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Abstract
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1. Introduction

In literature, convex functions and its generalization have become more importance due to its
significant classical integral inequalities. The Hermite-Hadamard inequality [8, 9] for convex functions
g : I → R on an interval I of real line is defined as:

g (
b1 + b2

2
) ≤ 1

b2 − b1

∫ b2

b1

g(s)ds ≤ g(b1) +g(b2)

2
, (1.1)

for all b1, b2 ∈ I with b1 < b2. For more details see [2, 3, 7, 22, 11, 13, 14, 15, 18, 26].
Fractional calculus [12] has performeded major role in different scientific fields. In [23], Sarikaya

et. al. showed some Hermite-Hadamard and Hermite-Hadamard type integral inequalities for frac-
tional integrals. In [4, 5, 6, 16, 17, 19, 20, 21, 25], authors proved several Hermite-Hadamard type
inequalities for variuos generalized fractional integrals.

Tunc et. al. [24] defined new class of functions called tgs-convex functions.
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Definition 1.1 ([24]). A function g : I ⊆ R → R is called tgs-convex, if it is nonnegative and
satisfy the following inequality

g (µb1 + (1− µ)b2) ≤ µ(1− µ)[g(b1) +g(b2)], (1.2)

for all b1, b2 ∈ I and µ ∈ [0, 1].

Abdeljawad [1] defined the conformable fractional integral as:

Definition 1.2 ([1]). Let α ∈ (m,m+ 1] and γ = α−m. Then the left and conformable fractional
integrals starting at b1 of order α > 0 is defined by

J b1α g (s) =
1

m!

∫ s

b1

(s− t)m(t− b1)γ−1 g (t)dt,

and the right conformable fractional integrals is defined by

J b2α g (s) =
1

m!

∫ b2

s

(t− s)m(b2 − t)γ−1 g (t)dt.

Jarad et. al. [10] has defined the following new fractional integral operator.

Definition 1.3 ([10]). Let γ ∈ C, then the left and right sided fractional conformable integral
operators of order α > 0 are characterised as:

γ
b1
J α g (s) =

1

Γ(γ)

∫ s

b1

(
(s− b1)α − (t− b1)α

α

)γ−1 g(t)

(t− b1)1−α
dt, (1.3)

γJ α
b2
g (s) =

1

Γ(γ)

∫ b2

s

(
(b2 − s)α − (b2 − t)α

α

)γ−1 g(t)

(b2 − t)1−α
dt. (1.4)

The classical Beta and The incomplete Beta function is given as:

1. The Beta function:

β(b1, b2) =
∫ 1

0
tb1−1(1− t)b2−1dt

2. The incomplete Beta function:

βu(b1, b2) =
∫ u
0
tb1−1(1− t)b2−1dt, u ∈ [0, 1].

Following relationship holds between classical Beta and incomplete Beta functions:

β(b1, b2) = βu(b1, b2) + β1−u(b1, b2).

Further,

βu(b1 + 1, b2) =
b1βu(b1, b2)− (1

2
)b1+b2

b1 + b2
,

and

βu(b1, b2 + 1) =
b2βu(b1, b2)− (1

2
)b1+b2

b1 + b2
.

Our aim is to prove some Hermite-Hadamard type inequalities for tgs-convex functions via con-
formable as well as new conformable fractional integrals. In the coming section 2 we will prove
integral inequalities for tgs-convex functions via conformable fractional integrals and then in the
later section 3 we will prove integral inequalities for tgs-convex functions via new fractional con-
formable integral operators.



Inequalities for tgs-convex functions 12 (2021) No. 2, 425-436 427

2. Inequalities via conformable fractional integrals

In this section, we show some integral properties for tgs-convex functions via conformable frac-
tional integrals.

Theorem 2.1. Let g : [b1, b2] ⊂ R→ R be a tgs-convex function such that g ∈ L1[b1, b2], then

4Γ(α−m)

Γ(α + 1)
g

(
b1 + b2

2

)
≤ 1

(b2 − b1)α
[
J b1α g (b2) + J b2α g (b1)

]
≤ 2(m+ 1)Γ(α−m+ 1)

Γ(α + 3)
(g(b1) +g(b2)).

(2.1)

Proof . Using tgs-convexity of g, we have

g

(
x+ y

2

)
≤ g(x) +g(y)

4
. (2.2)

Let x = µb1 + (1− µ)b2 and y = (1− µ)b1 + µb2, we get

4g

(
b1 + b2

2

)
≤ g(µb1 + (1− µ)b2) +g(µb2 + (1− µ)b1). (2.3)

Multiplying (2.3) by 1
m!
µm(1 − µ)α−m−1 with µ ∈ (0, 1), α > 0 and then integrating the resulting

inequality with respect to µ over [0, 1], we find

4

m!
g

(
b1 + b2

2

)∫ 1

0

µm(1− µ)α−m−1dµ

≤ 1

m!

∫ 1

0

µm(1− µ)α−m−1 g (µb1 + (1− µ)b2) dµ

+
1

m!

∫ 1

0

µm(1− µ)α−m−1 g (µb2 + (1− µ)b1) dµ

= I1 + I2.

(2.4)

By setting t = µb1 + (1− µ)b2, we have

I1 =
1

m!

∫ 1

0

µm(1− µ)α−m−1 g (µb1 + (1− µ)b2) dµ

=
1

m!

∫ b1

b2

(
t− b2
b1 − b2

)m(
1− t− b2

b1 − b2

)α−m−1
g (t)

dt

b1 − b2

=
1

m! (b2 − b1)α
∫ b2

b1

(b2 − t)m (t− b1)α−m−1 g (t)dt

=
1

(b2 − b1)α
J b1α g (b2).

(2.5)



428 Mehreen, Anwar

Similarly, by setting t = µb2 + (1− µ)b1, we have

I2 =
1

m!

∫ 1

0

µm(1− µ)α−m−1 g (µb2 + (1− µ)b1) dµ

=
1

m!

∫ b2

b1

(
t− b1
b2 − b1

)m(
1− t− b1

b2 − b1

)α−m−1
g (t)

dt

b2 − b1

=
1

m! (b2 − b1)α
∫ b2

b1

(t− b1)m (b2 − t)α−m−1 g (t)dt

=
1

(b2 − b1)α
J b2α g (b1).

(2.6)

Thus by using (2.5) and (2.6) in (2.4), we get the first inequality of (2.1).
Now consider,

g(µb1 + (1− µ)b2) ≤ µ(1− µ)(g(b1) +g(b2)),

and
g(µb2 + (1− µ)b1) ≤ µ(1− µ)(g(b2) +g(b1)).

By adding

g (µb1 + (1− µ)b2) +g(µb2 + (1− µ)b1) ≤ 2µ(1− µ)(g(b1) +g(b2)). (2.7)

Multiplying (2.7) by 1
m!
µm(1 − µ)α−m−1 with µ ∈ (0, 1), α > 0 and then integrating the resulting

inequality with respect to µ over [0, 1], we get

1

(b2 − b1)α
[
J b1α g (b2) + J b2α g (b1)

]
≤ 2(m+ 1)Γ(α−m+ 1)

Γ(α + 3)
(g(b1) +g(b2)).

(2.8)

Hence proof is completed. �

Remark 2.2. In Theorem 2.1, if we take α = n+ 1, then we obtain Theorem 3.1 in [24].

Lemma 2.3. Let g : [b1, b2] ⊂ R→ R be a differentiable function on (b1, b2) with b1 < b2 such that
g′ ∈ L1[b1, b2], then

∆g(b1, b2;α; β; J)

=
b2 − b1

2

∫ 1

0

(β1−t(m+ 1, α−m)− βt(m+ 1, α−m))g′ (µb1 + (1− µ)b2)dµ,
(2.9)

where

∆g(b1, b2;α; β; J)

= β(m+ 1, α−m)

(
g(b1) +g(b2)

2

)
− m!

2(b2 − b1)α
[
J b1α g (b2) + J b2α g (b1)

]
.
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Proof . Consider,∫ 1

0

(β1−t(m+ 1, α−m)− βt(m+ 1, α−m))g′ (µb1 + (1− µ)b2)dµ

=

∫ 1

0

β1−t(m+ 1, α−m)g′ (µb1 + (1− µ)b2)dµ

−
∫ 1

0

βt(m+ 1, α−m)g′ (µb1 + (1− µ)b2)dµ

= I1 − I2.

(2.10)

Then by integration by parts, we have

I1 =

∫ 1

0

β1−t(m+ 1, α−m)g′ (µb1 + (1− µ)b2)dµ

=

∫ 1

0

(∫ 1−t

0

um(1− u)α−m−1du

)
g′ (µb1 + (1− µ)b2)dµ

=
1

b2 − b1
β(m+ 1, α−m)g (b2)

− 1

b2 − b1

∫ 1

0

(1− t)mtα−m−1 g (µb1 + (1− µ)b2)dµ

=
1

b2 − b1
β(m+ 1, α−m)g (a2)

− 1

b2 − b1

∫ b1

b2

(
1− x− b2

b1 − b2

)m(
x− b2
b1 − b2

)α−m−1 g(x)

b1 − b2
dx

=
1

b2 − b1
β(m+ 1, α−m)g (b2)−

m!

(b2 − b1)α+1
J b2α g (b1).

(2.11)

Similarly, we have

I2 =

∫ 1

0

βt(m+ 1, α−m)g′ (µb1 + (1− µ)b2)dµ

=

∫ 1

0

(∫ t

0

um(1− u)α−m−1du

)
g′ (µb1 + (1− µ)b2)dµ

= − 1

b2 − b1
β(m+ 1, α−m)g (b1)

+
1

b2 − b1

∫ 1

0

tm(1− t)α−m−1 g (µb1 + (1− µ)b2)dµ

= − 1

b2 − b1
β(m+ 1, α− n)g (b1)

+
1

b2 − b1

∫ b1

b2

(
x− b2
b1 − b2

)m(
1− x− b2

b1 − b2

)α−m−1 g(x)

b1 − b2
dx

= − 1

b2 − b1
β(m+ 1, α−m)g (b1) +

m!

(b2 − b1)α+1
J b1α g (b2).

(2.12)

By substituting values of I1 and I2 in (2.10) and then multiplying by a2−a1
2

we get (2.9). �
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Theorem 2.4. Let g : [b1, b2] ⊂ R → R be a differentiable function on (b1, b2) with b1 < b2 such
that g′ ∈ L1[b1, b2]. If |g′ |q, with q ≥ 1, is tgs-convex function, then the following inequality holds

|∆g(b1, b2;α; β; J)| ≤ b2 − b1
2

λ1−1/q
(
|g′ (b1)|q + |g′ (b2)|q

6

)1/q

, (2.13)

where
λ = β(m+ 1, α−m+ 1)− β(m+ 1, α−m) + β(m+ 2, α−m).

Proof . Using Lemma 2.3, property of modulus, Power mean inequality and tgs-convexity of |g′ |q,
we have

|∆g(b1, b2;α; β; J)|

=

∣∣∣∣b2 − b12

∫ 1

0

(β1−t(m+ 1, α−m)− βt(m+ 1, α−m))g′ (µb1 + (1− µ)b2)dµ

∣∣∣∣
≤ b2 − b1

2

(∫ 1

0

(β1−t(m+ 1, α−m)− βt(m+ 1, α−m)) dµ

)1− 1
q

×
(∫ 1

0

|g′ (µb1 + (1− µ)b2)|qdµ
) 1

q

≤ b2 − b1
2

λ1−
1
q

(∫ 1

0

(µ(1− µ))(|g′ (b1)|q + |g′ (b2)|q)dµ
) 1

q

,

(2.14)

where

λ =

∫ 1

0

(β1−t(m+ 1, α−m)− βt(m+ 1, α−m)) dµ

= β(m+ 1, α−m+ 1)− β(m+ 1, α−m) + β(m+ 2, α−m),

and ∫ 1

0

µ(1− µ)dµ =
1

6
.

Hence the proof is completed. �

Theorem 2.5. Let g : [b1, b2] ⊂ R→ R be a differentiable function on (b1, b2) with b1 < b2 such that
g′ ∈ L1[b1, b2]. If |g′ |q, with q, p > 1 such that 1

p
+ 1

q
= 1, is tgs-convex function, then the following

inequality holds

|∆g(b1, b2;α; β; J)| ≤ b2 − b1
2

ν1/p
(
|g′ (b1)|q + |g′ (b2)|q

6

)1/q

, (2.15)

where

ν = 2

∫ 1
2

0

(∫ 1−t

t

um(1− u)α−m−1du

)
dt,
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Proof . Using Lemma 2.3, property of modulus, Holder’s inequality and tgs-convexity of |g′ |q, we
have

|∆g(b1, b2;α; β; J)|

=

∣∣∣∣b2 − b12

∫ 1

0

(β1−t(m+ 1, α−m)− βt(m+ 1, α−m))g′ (µb1 + (1− µ)b2)dµ

∣∣∣∣
≤ b2 − b1

2

(∫ 1

0

|β1−t(m+ 1, α−m)− βt(m+ 1, α−m)|p dµ
) 1

p

×
(∫ 1

0

|g′ (µb1 + (1− µ)b2)|qdµ
) 1

q

≤ b2 − b1
2

ν
1
p

(∫ 1

0

(µ(1− µ))(|g′ (b1)|q + |g′ (b2)|q)dµ
) 1

q

,

(2.16)

where

ν =

∫ 1

0

|β1−t(m+ 1, α−m)− βt(m+ 1, α−m)|p dt

=

∫ 1
2

0

(β1−t(m+ 1, α−m)− βt(m+ 1, α−m))p dt

+

∫ 1

1
2

(βt(m+ 1, α−m)− β1−t(m+ 1, α−m))p dt

=

∫ 1
2

0

(∫ 1−t

t

um(1− u)α−m−1du

)p
dt+

∫ 1

1
2

(∫ t

1−t
um(1− u)α−m−1du

)p
dt

= 2

∫ 1
2

0

(∫ 1−t

t

um(1− u)α−m−1du

)p
dt,

and ∫ 1

0

µ(1− µ)dµ =
1

6
.

Hence the proof is completed. �

3. Inequalities via new fractional conformable integral operators

In this section, we show some integral properties for tgs-convex functions via new fractional
conformable integral operators.

Theorem 3.1. Let g : [b1, b2] ⊂ R→ R be a tgs-convex function such that g ∈ L1[b1, b2], then

4

γαγ
g

(
b1 + b2

2

)
Γ(γ)

(b2 − b1)αγ
[
γ
b1
J α g (a2) +γ J α

b2
g (b1)

]
≤
β(α+1

α
, γ) + β(α+2

α
, γ)

α
(g(b1) +g(b2)).

(3.1)
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Proof . Multiplying (2.3) by
(
1−µα
α

)γ−1
µα−1 with µ ∈ (0, 1), α > 0 and then integrating the resulting

inequality with respect to µ over [0, 1], we find

4g

(
b1 + b2

2

)∫ 1

0

(
1− µα

α

)γ−1
µα−1dµ

≤
∫ 1

0

(
1− µα

α

)γ−1
µα−1 g (µb1 + (1− µ)b2) dµ

+

∫ 1

0

(
1− µα

α

)γ−1
µα−1 g (µb2 + (1− µ)b1) dµ

= I1 + I2.

(3.2)

By setting t = µb1 + (1− µ)b2, we have

I1 =

∫ 1

0

(
1− µα

α

)γ−1
µα−1 g (µb1 + (1− µ)b2) dµ

=

∫ b1

b2

1−
(
t−b2
b1−b2

)α
α

γ−1(
t− b2
b1 − b2

)α−1
g (t)

dt

b1 − b2

=
1

(b2 − b1)αγ
∫ b2

b1

(
(b2 − b1)α − (b2 − t)α

α

)γ−1
(b2 − t)α−1 g (t)dt

=
Γ(γ)

(b2 − b1)αγ
γJ α

b2
g (b1).

(3.3)

Similarly, by setting t = µb2 + (1− µ)b1, we have

I2 =

∫ 1

0

(
1− µα

α

)γ−1
µα−1 g (µb2 + (1− µ)b1) dµ

=

∫ b1

b2

1−
(
t−b1
b2−b1

)α
α

γ−1(
t− b1
b2 − b1

)α−1
g (t)

dt

b2 − b1

=
1

(b2 − b1)αγ
∫ b2

b1

(
(b2 − b1)α − (t− b1)α

α

)γ−1
(t− b1)α−1 g (t)dt

=
Γ(γ)

(b2 − b1)αγ
γ
b1
J α g (b2).

(3.4)

Thus by using (3.3) and (3.4) in (3.2), we get the first inequality of (3.1). Now for the second

inequality of (3.1) multiplying (2.7) by
(
1−µα
α

)γ−1
µα−1 with µ ∈ (0, 1), α > 0 and then integrating

the resulting inequality with respect to µ over [0, 1], we get

Γ(γ)

(b2 − b1)αγ
[
γ
b1
J α g (b2) +γ J α

b2
g (b1)

]
≤
β(α+1

α
, γ) + β(α+2

α
, γ)

α
(g(b1) +g(b2)).

(3.5)

Hence proof is completed. �
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Lemma 3.2. Let g : [b1, b2] ⊂ R→ R be a differentiable function on (b1, b2) with b1 < b2 such that
g′ ∈ L1[b1, b2], then

∆g(b1, b2;α; γ;J )

=
(b2 − b1)αγ

2

∫ 1

0

[(
1− µα

α

)γ
−
(

1− (1− µ)α

α

)γ]
g′ (µb1 + (1− µ)b2)dµ,

(3.6)

where

∆g(b1, b2;α; γ;J )

=

(
g(b1) +g(b2)

2

)
− αγΓ(γ + 1)

2(b2 − b1)αγ
[
γ
b1
J α g (b2) + γJ α

b2
g (b1)

]
.

Proof . Consider, ∫ 1

0

[(
1− µα

α

)γ
−
(

1− (1− µ)α

α

)γ]
g′ (µb1 + (1− µ)b2)dµ

=

∫ 1

0

(
1− µα

α

)γ
g′ (µb1 + (1− µ)b2)dµ

−
∫ 1

0

(
1− (1− µ)α

α

)γ
g′ (µb1 + (1− µ)b2)dµ

= I1 − I2.

(3.7)

Then by integration by parts, we have

I1 =

∫ 1

0

(
1− µα

α

)γ
g′ (µb1 + (1− µ)b2)dµ

=
1

b1 − b2

(
1− µα

α

)γ
g (µb1 + (1− µ)b2)

∣∣∣1
0

− 1

b1 − b2

∫ 1

0

γ

(
1− µα

α

)γ−1
(−µα−1)g (µb1 + (1− µ)b2)dµ

=
g(b2)

(b2 − b1)αγ
− γ

b2 − b1

∫ 1

0

(
1− µα

α

)γ−1
µα−1 g (µb1 + (1− µ)b2)dµ.

(3.8)

Since by letting t = µb1 + (1− µ)b2, we find∫ 1

0

(
1− µα

α

)γ−1
µα−1 g (µb1 + (1− µ)b2)dµ =

Γ(γ)

(b2 − b1)αγ
γJ α

b2
g (b1).

Thus by putting above value in (3.8), we get

I1 =
g(b2)

(b2 − b1)αγ
− Γ(γ + 1)

(b2 − b1)αγ+1
γJ α

b2
g (b1).
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Similarly, we have

I2 =

∫ 1

0

(
1− (1− µ)α

α

)γ
g′ (µb1 + (1− µ)b2)dµ

=
1

b1 − b2

(
1− (1− µ)α

α

)γ
g (µb1 + (1− µ)b2)

∣∣∣1
0

− 1

b1 − b2

∫ 1

0

γ

(
1− (1− µ)α

α

)γ−1
(1− µ)α−1 g (µb1 + (1− µ)b2)dµ

=
−g (b1)

(b2 − b1)αγ
+

γ

b2 − b1

∫ 1

0

(
1− (1− µ)α

α

)γ−1
(1− µ)α−1 g (µb1 + (1− µ)b2)dµ.

(3.9)

Since by letting t = µb1 + (1− µ)b2, we find∫ 1

0

(
1− (1− µ)α

α

)γ−1
(1− µ)α−1 g (µb1 + (1− µ)b2)dµ =

Γ(γ)

(b2 − b1)αγ
γ
b1
J α g (b2).

Thus by putting above value in (3.9), we get

I2 =
−g (b2)

(b2 − b1)αγ
+

Γ(γ + 1)

(b2 − b1)αγ+1

γ
b1
J α g (b2).

By substituting values of I1 and I2 in (3.7) and then multiplying both sides by (b2−b1)αγ
2

we get (3.6).
�

Theorem 3.3. Let g : [b1, b2] ⊂ R → R be a differentiable function on (b1, b2) with b1 < b2 such
that g′ ∈ L1[b1, b2]. If |g′ |q, with q ≥ 1, is tgs-convex function, then the following inequality holds:

|∆g(b1, b2;α; γ;J )| ≤ (b2 − b1)αγ

2
τ 1−1/q

(
|g′ (b1)|q + |g′ (b2)|q

6

)1/q

, (3.10)

where

τ =
β
(
1
α
, γ + 1

)
αγ+1

−
β
(

1
α2 , γ + 1

)
αγ+2

.

Proof . Using Lemma 3.2, property of modulus, Power meaan inequality and tgs-convexity of |g′ |q,
we have

|∆g(b1, b2;α; γ;J )|

=

∣∣∣∣(b2 − b1)αγ2

∫ 1

0

[(
1− µα

α

)γ
−
(

1− (1− µ)α

α

)γ]
g′ (µb1 + (1− µ)b2)dµ

∣∣∣∣
≤ (b2 − b1)αγ

2

{∫ 1

0

[(
1− µα

α

)γ
−
(

1− (1− µ)α

α

)γ]
dµ

}1−1/q

×
(∫ 1

0

|g′ (µb1 + (1− µ)b2)|qdµ
)1/q

≤ (b2 − b1)αγ

2
τ 1−1/q

(∫ 1

0

µ(1− µ)(|g′ (b1)|q + |g′ (b2)|q)dµ
)1/q

,

(3.11)
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where

τ =

∫ 1

0

[(
1− µα

α

)γ
−
(

1− (1− µ)α

α

)γ]
dµ

=

∫ 1

0

(
1− µα

α

)γ
dµ−

∫ 1

0

(
1− (1− µ)α

α

)γ
dµ

=
β
(
1
α
, γ + 1

)
αγ+1

−
β
(

1
α2 , γ + 1

)
αγ+2

,

(3.12)

and ∫ 1

0

µ(1− µ)dµ =
1

6
.

Thus by putting above values in (3.11), we get (3.10). �

Conclusion

In section 2, from Theorem 2.1 we obtained the Hermite-Hadamard inequality for tgs-convex
function via conformable fractional integrals. Then Lemma 2.3, we found an identity from which we
proved Theorem 2.4 and 2.5, that is, Hermite-Hadamard type inequalities for tgs-convex function
via conformable fractional integrals are obtained. In section 3, from Theorem 3.1 we obtained
the Hermite-Hadamard inequality for tgs-convex function via new fractional conformable integral
operators. Then from Lemma 3.2, we found an identity from which we proved Theorem 3.3, which is,
Hermite-Hadamard type inequalities for tgs-convex function via new fractional conformable integral
operators.
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