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Abstract

In this research article, we establish several Hermite-Hadamard type inequalities for tgs-convex
functions via conformable fractional integrals and new fractional conformable integral operators.
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1. Introduction

In literature, convex functions and its generalization have become more importance due to its
significant classical integral inequalities. The Hermite-Hadamard inequality [8,9] for convex functions
Y : I — R on an interval I of real line is defined as:

b1 + bQ < 1 /b2 Y(bl) + Y(b?)

ds <
(5 S gy [ e < R

(1.1)

for all by, by € I with by < by. For more details see [2, B, [7, 22], 1T], 13, 14, 15] 18] 26].

Fractional calculus [12] has performeded major role in different scientific fields. In [23], Sarikaya
et. al. showed some Hermite-Hadamard and Hermite-Hadamard type integral inequalities for frac-
tional integrals. In [4] [5 6] [16] 17, 19 20, 211, 25], authors proved several Hermite-Hadamard type
inequalities for variuos generalized fractional integrals.

Tunc et. al. [24] defined new class of functions called tgs-convex functions.
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Definition 1.1 ([24]). A function Y : I C R — R is called tgs-convez, if it is nonnegative and
satisfy the following inequality

Y (uby + (1= p)ba) < pu(1 = p)[Y (b1) + Y (b2)], (1.2)
for all by,by € I and p € [0,1].
Abdeljawad [I] defined the conformable fractional integral as:

Definition 1.2 ([1]). Let a € (m,m+1] and v = o —m. Then the left and conformable fractional
integrals starting at by of order a > 0 is defined by

JU Y (s) = S /S(s — 1) (t —by)"" Y (t)dt,

m! Jy,

and the right conformable fractional integrals is defined by

! /bg(t —8)™(by — )" Y (t)dt.

ml
Jarad et. al. [I0] has defined the following new fractional integral operator.

Definition 1.3 ([10]). Let v € C, then the left and right sided fractional conformable integral
operators of order a > 0 are characterised as:

7T () = 1 /bj((s—bl)a;(t_bl)a)v 1( wr(t))1 at (13)

J2 Y (s) =

I'(v) t—0by
Ve (g) = b (b= = (b=t Y(t)
T Y (s) F(v)/s ( - ) O L. (1.4)

The classical Beta and The incomplete Beta function is given as:
1. The Beta function:

B(by,by) = [ t"=1(1 — )= dt
2. The incomplete Beta function:

5u bl,bg fO thi— 1 b2 ldt u € [0, 1]

Following relationship holds between classical Beta and incomplete Beta functions:

B(b1,b2) = Bu(b1, ba) + Fr_u (b1, ba).

Further,
5 —+ blﬁu(bh b2) — (l)b1+b2
nd “ b 1’b = 2 )
( 1 2) bl b2
a /B (b b + 1) — b2 EU<blva) — (%)bl"er
u\Y1, U2 — bl b2 ‘

Our aim is to prove some Hermite-Hadamard type inequalities for tgs-convex functions via con-
formable as well as new conformable fractional integrals. In the coming section [2| we will prove
integral inequalities for tgs-convex functions via conformable fractional integrals and then in the
later section [3| we will prove integral inequalities for tgs-convex functions via new fractional con-
formable integral operators.
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2. Inequalities via conformable fractional integrals

In this section, we show some integral properties for tgs-convex functions via conformable frac-
tional integrals.

Theorem 2.1. Let Y : [by,bs] C R — R be a tgs-convex function such that Y € Ly[by, by], then

Tt (457

<

G b (T2 (b)) + J2 Y (by)] (2.1)

< 2(m+ DN —m+1)
- I'(a+3)

(Y(b1) + Y (b2)).

Proof . Using tgs-convexity of Y, we have

. (x+y) < Y(x)-l—Y(y)' (2.2)
2 4
Let & = pby + (1 — p)by and y = (1 — p)by + uba, we get
b +0b
( ! 2) Y (uby + (1 — pu)by) + Y (uby + (1 — 12)by). (2.3)

Multiplying (2.3)) by m,,u (1 — p)*™™ ! with g € (0,1), @ > 0 and then integrating the resulting
inequality Wlth respect to p over [0, 1], we find

4 b+ ! m a—m—
— Y (= / p (L= )" dp
m! 2 0

1
<o [ (b (1 ) d
0

(2.4)

1
+ —/ P (L= ) 7Y (uby 4+ (1 — p)br) dp
0

By setting t = ub; + (1 — p)bs, we have

= —/ AN (uby 4 (1= p)be) dps

t — by t—by \*! dt
= 1— Y (t
Tn'/b2 (bl—bg) < bl—bg) ()bl—bg
1 b2 o
e by — )™ (t— b)) ™ Y (t)dt
i RICRU R Va0
1
= ————J0 Y (bo).
(bg—bl)a « (2)
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Similarly, by setting t = uby + (1 — )by, we have

= —/ )Y (pby 4 (1= p)by) dps

t—b t—b \“" ! dt
= 1— t
771'/},1 (bg—bl) ( bg—bl) Y()bQ—bl
1 b2 o
S t—b))" (by — )" t)dt
T L ) e
1
=———J2 Y (b).
(bg—bl)a « (1)

Thus by using ) and . in . we get the first inequality of .
Now consmler

Y (pby + (1 = p)ba) < p(1 — p) (Y (br) + Y (ba)),
and
Y (pby 4 (1 — p)by) < p(1 — p)(Y (b2) + Y (b1)).

By adding
Y (b 4 (1= p)ba) + Y (ubz + (1 — p)br) < 2u(1 — ) (Y (b1) + Y (b2)). (2.7)

Multiplying (2.7) by —;p™(1 — p)* ™" with 4 € (0,1), @ > 0 and then integrating the resulting
inequality with respect to p over [0, 1], we get

g Y )+ 2 ()

< 2m+ )N —m +1)
- ['(a+3)

(2.8)

(Y (b1) + Y (b2))-
Hence proof is completed. [J
Remark 2.2. In Theorem 2.1}, if we take oo = n + 1, then we obtain Theorem 3.1 in [24].

Lemma 2.3. Let Y : [by,by] C R — R be a differentiable function on (b1, bs) with by < by such that
Y/ c Ll[bl, bg], then

Av(bl,b2;a;53 J)

by — by 1
- / (Bie(m+ 1,00 —=m) — Bu(m~+ 1, = m)) Y’ (uby + (1 — p)bo)dp,
0

(2.9)

where
AY(blab%a;ﬁ; J)

= B(m+1,a —m) (Y(bl) ; Y(bz)> 2(b27ﬁ!b1) [0 (ba) + J2 Y (By)] -
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Proof . Consider,
1
| Greatm+ 10— m) = o + 10— ) ¥ (b + (1= bl
0

1
= [ Busm et L= m) ¥ b+ (1= )
0

(2.10)
1
~ [ B L m) ¥ b+ (1 )
0
- Il - [2.
Then by integration by parts, we have
1
L = / Brot(m~+1,a—m) Y (uby + (1 — u)be)du
0
1 1—t
= / (/ u™(1 — u)“_m_ldu> Y (uby 4 (1 — p)be)dp
0 0
1
= ﬁ(m+1,a—m)Y(b2)
by — by
1 1
- / (L= 8)™t*™ 7Y (uby + (1 — p)bo)dp (2.11)
by — b1 Jo
= Bim+ 1,0 —m) Y (az)
by — by
1 /b1 (1_x—b2)m<:z:—b2)a—m_l Y () e
by — b1 s, by — bs by — by by — by
m!
b2_b16(m+ & m)Y(2) (bz_bl)a+1‘]a Y(l)
Similarly, we have
1
I = / Be(m+1,a—m) Y (uby + (1 — p)ba)dp
01 t
= / (/ u™(1 — u)amldu) Y (b + (1 — p)be)dp
0 0
1
=— Bim+1,aa—m) Y (b)
by — by
1 1
b [0 (b (1 )
by — b1 Jo
1
=— Bim+1,a—mn)Y (b))
by — by
1 by . m . a—m—1
e ) )
b? - bl bo bl - b2 bl - b2 bl - b2 (212)

1 m)!
= — 1l,a— b S by).
bg—blﬂ(m—i_ y & m) Y( 1)+ (b2_b1)a+1‘]a Y( 2)

By substituting values of I and I, in (2.10) and then multiplying by 5% we get (2.9). O
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Theorem 2.4. Let Y : [by,bs] C R — R be a differentiable function on (by,bs) with by < by such
that Y' € Lq[by,bo]. If | Y' |9, with ¢ > 1, is tgs-convez function, then the following inequality holds

- Y ()| + | Y ()| M
|Ay<b1,b2;a;6;J)|sb2—2b1AH/Q(' ] (2)’) | (2.13)

where
A=pm+La—m+1)—F(m+1,aa—m)+B(m+2,a—m).

Proof . Using Lemma property of modulus, Power mean inequality and tgs-convexity of | Y’ |7,
we have
| Ay (b1, bo; s 85 T)|
by — by
2

/0 (Bit(m + 1L,a —m) = By(m+ 1, a —m)) Y’ (ubi + (1 — p)bs)dp

by —by [ [ =
< 92 (/(; (ﬁlt(m—i_la&_m)_ﬁt<m+1aa_m)>du) (214)

1
q

([ 10 s - )

q

< b = byt (/0 (L= ) (1Y ()] + | Y (bz)fq)dﬂ) )

where

1
)\:/ (Bi—e(m+ 1,0 —m) — Be(m + 1, — m)) dp
0
:6(m+17a_m+1)_B<m+1va_m)+ﬂ(m+2aa_m)a
and
! 1
/u(l—u)duzg'
0
Hence the proof is completed. [J

Theorem 2.5. Let Y : [by,by] C R — R be a differentiable function on (by, by) with by < by such that
Y€ Ly[by,bo]. If | Y |2, with q,p > 1 such that % + % =1, is tgs-convex function, then the following
inequality holds

by — by

|Ay (b1, bo; 05 8 J)| < Tyl/p (

RACHEERRE <b2>|q)”"

; (2.15)

where )

1 1t
v= 2/ (/ u™(1 — u)amldu) dt,
0 ¢
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Proof . Using Lemma , property of modulus, Holder’s inequality and tgs-convexity of | Y |9, we
have

|AY(b17b2;a;B; J)|

by — by [*
5 / (Bie(m + La—m) = By(m + Lo —m)) Y (ubi + (1 — p)bs)dp
0

<

by—by [ [*
S0 ([ itm s s = gt - mPdn) o

x (/01 | Y (s + (1 — u)bz)lqdu);

< b2_bly;(
2

1

| wtt= v i+ v <b2>|q>du)q ,

0

where
1
v = / Bi—t(m + 1, —m) — Be(m+ 1, —m)|" dt
0
= /2 (Bit(m+1,a—m)— Bi(m+1,a —m))’dt
0
1
+ ﬁ (Be(m + 1, —m) — Bie(m +1,a —m))" dt
%2 1-t p 1 t P
:/ (/ um(l—u)o‘_m_ldu> dt+/ (/ um(l—u)a_m_ldu) dt
0 t i 1—t
% 1-t P
— 2/ (/ Um(]_ _ u)a—m—ldu) dt,
0 ¢
and

Hence the proof is completed. [

3. Inequalities via new fractional conformable integral operators

In this section, we show some integral properties for tgs-convex functions via new fractional
conformable integral operators.

Theorem 3.1. Let Y : [by,bs] C R — R be a tgs-convez function such that Y € Ly[by, by], then

)
(%I}% [glja Y (az) +7 jlg Y (bl)} (3.1)

B ) + B(22,4)
(8]

<

(Y(b1) + Y (b2)).
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Proof . Multiplying 1) by (l_a"a)fy_l >t with g € (0,1), @ > 0 and then integrating the resulting
inequality with respect to p over [0, 1], we find
v—1
a—1
) P dp

() [ (5
/( M) PO (uby 4+ (1 = p)b2) du

(3.2)
1—pe\"
e[ (EE) e G+ (- )
0 «
=1L+ Is.
By setting t = ub; + (1 — p)bs, we have
1 1 — ™ y—1
I = / < au ) P (uby + (1 — p)ba) dp
0
by ay v—1
o /bl 1 - <bt1fbb2) < t— bg )a—l Y (t) dt
b « b1 — b2 b1 - bg (33)
Y AT et et S
= by —t)* t)dt
o ], (5 G0 0
v,
=V agey (by).
ORI
Similarly, by setting t = uby + (1 — )by, we have
' ]'_Ma ! a—1
I = - p Y (pbe + (1= p)by) dp
0
ay 71
—b
- - (%) (t—bl)alwr(t) i
bo Q by — by by — by (3.4)

Ty
— —(b2 — bl)a’y b1

Thus by using and in ., we get the first inequality of ( . Now for the second

inequality of (| . multlplymg 1) by (2=£5)7 ua U with g € (0,1), @ > 0 and then integrating
the resulting inequality with respect to u over [0, 1], we get

o [ Y (b 47 7 v ()]

< BEEDHBEED (1) 1 v (b)),

(07

Y (bo).

(3.5)

Hence proof is completed. [J
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Lemma 3.2. Let Y : [by,by] C R — R be a differentiable function on (by,bs) with by < by such that
Y/ c Ll[bl, bg], then

Ay (b1, b2; ;73 T )
.@i_gikgiél{(lua)v(1(1/0“)7]Y,0m1+(1/”bﬂdﬂ’ (3.6)

« (0%

where

Ay (br, by; 057; T)

:(Y@Q+Y®g)_cwmv+m
2 2(by — by)™

[, T (b2) + 7T Y (br)] -
Proof . Consider,

/01 Kl ;/“‘OC)W N (#)q Y (pby + (1 = p1)be)dpe

1 1 — u*\"” )
-/ ( BN (b + (1= p)ba)dp
0

_ /1 (ﬂy Y (pby + (1 — p)bo)dp
:hfb

Then by integration by parts, we have

1 1— Iuoz Y
0

1 1 — & Y "
- PN (uby + (1= )by
b —by \ « .
Lf (1= (3.8)
- a1 1—
by — by /0 i ( Q > (=) Y (b1 + (1 — p)ba)dp
Y(bg) y /1 1 — Iua y—1 »
- - : by + (1 — p)bz)dp.
(by —b1)ay by — by o P Y (pby + (1 — p)by)dp

Since by letting ¢ = uby + (1 — p)be, we find

LA(1;m)%LﬂlYmh+a_HMM”:@£%%H%@Y@J

Thus by putting above value in (3.8]), we get

_Y(by)  Ty+1)
Il — (b2 — bl)oé,y (bg I bl)a,‘/—’—l k7b2 Y (bl)




434 Mehreen, Anwar

Similarly, we have

I = /01 (ﬂ)v Y (by + (1 — p)bo)dp

(67

S (1 1t ”)a> (b + (1 )],

" . by /01 ! (ﬂ)ﬂ (=)™ (uby + (1 = p)bo)dp

«

- (1;—Y zflb;c)w e /o (1 - (1a_ M)ay (1= )™= (uby + (1= pr)ba)dp

1

Since by letting t = uby + (1 — p)be, we find

/0 (ﬂ) B (1 — M)a_l Y (,Ubl -+ (1 — ,u)bg)d,u = & p Ly (b2)

« (bQ — bl)a'y by
Thus by putting above value in (3.9)), we get

—Y (bg) F(")/ + 1) Y oy <b2>

I pr—
2T (by—b)ar | (by— byl !

By substituting values of I; and I in (3.7)) and then multiplying both sides by W we get (3.6)).
O

Theorem 3.3. Let Y : [by,bs] C R — R be a differentiable function on (by,bs) with by < by such
that Y' € Lq[by,bs]. If | Y' |9, with ¢ > 1, is tgs-convez function, then the following inequality holds:

_ o / q ’ q\ l/a
|Av(blab2;a;% j)| < MTI_IM <| i (bl)| Z| ! (b2)| ) ) (3~10)

where ) .
/8(577_‘_1) 6(@,7‘{‘1)

T = -

Proof . Using Lemmal[3.2] property of modulus, Power meaan inequality and ¢gs-convexity of | Y'|?,
we have

Ay (b1, bas 57, T )|
i[5 - (8] -

e AL | A

1 1/q
< ( [ - M)bz)!"du)
0
1/q

< WTll/q (/0 ,U(l - N)(‘ Y’ (bl)‘q + | Y’ (b2)|q)du) !
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where
B 1 1_Ma o 1_(1_M)a il
=[S - (55 e
1 1_Iua Y 1 1_(1_,u)a'7
[ [ (S e
0 «Q 0 «
Byt B+l
o a1 - a2 ’
and

! 1
/ w1l = p)dp = .
0
Thus by putting above values in (3.11]), we get (3.10). O

Conclusion

In section [2| from Theorem we obtained the Hermite-Hadamard inequality for tgs-convex
function via conformable fractional integrals. Then Lemma [2.3, we found an identity from which we
proved Theorem and [2.5] that is, Hermite-Hadamard type inequalities for tgs-convex function
via conformable fractional integrals are obtained. In section [3] from Theorem we obtained
the Hermite-Hadamard inequality for tgs-convex function via new fractional conformable integral
operators. Then from Lemma 3.2 we found an identity from which we proved Theorem [3.3] which is,
Hermite-Hadamard type inequalities for tgs-convex function via new fractional conformable integral
operators.
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