21]

Tαt u+ 252u3T βx u+ 63(T βx u)3 + 378uT βx uT
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β
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β
x T

β
x T

β
x T

β
x u = 0, 0 < α ≤ 1, 0 < β ≤ 1. (3.1)

Using the following transformation

u(x, t) = U(ξ), ξ = k
tα

α
+m

xβ

β
, (3.2)

where k, m, are constants, Eq.(3.1) can be written as the following differential equations

kU ′ + 252mU3U ′ + 63m3(U ′)3 + 378m3UU ′U ′′ + 126m3U ′′′U2 + 63m5

. U ′′U ′′′ + 42m5U ′U (4) + 21m5UU (5) +m7U (7) = 0. (3.3)

Let us suppose that the solution of Eq.(3.3) can be expressed in the following form:

U(ξ) =
N∑
i=0

aiφ(ξ)i, (3.4)

where φ(ξ) satisfies the linear ordinary differential equation in the form

φ′ = b+ φ2, (3.5)

where b is nonzero constant, ai are arbitrary constants to be determined. Eq.(3.5) has different
solutions as follows (see, for example, [30, 31]):
When b > 0

φ =
√
b tan(

√
bξ) or φ = −

√
b cot(

√
bξ). (3.6)

When b < 0

φ = −
√
−b tanh(

√
−bξ) or φ = −

√
−b coth(

√
−bξ). (3.7)

When b = 0

φ = − 1

(ξ +D)
. (3.8)
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Here D is nonzero constant. Substituting Eq.(3.4) into Eq.(3.3) and then by balancing the highest
order derivative term and nonlinear term in result equation, the value of N can be determined as 2.
Therefore, Eq.(3.4) reduces to

U(ξ) = a0 + a1φ(ξ) + a2φ(ξ)2. (3.9)

Substituting (3.9) into (3.3), collecting all the terms with the same power of φ, we can obtain a set
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of algebraic equations for the unknowns a0, a1, a2, b, k, m:
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1
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2
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Solving the algebraic equations in the Mathematica, we obtain the following set of solutions: a0 =
−8bm2

3
, a1 = 0, a2 = −4m2, k = −256

3
b3m7 :
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When b > 0,

u1(x, t) =
−8bm2

3
− 4m2

(√
b tan(

√
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When b < 0,
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√
−b(−256

3
b3m7 t

α
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u4(x, t) =
−8bm2

3
− 4m2

(√
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√
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3
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α

α
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When b = 0,

u5(x, t) = − 1
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3
b3m7 tα

α
+mxβ

β
+D

. (3.14)

Fig.1 shows 3D plot of the traveling wave solution u3(x, t) in Eq.(3.1) for α = 0.5, β = 1, m = 1,
b = −1/4. Note that all of the solutions which are given by Eqs.(3.10)-(3.14) satisfy the conformable
space-time fractional Sawada-Kotera-Ito equation Eq.(3.1). This has been seen by substituting the
obtained solutions into the Eq.(3.1) and using the symbolic toolbox of MATLAB.

4. Analytic solutions to the conformable space-time fractional Lax equation

Conformable space-time fractional Lax equation is given in the following form [19, 20, 21]

Tαt u+ 140u3T βx u+ 70(T βx u)3 + 280uT βx uT
β
x T

β
x u+ 70u2T βx T

β
x T

β
x u

+ 70T βx T
β
x uT

β
x T

β
x T

β
x u+ 42T βx uT

β
x T

β
x T

β
x T

β
x u+ 14uT βx T
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x T

β
x T

β
x T

β
x u

+ T βx T
β
x T

β
x T

β
x T

β
x T

β
x T

β
x u = 0, 0 < α ≤ 1, 0 < β ≤ 1. (4.1)

Substituting Eq.(3.2) into Eq.(4.1), Eq.(4.1) can be transformed to the following differential equation

kU ′ + 140mU3U ′ + 70m3(U ′)3 + 280m3UU ′U ′′ + 70m3U ′′′U2 + 70m5U ′′U ′′′

+ 42m5U ′U (4) + 14m5UU (5) +m7U (7) = 0. (4.2)

Let us suppose that the solution of Eq.(4.2) can be written in the form of Eq.(3.4). Substituting
Eq.(3.4) into Eq.(4.2) and then by balancing the highest order derivative term and nonlinear term
in result equation, the value of N can be determined as 2. Therefore, Eq.(3.4) reduces to

U(ξ) = a0 + a1φ(ξ) + a2φ(ξ)2. (4.3)
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Substituting (4.3) into (4.2), collecting all the terms with the same power of φ, we can obtain a set
of algebraic equations for the unknowns a0, a1, a2, b, k, m:

280a42m+ 5600a32m
3 + 30240a22m

5 + 40320a2m
7 = 0,

980a1a
3
2m+ 10780a1a

2
2m

3 + 24696a1a2m
5 + 5040a1m
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280a2(2a
2
1m

3 + 28ba22m
3) + 3528a21m

5 + 3360a0a
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3 + 420a21a
2
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. a21a2m
3 + 4480a32bm

3 + 84000a22bm
5 + 280a2m(a2(a

2
1 + 2a0a2) + a0a

2
2

+ 2a21a2) + 1680a2m
3(a21 + 2a0a2) + 10080a0a2m

5 + 280a42bm+ 120960a2b

. m7 = 0,

280a1(2a
2
1m

3 + 28ba22m
3) + 70a31m

3 + 280a2m(a1(a
2
1 + 2a0a2) + 4a0a1a2)

+ 140a1m(a2(a
2
1 + 2a0a2) + a0a

2
2 + 2a21a2) + 420a1m

3(a21 + 2a0a2) + 1680a0

. a1m
5 + 13440a1bm

7 + 6160a0a1a2m
3 + 980a1a

3
2bm+ 63056a1a2bm

5

+ 14840a1a
2
2bm

3 = 0,

280a2(4a
2
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3 + 20a22b
2m3) + 280a0(2a

2
1m

3 + 28ba22m
3) + 140b(12a21m

5

+ 144ba22m
5) + 140a1m(a1(a

2
1 + 2a0a2) + 4a0a1a2) + 840a0a

2
1m

3 + 1680a20
. a2m

3 + 6328a21bm
5 + 129024a2b

2m7 + 280a2m(a0(a
2
1 + 2a0a2) + 2a0a

2
1

+ a20a2) + 2800a32b
2m3 + 61152a22b

2m5 + 2800a2bm
3(a21 + 2a0a2) + 23520a0

. a2bm
5 + 420a21a

2
2bm+ 8540a21a2bm

3 + 280a2bm(a2(a
2
1 + 2a0a2) + a0a

2
2

+ 2a21a2) = 0,

280a1(4a
2
1bm

3 + 20a22b
2m3) + 420a20a1m

3 + 210a31bm
3 + 12096a1b

2m7

+ 140a1m(a0(a
2
1 + 2a0a2) + 2a0a

2
1 + a20a2) + 8820a1a

2
2b

2m3 + 560a1bm
3(a21

+ 2a0a2) + 840a20a1a2m+ 3360a0a1bm
5 + 280a2bm(a1(a

2
1 + 2a0a2) + 4a0a1

. a2) + 53648a1a2b
2m5 + 140a1bm(a2(a

2
1 + 2a0a2) + a0a

2
2 + 2a21a2)

+ 11760a0a1a2bm
3 = 0,

280a0(4a
2
1bm

3 + 20a22b
2m3) + 140b(4a21bm

5 + 32a22b
2m5) + 2a2k + 280a2

. (2a21b
2m3 + 4a22b

3m3) + 70b2(12a21m
5 + 144ba22m

5) + 420a20a
2
1m+ 56320

. a2b
3m7 + 4256a21b

2m5 + 560a32b
3m3 + 16576a22b

3m5 + 280a30a2m+ 5460

. a21a2b
2m3 + 140a1bm(a1(a

2
1 + 2a0a2) + 4a0a1a2) + 1120a2b

2m3(a21 + 2a0

. a2) + 1120a0a
2
1bm

3 + 2800a20a2bm
3 + 17248a0a2b

2m5 + 280a2bm(a0(a
2
1

+ 2a0a2) + 2a0a
2
1 + a20a2) = 0,

a1k + 280a1(2a
2
1b

2m3 + 4a22b
3m3) + 3968a1b

3m7 + 210a31b
2m3 + 140a30

. a1m+ 1400a1a
2
2b

3m3 + 140a1b
2m3(a21 + 2a0a2) + 560a20a1bm

3 + 1904a0

. a1b
2m5 + 16240a1a2b

3m5 + 140a1bm(a0(a
2
1 + 2a0a2) + 2a0a

2
1 + a20a2)

+ 6160a0a1a2b
2m3 + 840a20a1a2bm = 0,

280a0(2a
2
1b

2m3 + 4a22b
3m3) + 70b2(4a21bm

5 + 32a22b
2m5) + 7936a2b

4m7

+ 2a2bk + 896a21b
3m5 + 1344a22b

4m5 + 280a0a
2
1b

2m3 + 1120a20a2b
2m3

+ 980a21a2b
3m3 + 280a30a2bm+ 420a20a

2
1bm+ 3808a0a2b

3m5 = 0,

140a30a1bm+ 140a20a1b
2m3 + 224a0a1b

3m5 + 560a2a0a1b
3m3 + 70a31b

3m3

+ 272a1b
4m7 + 952a2a1b

4m5 + ka1b = 0.

Solving the algebraic equations in the Mathematica, we obtain the following set of solutions:
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a1 = 0, a2 = −2m2, k = −4(35a30m+ 140a20bm
3 + 196a0b

2m5 + 96b3m7) :
When b > 0,

u1(x, t) = a0 − 2m2
(√

b tan(
√
b(−4(35a30m+ 140a20bm

3 + 196a0b
2m5

+ 96b3m7)
tα

α
+m

xβ

β
))
)2
. (4.4)

u2(x, t) = a0 − 2m2
(√

b cot(
√
b(−4(35a30m+ 140a20bm

3 + 196a0b
2m5

+ 96b3m7)
tα

α
+m

xβ

β
))
)2
. (4.5)

When b < 0,

u3(x, t) = a0 − 2m2
(√
−b tanh(

√
−b(−4(35a30m+ 140a20bm

3 + 196a0b
2m5

+ 96b3m7)
tα

α
+m

xβ

β
))
)2
. (4.6)

u4(x, t) = a0 − 2m2
(√
−b coth(

√
−b(−4(35a30m+ 140a20bm

3 + 196a0b
2m5

+ 96b3m7)
tα

α
+m

xβ

β
))
)2
. (4.7)

When b = 0,

u5(x, t) = − 1

−4(35a30m+ 140a20bm
3 + 196a0b2m5 + 96b3m7) t

α

α
+mxβ

β
+D

. (4.8)

Fig.2 shows 3D plot of the traveling wave solution u3(x, t) in Eq.(4.1) for α = 0.25, β = 0.5,
m = 0.07, a0 = 0.25, b = −0.05. Note that all of the solutions which are given by Eqs.(4.4)-
(4.8) satisfy the conformable space-time fractional Lax equation Eq.(4.1). This has been seen by
substituting the obtained solutions into the Eq.(4.1) and using the symbolic toolbox of MATLAB.

5. Analytic solutions to the conformable space-time fractional Kaup-Kupershmidt equa-
tion

Finally, we consider conformable space-time fractional Kaup-Kupershmidt equation as follows
[19, 20, 21]

Tαt u+ 2016u3T βx u+ 630(T βx u)3 + 2268uT βx uT
β
x T

β
x u+ 504u2T βx T

β
x T

β
x u

+ 252T βx T
β
x uT

β
x T

β
x T

β
x u+ 147T βx uT

β
x T

β
x T

β
x T

β
x u+ 42uT βx T

β
x T

β
x T

β
x T

β
x u

+ T βx T
β
x T

β
x T

β
x T

β
x T

β
x T

β
x u = 0, 0 < α ≤ 1, 0 < β ≤ 1. (5.1)

Using the transformation (3.2), Eq.(5.1) can be written in following form

kU ′ + 2016mU3U ′ + 630m3(U ′)3 + 2268m3UU ′U ′′ + 504m3U ′′′U2

+ 252m5U ′′U ′′′ + 147m5U ′U (4) + 42m5UU (5) +m7U (7) = 0. (5.2)
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Let us suppose that the solution of Eq.(5.2) can be expressed in the form of Eq.(3.4) .Substituting
Eq.(3.4) into Eq.(5.2) and then by balancing the highest order derivative term and nonlinear term in
result equation, the value of N can be determined as 2. Therefore, Eq.(3.4) can be written as follows

U(ξ) = a0 + a1φ(ξ) + a2φ(ξ)2. (5.3)
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Substituting (5.3) into (5.2), collecting all the terms with the same power of φ, we can obtain a set
of algebraic equations for the unknowns a0, a1, a2, b, k, m:

4032a42m+ 44352a32m
3 + 101808a22m

5 + 40320a2m
7 = 0,

14112a1a
3
2m+ 84672a1a

2
2m

3 + 81144a1a2m
5 + 5040a1m

7 = 0,

2268a2(2a
2
1m

3 + 28ba22m
3) + 11592a21m

5 + 27216a0a
2
2m

3 + 6048a21a
2
2m

+ 32508a21a2m
3 + 35280a32bm

3 + 285264a22bm
5 + 4032a2m(a2(a

2
1 + 2a0a2)

+ a0a
2
2 + 2a21a2) + 12096a2m

3(a21 + 2a0a2) + 30240a0a2m
5 + 4032a42bm

+ 120960a2bm
7 = 0,

2268a1(2a
2
1m

3 + 28ba22m
3) + 630a31m

3 + 4032a2m(a1(a
2
1 + 2a0a2)

+ 4a0a1a2) + 2016a1m(a2(a
2
1 + 2a0a2) + a0a

2
2 + 2a21a2) + 3024a1m

3

. (a21 + 2a0a2) + 5040a0a1m
5 + 13440a1bm

7 + 46872a0a1a2m
3 + 14112a1

. a32bm+ 208824a1a2bm
5 + 116928a1a

2
2bm

3 = 0,

2268a2(4a
2
1bm

3 + 20a22b
2m3) + 2268a0(2a

2
1m

3 + 28ba22m
3) + 504b(12a21m

5

+ 144ba22m
5) + 2016a1m(a1(a

2
1 + 2a0a2) + 4a0a1a2) + 6048a0a

2
1m

3 + 12096

. a20a2m
3 + 20496a21bm

5 + 129024a2b
2m7 + 4032a2m(a0(a

2
1 + 2a0a2) + 2a0

. a21 + a20a2) + 23184a32b
2m3 + 206640a22b

2m5 + 20160a2bm
3(a21 + 2a0a2)

+ 70560a0a2bm
5 + 6048a21a

2
2bm+ 69300a21a2bm

3 + 4032a2bm(a2(a
2
1

+ 2a0a2) + a0a
2
2 + 2a21a2) = 0,

2268a1(4a
2
1bm

3 + 20a22b
2m3) + 3024a20a1m

3 + 1890a31bm
3 + 12096a1b

2m7

+ 2016a1m(a0(a
2
1 + 2a0a2) + 2a0a

2
1 + a20a2) + 71568a1a

2
2b

2m3 + 4032a1bm
3

. (a21 + 2a0a2) + 12096a20a1a2m+ 10080a0a1bm
5 + 4032a2bm(a1(a

2
1

+ 2a0a2) + 4a0a1a2) + 179592a1a2b
2m5 + 2016a1bm(a2(a

2
1 + 2a0a2) + a0a

2
2

+ 2a21a2) + 90216a0a1a2bm
3 = 0,

2268a0(4a
2
1bm

3 + 20a22b
2m3) + 504b(4a21bm

5 + 32a22b
2m5) + 2a2k + 2268

. a2(2a
2
1b

2m3 + 4a22b
3m3) + 252b2(12a21m

5 + 144ba22m
5) + 6048a20a

2
1m

+ 56320a2b
3m7 + 13944a21b

2m5 + 5040a32b
3m3 + 56112a22b

3m5 + 4032a30a2m

+ 45108a21a2b
2m3 + 2016a1bm(a1(a

2
1 + 2a0a2) + 4a0a1a2) + 8064a2b

2m3(a21
+ 2a0a2) + 8064a0a

2
1bm

3 + 20160a20a2bm
3 + 51744a0a2b

2m5 + 4032a2bm(a0

. (a21 + 2a0a2) + 2a0a
2
1 + a20a2) = 0,

a1k + 2268a1(2a
2
1b

2m3 + 4a22b
3m3) + 3968a1b

3m7 + 1890a31b
2m3 + 2016

. a30a1m+ 12096a1a
2
2b

3m3 + 1008a1b
2m3(a21 + 2a0a2) + 4032a20a1bm

3

+ 5712a0a1b
2m5 + 55272a1a2b

3m5 + 2016a1bm(a0(a
2
1 + 2a0a2) + 2a0a

2
1

+ a20a2) + 47880a0a1a2b
2m3 + 12096a20a1a2bm = 0,

2268a0(2a
2
1b

2m3 + 4a22b
3m3) + 252b2(4a21bm

5 + 32a22b
2m5) + 7936a2b

4m7

+ 2a2bk + 3024a21b
3m5 + 4704a22b

4m5 + 2016a0a
2
1b

2m3 + 8064a20a2b
2m3

+ 8316a21a2b
3m3 + 4032a30a2bm+ 6048a20a

2
1bm+ 11424a0a2b

3m5 = 0,

2016a30a1bm+ 1008a20a1b
2m3 + 672a0a1b

3m5 + 4536a2a0a1b
3m3 + 630a31

. b3m3 + 272a1b
4m7 + 3360a2a1b

4m5 + ka1b = 0.

Solving the algebraic equations in the Mathematica, we obtain the following set of solutions:
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a0 = − bm2

3
, a1 = 0, a2 = −m2

2
, k = −4

3
b3m7 :

When b > 0,

u1(x, t) = −bm
2

3
− m2

2

(√
b tan(

√
b(
−4

3
b3m7 t

α

α
+m

xβ

β
))
)2
. (5.4)

u2(x, t) = −bm
2

3
− m2

2

(√
b cot(−

√
b(
−4

3
b3m7 t

α

α
+m

xβ

β
))
)2
. (5.5)

When b < 0,

u3(x, t) = −bm
2

3
− m2

2

(√
−b tanh(

√
−b(−4

3
b3m7 t

α

α
+m

xβ

β
))
)2
. (5.6)

u4(x, t) = −bm
2

3
− m2

2

(√
−b coth(

√
−b(−4

3
b3m7 t

α

α
+m

xβ

β
))
)2
. (5.7)

When b = 0,

u5(x, t) = − 1
−4
3
b3m7 tα

α
+mxβ

β
+D

. (5.8)

Fig.3 shows 3D plot of the traveling wave solution u1(x, t) in Eq.(5.1) for α = 0.75, β = 1, m = 1,
b = 0.05. Note that all of the solutions which are given by Eqs.(5.4)-(5.8) satisfy the conformable
space-time fractional Kaup-Kupershmidt equation Eq.(5.1). This has been seen by substituting the
obtained solutions into the Eq.(5.1) and using the symbolic toolbox of MATLAB.

6. Conclusion

In this paper, we apply to the extended tanh method to the conformable space-time fractional
KdV equations: conformable space-time fractional Sawada-Kotera-Ito equation, conformable space-
time fractional Lax equation and conformable space-time fractional Kaup-Kupershmidt equation.
The obtained traveling wave solutions are expressed by the hyperbolic, trigonometric, exponential
and rational functions. These solutions are new and not found elsewhere. The effect of the fractional
order derivative on some of these solutions are represented graphically for special values of the
parameters. Furthermore, it has been checked that all of the obtained solutions verify the related
equations. This means that all of the obtained solutions are exact solutions. The extended tanh
method can be also applied to the another conformable nonlinear partial differential equations with
constant coefficients and the system of the conformable nonlinear partial differential equations with
constant coefficients.

References

[1] I. Podlubny, Fractional differential equations, Academic Press. San Diego, 1999.
[2] KS. Miller and B. Ross, An introduction to the fractional calculus and fractional differential equations, Wiley.

New York, 1993.
[3] KB. Oldham and J. Spanier, The fractional calculus: Integrations and differentiations of arbitrary order, Academic

Press, New York, 1974.



1192 Yaslan, Girgin

[4] BR. Sontakke, A. Shaikh and V. Jadhav, Fractional complex transform for approximate solution of time fractional
Zakharov-Kuznetsov equation, IJPAM 116 (4) (2017) 913–927.

[5] BR. Sontakke and A. Shaikh, Approximate solutions of time fractional Kawahara and modified Kawahara equa-
tions by Fractional complex transform, CNA 2 (2016) 218–229.

[6] BR. Sontakke and A. Shaikh, Numerical Solutions of Time Fractional Fornberg-whitham And Modified Fornberg-
whitham Equations Using New Iterative Method, Asian J. Math. Comput. Res. 13 (2) (2016) 66–76.

[7] M. Inc, The approximate and exact solutions of the space- and time-fractional Burgers equations with initial
conditions by variational iteration method, J. Math. Anal. Appl. 345 (2008) 476–484.

[8] BP. Moghaddam and JAT. Machado, A stable three-level explicit spline finite difference scheme for a class of
nonlinear time variable order fractional partial differential equations, Comput. Math. Appl. 73 (2017) 1262–1269.

[9] IE. Inan, S. Duran and Y. Ugurlu, tan(F ( ξ
2 ))-expansion method for traveling wave solutions of AKNS and Burgers-

like equations Modified method of simplest equation and its applications to the Bogoyavlenskii equation, Optik 138
(2017) 15–20.

[10] NH. Sweilam, SM. Al-Mekhlafi and AO. Albalawi, A novel variable-order fractional nonlinear Klein Gordon
model: A numerical approach. Numer. Methods Partial Differ. Equ. 35 (2019) 1617–1629.

[11] Y. Shekari, A. Tayebi and MH. Heydari, A meshfree approach for solving 2D variable-order fractional nonlinear
diffusion-wave equation, Comput. Methods Appl. Mech. Engrg. 350 (2019) 154–168.

[12] DJ. Korteweg and G. de Vries, On the change of form of long waves advancing in a rectangular canal and on a
new type of long stationary waves, Philos. Mag. 39 (1895) 422–443.

[13] A. Jeffrey and T. Kakutani, Weak nonlinear dispersive waves: a discussion centered around the Korteweg-de
Vries equation, SIAM Rev. 14 (1972) 582–643.

[14] AC. Scott, FYF. Chu and DW. McLaughlin, The soliton: a new concept in applied science, Proc. IEEE 61 (1973)
1443–1483.

[15] RM. Miura, The Korteweg-de Vries equation: a survey of results, SIAM Rev. 18 (1976) 412–459.
[16] R. Grimshaw, E. Pelinovsky and T. Talipova, Solitary wave transformation in a medium with sign-variable

quadratic nonlinearity and cubic nonlinearity, Phys. D 132 (1999) 40–62.
[17] R. Grimshaw, D. Pelinovsky, E. Pelinovsky and T. Talipova, Wave group dynamics in weakly nonlinear long-wave

models, Phys. D 159 (2001) 35–57.
[18] Y. Pomeau, A. Ramani and B. Grammaticos, Structural stability of the Korteweg-de Vries solitons under a

singular perturbation, Physica D 31 (1988) 127–134.
[19] AM. Wazwaz. Partial differential equations and solitary waves theory, Springer Science and Business Media, 2010.
[20] EME. Zayed and KAE. Alurrfi, The modified Kudryashov method for solving some seventh order nonlinear PDEs

in mathematical physics, WJMS. 11 (2015) 308–319.
[21] DD. Ganji, AG. Davodi and YA. Geraily, SawadaKoteraIto, Lax and KaupKupershmidt equations using Exp-

function method, Math. Meth. Appl. Sci. 33 (2010) 167–176.
[22] J. Feng, New Traveling Wave Solutions to the Seventh-Order Sawada-Kotera Equation, J. Appl. Math. Infor. 28

(2010) 1431–1437.
[23] YJ. Shen, YT. Gao, X. Yu, G. Meng and Y. Qin, Bell-polynomial approach applied to the seventh-order Sawada-

Kotera-Ito equation, Appl. Math. Comput. 227 (2014) 502–508.
[24] AM. Wazwaz, The Hirota’s direct method and the tanh-coth method for multiple-soliton solutions of the Sawada-

Kotera-Ito seventh-order equation, Appl. Math. Comput. 199 (2008) 133–138.
[25] H. Nemati, Z. Eskandari, F. Noori and M. Ghorbanzadeh, Application of the homotopy perturbation method to

seven-order Sawada-Kotara equations, J. Eng. Sci. Technol. Rev. 4 (2011) 101–104.
[26] AH. Salas, CA. Gomez and BA. Frias, Computing exact solutions to a generalized Lax-Sawada-Kotera-Ito seventh-

order KdV equation, Math. Probl. Eng. 2010 (2010) 7 pages.
[27] M. Saravi, A. Nikkar, M. Hermann, J. Vahidi and R. Ahari, A new modified approach for solving seven-order

Sawada-Kotara equations, J. Math. Computer Sci. 6 (2013) 230–237.
[28] AA. Al-Shawba, A. Gepreel, FA. Abdullah and A. Azmi, Abundant closed form solutions of the conformable time

fractional Sawada-Kotera-Ito equation using G′/G-expansion method, Results Phys. 9 (2018) 337–343.
[29] E. Yassar, Y. Yldrm and CM. Khalique, Lie symmetry analysis, conservation laws and exact solutions of the

seventh-order time fractional SawadaKoteraIto equation, Results Phys. 6 (2016) 322–328.
[30] E. Fan, Extended tanh-function method and its applications to nonlinear equations, Phys. Lett. A 277 (2000)

212–218.
[31] UM. Abdelsalam, Exact travelling solutions of two coupled (2 + 1)-dimensional equations, Egypt. Math. Soc. 25

(2017) 125–128.
[32] R. Khalil, MA. Horani, A. Yousef and M. Sababheh, A new defnition of fractional derivative, J. Comput. Appl.



The extended tanh method for solving fractional KdV equations 12 (2021) No. 1, 1181-1194 1193

Math. 264 (2014) 65–70.

Figure 1: 3D plot of the obtained traveling wave solution u3(x, t) of Eq.(3.1).

Figure 2: 3D plot of the obtained traveling wave solution u3(x, t) of Eq.(4.1).
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Figure 3: 3D plot of the obtained traveling wave solution u1(x, t) of Eq.(5.1).
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