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Abstract

In this paper, we investigate the problem of finding a common element of the solution set of convex
minimization problem, the solution set of variational inequality problem and the solution set of fixed
point problem with an infinite family of quasi-nonexpansive mappings in real Hilbert spaces. Based
on the well-known proximal point algorithm and viscosity approximation method, we propose and
analyze a new iterative algorithm for computing a common element. Under very mild assumptions,
we obtain a strong convergence theorem for the sequence generated by the proposed method. Appli-
cation to convex minimization and variational inequality problems coupled with inclusion problem is
provided to support our main results. Our proposed method is quite general and includes the iterative
methods considered in the earlier and recent literature as special cases.
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1. Introduction

Let H be a real Hilbert space with the inner product (-,-) and norm ||.|| respectively. Let K be
a nonempty closed convex subset of H. An operator A : K — H is called monotone if
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A is said a-inverse strongly monotone if there exists a constant o > 0 such that
(A — Ay, x —y) > a||Az — Ay|]®, Y,y € K.

It is immediate that if A is a- inverse strongly monotone, then A is monotone and Lipschitz contin-
uous.

The problem find u € K such that
(Au,v —u) >0, Yv e K, (1.1)

is called a variational inequality problem. We denote the set of solutions of variational inequality
problem by VI(A, K). Please note that on the one hand, this problem takes into account some
special cases, in signal processing, networking, resource allocation, image recovery, and so on, the
constraints can be expressed as variational inequality problems. Consequently, the problem of finding
solutions of variational inequality problems has become a flourishing area of contemporary research
for numerous mathematicians working in nonlinear operator theory (see, for example, [0, 21] and the
references contained in them). In most of the early results on iterative methods for approximating
solutions of variational inequality problem, the map A was often assumed to be inverse strongly
monotone.

A well known method for solving the variational inequality problem is the projection algorithm which
starts with x; € K and generates a sequence {z,} using the following recursion formula,

Tpi1 = Pr(x, — N\Az,), n>1, (1.2)

where {\,} a sequence of positive numbers satisfying appropriate conditions. In the case that A is
a-inverse strongly monotone, Iiduka et al. [I2] proved that the sequence {z,} generated by
converges weakly to an element of VI(A, K). Furthermore, it is worth pointing out that related
iterative methods for solving variational inequality can be found in [ [7, 20} 22].

Let E be a real normed space, K be a nonempty subset of . A map T : K — F is said to be
Lipschitz if there exists an L > 0 such that

[Tz =Tyl < Lllx —yll, Ve,yekK, (1.3)

if L <1, T is called contraction and if L = 1, T is called nonexpansive.

We denote by Fiz(T) the set of fixed points of the mapping T, that is Fixz(T) := {x € D(T) : x =
Tx}. We assume that Fiz(T') is nonempty. If 7' is nonexpansive mapping, it is well known Fiz(T)
is closed and convex. A map 7' is called quasi-nonexpansive if || Tz — p|| < ||z — p|| holds for all x in
K and p € Fiz(T).

The mapping T : K — K is said to be firmly nonexpansive, if

1Tz = Ty|* < |lo = y[* = [[(x —y) — (T2 = Ty)|]*, Va,y € K.
We note that the following inclusions hold for the classes of the mappings:

firmly nonexpansive C nonexpansive C quasi-nonexpansive.

We illustrate these by the following example.
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Example 1.1. Let X =l andC :={x € lv : ||2]|loc < 1}. DefineT : C — C by Tx = (0, 2%, 2%, 233, ...)
for x = (x1,x9,x3,...) in C. Then, it is clear that T is continuous and map C into C. Moreover,
Tp =p if and only if p= 0. Futhermore,

T2 = plloc = I T%]lee = [I(0, 21, 2%, 2%, ..) [0
S ||($1,I27ZL’3, )HOO = ||x”00
= |lz = pll-

Therefore, T is quasi-nonexpansive. However, T is not nonexpansive.

One of the most investigated methods for approximating fixed points of nonexpansive mappings is
known as viscosity approximation method, in light of Moudafi [24]. Let C' be a nonempty, closed
and convex subset of a real Hilbert space H. Let T : C' — C be a nonexpansive mapping such that
Fiz(T) # 0 and f : C — C be a contraction. The viscosity approximation method is defined by

xg € C,
{ x(:zﬂ = a, f(zn) + (1 — ap) Ty, (1.4)

where {a,} is a sequence in (0,1). Under certain conditions, then, the sequence {z,} generated by
(1.4) converges strongly to a fixed point of 7.

Zeng and Yao [34] introduced a new extragradient method for finding a common element of the
set of fixed points of a nonexpansive mapping and the set of solutions of a variational inequality
problem. They obtained the following strong convergence theorem.

Theorem 1.2 (see Zeng and Yao [34]). Let C be a nonempty closed convex subset of a real
Hilbert space H. Let A : C'— H be a monotone k-Lipschitz continuous mapping, and let T : C' — C
be a nonexpansive mapping such that Fix(T) N VI(A,C) # 0. Let the sequences {x,} , {y.} be
generated by

xo € H,
Yn = Po(x, — N\ Azy,), (1.5)
Tpi1 = o + (1 — )T Po(x, — MAyy),

where {\,} and {a,} satisfy the following conditions:
(a) {\k} C (0,1 —9) for some 6 € (0,1),

(b) {a} € (0,1), Zan =00, lim a, =0.

n—oo

Then the sequences_{acn} and {yn} converge strongly to the same point Prigirynvi(a,k)(%o) provided
that
lim ||zp41 — x| = 0. (1.6)
n—oo

Remark 1.3. The iterative scheme (1.5)) in Theorem has strong convergence but imposed the
assumption (1.6) on the sequence {x,}.

The minimization problem (MP) is one of the most important problems in nonlinear analysis and
optimization theory. The MP is defined as follows: find x € H, such that

g(w) = z%ig}g(y%
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where g : H — (—00, +00] is a proper convex and lower semi-continuous. The set of all minimizers
of g on H is denoted by argmin, .z g(y). A successful and powerful tool for solving this problem is
the well-known Proximal Point Algorithm (shortly, the PPA) which was initiated by Martinet [23]
in 1970 and later studied by Rockafellar [5] in 1976. The PPA is defined as follows:

r, € H,

s = axgamin, e [g(0) + e — o] D
where A, > 0 for all n > 1. In [5] Rockafellar proved that the sequence {z,} given by converges
weakly to a minimizer of g. He then posed the following question:

Q1: does the sequence {z,} converges strongly? This question was resolved in the negative by Giiler
[13] (1991). He produced a proper lower semi continuous and convex function g in Iy for which the
PPA converges weakly but not strongly. This leads naturally to the following question:

Q2: Can the PPA be modified to guarantee strong convergence? In response to Q2, several works
have been done (see, e.g., Giiler [13], Kamimura and Takahashi [19], Chidume and Djitte [10] and
the references therein).In the recent years, the problem of finding a common element of the set of
solutions of convex minimization, variational inequality and the set of fixed point problems in real
Hilbert spaces, Banach spaces and complete CAT(0) (Hadamard) spaces have been intensively stud-
ied by many authors; see, for example, [32], B1], 31l [15, 14], 4], 6] and the references therein.

Motivated and inspired by the above results, we introduce and study an iterative algorithm
and prove that the sequence generated by our iterative process converges strongly to a common
element of the set of solution of variational inequality problem, the set of minimizers of proper lower
semicontinuous convex function and the set of common fixed points of an infinite family of quasi-
nonexpansive mappings in real Hilbert spaces. No compactness assumption is made. The algorithm
and results presented in this paper improve and extend some recents results. Application is also
included. Finally, our method of proof is of independent interest.

2. Preliminaries

In this section, we give some preliminaries, definitions and results which will be needed in the
sequel. Let K be a nonempty, closed convex subset of H. For any y € H, there exists a unique point
in K, denoted by Py (u), such that

ly — Pr(u)|| < [ly — =, Vo€ K.

It is well known that the projection operator can be characterized by the following properties

(i) (x— Pgx,y— Pga) <0Vzxe€ K;
(i) (Pxr— Pry,x—y) < |Prx — Pryl? Vy,z € K;
(i) [Py —2l* < lle —yll* = |Pxy — yll*, Yo,y € K.

Remark 2.1. In the context of variational inequality problem (1.1)), we have
u€eVIA K) <= u € Fix(Pg(I —0A)), 0> 0. (2.1)

The demiclosedness of a nonlinear operator 7" usually plays an important role in dealing with the
convergence of fixed point iterative algorithms.
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Definition 2.2. Let K be a nonempty, closed convex subset of a real Hilbert space H and let T :
K — K be a single-valued mapping. I — T is said to be demiclosed at 0 if for any sequence {x,} C
D(T) such that {x,} converges weakly to p and ||z, — Tx,|| converges to zero, then p € Fix(T).

Lemma 2.3 (Demiclosedness principle [5]). Let K be a nonempty, closed convex subset of a
real Hilbert space H and let T : K — K be a nonexpansive mapping. Then I — T is demiclosed.

Lemma 2.4 ([9]). Let H be a real Hilbert space. Then for any x,y € H, the following inequalities
hold:

lz +yll* < ll=ll* +2(y, = + ).
1Az + (1 = Nyll* = All® + (1 = Nlyll* = (L= DAz —yl*, A€ (0,1).

Lemma 2.5 (Xu, [33]). Assume that {a,} is a sequence of nonnegative real numbers such that
ani1 < (1 —ap)a, + anoy, for all n > 0, where {ay,} is a sequence in (0,1) and {o,} is a sequence
m R O%uch that

(a) z;an oo, (b) limsup o, <0 or Z |ona,| < oo. Then nangoan 0.

n—00
n=0

Lemma 2.6 (Aoyama et. al [3], Nilsrakoo et al. [26]). Let K be a nonempty closed subset of a

Banach space and let {T,, },>0 be a sequence of mappings of K into itself. Suppose that Z sup {HTon—
n=0

T.x||: z € B} < 00 for any bounded subset B of K. Then, for any x € K {T,,x} converges strongly

to some point of K. Moreover, let T' be a mapping of K into itself defined by Tx = lim T,z for all
n—oo

x € K. Then,
lim sup |7,z — Tz|| = 0.

n—o0 zeK

Lemma 2.7. (Rockafellar, [28]) Let K be a nonempty closed and convex subset of a real Hilbert
space H and A 1s a monotone, hemicontinuous map of C into H. Let B C H x H be an operator

defined as follows:

) |
Bz:{ @Z+NK(2) ZZ i;;{( (2.2)

where Ng(2) is the normal K at z and is defined as follows:
Nik(z)={we H : (w,z—v) >0 Yve K}.
Then, B is mazimal monotone and B~1(0) = VI(A, K).

Lemma 2.8. Let H be a real Hilbert space and K be a nonempty, closed convexr subset of H. Let
A: K — H be an a-inverse strongly monotone mapping. Then, I —0A is nonexpansive mapping for
all z,y € K and 6 € [0, 2a/.

Proof . For all z,y € K, we have
I(I = 0A)x — (I - 0A)y|* = [(z—y) - 0(Az — Ay)|”
= |z —yl* - 20(Az — Ay,x — y) + 6°|| Az — Ay]|?
< lz = yl* + 000 — 2a) ]| Az — Ay]|*.
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This shows that I — #A is nonexpansive. O Let g : H — (—00, +00] be a proper convex and lower
semi-continuous function. For any A > 0, define the Moreau-Yosida resolvent of g in a real Hilbert
space H as follows:

1
Jar = argmin, ey [g(u) + 5l —
for all x € H. It was shown in [I3] that the set of fixed points of the resolvent associated with g

coincides with the set of minimizers of g. Also, the resolvent .J{ of ¢ is nonexpansive for all A > 0
(see [18]).

Lemma 2.9. (Miyadera [25]) For any r > 0 and p > 0, the following holds:
Jlv = Jix(~ x—i—( )Jg)
T

Lemma 2.10 (Sub-differential inequality, [2]). Let g : H — (—o0, +00| be a proper convex
and lower semicontinuous function. Then, for all z,y € H and A\ > 0, the following sub-differential
wequality holds:

1 1 1
1 = ol = Sk = ol + ke = Fall? + g(52) < g(y). 23)

3. Strong convergence theorems
The following is our main result.

Theorem 3.1. Let K be a nonempty, closed and convexr subset of a real Hilbert H and A : K — H
be an a-inverse strongly monotone operator. Let f : K — K be a contraction with coefficient
band g : K — (—o00, +00] be a proper convexr and lower semi-continuous functz’on For each

n = 0,1,.., letT, : K - K be a quasi-nonexpansive mapping such that I' : szx

VI(A, K)Nargmin, g, g(u) # 0. Let {x,,} be a sequence defined iteratively from arbztm'ry xo € K by:

tn = argminere[9(u) + 5 u =

zn = P (I — 0, A)u,, (3.1)
Tp4+1 = O‘nf(xn) + (1 - an)Tnym

where {a,} and {5,} are sequences in [0,1] such that lim «, = 0, Zan = o0, lim inff,(1 —

n—00 n—00
n=0

Bn) > 0,0, € [a,b] C (O, min{1, 204}) and {\,} is a sequence such that A, > X > 0 for alln > 1
and some \.

Assume that (a)Zsup{||Tn+1x — Tzl : = € B} < oo for any bounded subset B of K and
n=0
Fix(T ﬂF w) where T be a mapping of K into itself defined by Tz = lim T,x forallz € K.

(b)y I =T is demzclosed at origin. Then, the sequence {x,} generated by . converges strongly to
an element of T'.
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Proof . We first prove that the sequences {x,} is bounded. Let p € T". Then, g(p) < g(u) for all
u € K This implies that
oy lu =l

9(p) + ——llp — plI* < g(u) +

2)\ 2)\

and hence J{ p = p for all n > 1, where J{ is the Moreau-Yosida resolvent of g in K. By using
inequality (2.1 and Lemma 2.8 we have

120 = pll = [P (I = On A)uin, — pl| < lun = pll = [|JX, 20 = pll < ll2n = pll, ¥ > 0.

Using (3.1)), 7}, is quasi-nonexpansive and Lemma , we have

lyn — 2l = NBnzn + (1 = Bu)Tnzn — pl|
< Ballzn = pll + (1 = Bn)llzn — 2
= Iz —pll-
Hence,
1yn = pll < 20 = pll < llun = pll < [lzn = pl| (3.2)

Using (3.1) and inequality (3.2)), we have

o f(2n) + (1 — ) Loy — pl|

nAn [Ty = pll + (1 — an)llyn — pll + aull f(p) — Pl
anbl|zn —pll + (1 = an)l|zn — pll + on|[ £ (p) — pll
[1— (1 =b)an]l|lzn — pll + anll f(p) — pll

Hf( ) p||}

[ zn1 = Pl

INIAIA

IN

max {|z, — pl|,

By induction, we conclude that

IIf( ) p||}

[ = pll < max {{[zo — pl,

Hence {z,} is bounded. We observe that Pr(f) is a contraction. Indeed, for all z,y € K, we have

[Pef(z) = Pof)ll < [lf() = F@)
< bllz =yl

Banach’s Contraction Mapping Principle guarantees that Prf has a unique fixed point, say x; € H.
That is, x1 = Prf(x1). By using properties of metric projection, it is equivalent to the following
variational inequality problem

(11 = f(x1), 21 —p) <0, V pel (3:3)

We show that the uniqueness of a solution of variational inequality ({3.3]).
Suppose both 2* € I and z** € I are solutions to (3.3]), then

(x* — f(z"), 2" —2™) <0 (3.4)

and
(™ — f(x™), ™ —2") <0. (3.5)
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Adding up (3.4) and (3.5)) yields
Noticing that

which implies that x* = x** and the uniqueness is proved. Below we use x* to denote the unique

solution of (3.3). From (3.1), inequality (3.2) and Lemma [2.4] we have
[ Yn _pH2 = ||Bnzn + (1 = Bn)Tnzn —p||2
= (1-8u)llzn — pH2 + Bullzn — pH2 — Bl = B) I Tnzn — ZnHQ-
< (1=B)lzn - p”2 + Ballzn — p||2 — Bu(L = Bl Tr2n — ZnHQ'
Hence,
yn — p”2 < |lzn — p”2 = Bu(1 = Bu)llzn — TnanQ’ (3.7)
Therefore, by Lemma and inequality (3.7]), we have

[z = pI* = llanf(zn) + (1 = an)Toyn — p?
< lan(f(zn) = f(p) + (1 = an) (Toyn — p) I? + 200 (p = (D), P — Tps1)
< anb?[lan = plI* + (1 = an)llyn = plI* + 200 (p = F(p),p — 1)
< anblln = pl + (1= an) [lan = bl = Bu(1 = Bo)llzn — Tzl
+200(p = f(P); P — Tnt1)
< =1 =banlllzn —pI* = (1 = an)Bu(l = Ba)llza — Tnzal®

+2an(p = f(P), P — Tnta).
Therefore,
(1= an)Ba(l = B)lzn — Tozl® < [l = plI* = lznss = pI* + 200 (p = f(p).p — @0s1). (3.8)
Since {z,} is bounded, then there exists a constant B > 0 sucht that
(p—f(p),p—xpns1) < B, forall n>0.

Hence,
(1 = an)Bn(1 = Bn)ll2n — TnZnHz < ||zn — p”2 — | Tng1 — p”2 + 20, B. (3.9)

Now we prove that {z,} converges strongly to z*.

We divide the proof into two cases.

Case 1. Assume that there is ny € N such that {||x, — z*||} is decreasing for all n > ny. Since
{||z, — =*||} is monotonic and bounded, {||z, — z*||} is convergent. Clearly, we have

20 = plI* = [|nss — plI> = 0. (3.10)
It then implies from (3.9)) that

lim (1 — ) B (1 = Bu)ll2n — Tnzall* = 0. (3.11)

n—o0
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Using the fact that lim inf 3,(1 — 3,) > 0, we have

n—oo

We observe that,

nh_)IIOloHZn — Tzl = 0. (3.12)
|20 — Tzl < |20 — Tzl + | Thzn — Tzal|- (3.13)

By inequalities (3.12), (3.13) and Lemma [2.6] we have

lim ||z, — T'z,|| = 0. (3.14)
n—oo

From (3.1)), convexity of ||.||* and Lemma it follows that

lzns1 —plI* =

VAN I VAN VAN

IN

Therefore, we have

v f(2n) + (1 = o )yn — plI®

|| f(xn) = Pl + (1 — an) |y — pl

an|| f(xn) — plI + (1 — )|l 20 — pl|?

|| (Ann) — pH2 + (1 — o) | Pk (I = 0, A)u,, — P (I — gnA)pHQ
anll f(zn) — plIP + (1 = o) | lun — pII” + 0n(6n — 20)|| Au, — Apl|®

anllf(@n) = plI* + (1 = ) |20 — pII* + (1 — a)a(b — 2a) || Au,, — Apl|*.

(xn)
(@)

Tn

(1 — an)a(2a = b)||Au, — Ap||* < [lon — plI* = lznss — pII* + | f (20) — pII*.

Since, a;,, — 0 as n — oo, inequality (3.10) and {z,} is bounded, we obtain

lim ||Au, — Ap||* = 0. (3.15)
n—oo

It follows from (3.1)) that

120 — pl?

IN

IN

IN

1
2
1
2
1
2

So, we obtain

| P (I — 0, A)u,, — P (I — 6, A)p||?
<zn — D, (I - QnA)Un - (I - QnA)p>

||(I — O A)up — (I - 9nA>pH2 + Hzn —p||2 - ||(I - 9nA>Un - (I - QnA)p — (2n — p)HQ_

(|t _pHZ + || 2n —p”2 — ||un — ZnH2 + 20, (20 — p, Au,, — Ap) — anHAun - ApHQ]

Hxn —p||2 + ”Zn _pH2 - Hun - Zn||2 + 20, (20 — p, Aup — Ap> - 9n2||Aun - Ap||2].

20 = plI* < 2w = I = lJun — 2al1* + 20, (z — p, Au,, — Ap) — 6,°|| Au, — Ap||?,

and thus

12n+1 — Pl

+ IAN A A

anllf (@n) = pII* + (1 = )y — pII*

ol f (@) = pII* + (1 = o)z — pII*

ol f(@a) = pI* + llzn = pII* = (1 = ) [ — 2a* = (1 — )0 * || Auty, — Ap]|®
20,,(1 — o) (zn — p, Aup, — Ap).
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Since, a,, — 0 as n — 00, inequalities and , we obtain
nh_g)lo |un, — zn|| = 0. (3.16)
Let p € F. Using Lemma and since g(p) < g(u,), we get
lzn = wnll® < Nz = plI* = lJun = pl*. (3.17)

Therefore, from (3.1]), Lemma and inequality (3.17]), we get that

|11 _pH2 = |lanf(zn) + (1 — )y _pHZ
= |len(f(za) = p) + (1 = an)(y — )|
< (1- O‘n>2||yn - sz + 200, (f (T0) — s Tng1 — P)
< (1= an)’llza = plI* + 200 (f (20) = D, 201 — p)
< (1- Oén)Q(Hxn _p”2 — lzn — un||2) + 20| f () = pllllZns1 — Dl
< (1=2ay +ap)llen = pl* = (1= a)?[l2 = wnl* + 200 f(2n) = plll|znsr — pl]
< o = ol + anllzn = pl* = (1= aw)?llen = uall® + 200 f(20) = plll 2041 — 2l
and hence

(1= an)’llon —wall® < llzn = pI* = 201 = plI* + anllen — plI* + 2001 (20) — pll@nss — pll-
Thanks inequality (3.10), {x,} is bounded and «,, — 0 as n — oo, we have

Tim. |z, — up|| = 0. (3.18)
Using inequalities (3.16) and (3.18)), we have
nh—>nolo |zn — 2| = 0. (3.19)

Now, we prove that limsup(z* — f(z*), 2" — x,) < 0. Since H is reflexive and {x,} is bounded, there
n—-+4o0o

exists a subsequence {z,, } of {z,,} which converges weakly to w in K and

limsup(z* — f(z%), 2" —x,) = lim (2" — f(z"), 2" — z,,).
n——4o0o k—+o00

From (3.14)), inequality (3.19) and I — T is demiclosed, we obtain w € Fiz(T). Using (3.1) and
Lemma 2.9 we arrive at

lzn = Raall - < lun = Iz + [lun — 24|

13, 0 = Janll + l[un — x|

IN

An — A A
<t = wall 4+ 15 (S5 8, 0+ ) — Sl
An — A A
A
< =l + (1= 5 ) ln =

(2= )l = 22l
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Hence,
lim ||z, — J{z,| = 0. (3.20)
n—oo

Since J{ is single valued and nonexpasive, using (3.20) and Lemma [2.3| then w € Fiz(J{) =
argmin, . g(u). Let us show w € VI(A, K). Now, let us introduce the multivalued map B : H — 27
defined by:

B Az+ Nk(z) if ze K,
Bz—{ ’ s K (3.21)

where Nk (z) is the normal K at z and is defined as follows:
Nig(z)={we H : (w,z—v) >0 Vve K}

From Lemmal[2.7, we have that B is maximal monotone and B~1(0) = VI(A, K). Let (u,v) € G(A),
where G(A) := {[z,u] : = € D(A), u= Az}. Since v — Au € Nk (u) and z, € K, we have

(u— zp,v — Au) > 0.

On other hand, from z, = Px(I — 0, A)u,, we have, (u — z,, 2z, — (I — 0, A)u,) > 0 and hence

(u— zp, Zne_—u" + Au,) > 0.
Therefore, we have
(U —2p,,0) > (u— 2z, Au)
> <U - an’Au> - <U — Zng» w + Aunk)
ng
Zny, — Un,,
> (u— 2y, Au— Azp ) + (U — 2p,, A2y, — Ay, ) — (U — 2, 0—>
ng
> (u— zp,, Az, — Atp,) — (U — 2, w>
ng

1
By using A is — Lipschitz, we have
o

Z. — U z — U
<U’_anvv> > —N(H L - nk” + H Nk - nk”)

where N is a positive constant such that sup,~,{||u — z,,||} < M. Since z,, — w, it follows from
that (u — w,v) > 0 as k — oo. Since B is maximal monotone, we have a € B~*(0) and we
obtain that w € VI(A, K). Therefore, w € T

Hence,

*

limsup(z* — f(z%), 2" — x,) lim (z* — f(z"), 2" — xy,)
n—+o00 k=00

= (2" — f(z"), 2" —w)) <0.
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Finally, We show that the sequence {x,} converges to the point z*. Observe that

1ner — 2" = llawf(2a) + (1 = an)yn — 2"||*
< llan(f(za) = f(@) + (1= an) (g — 29" + 200 (z" = f(27), 2" = Tas1)

< (0l f) = F@ 10— @) — 29)) + 20000 — F(a), 2" — 7}

< (abllzn =o'l + (0 = allyn — 2*ll) + 200" — Fa), 2"~ 2040)
< (1= =)z =71 + 200" = F2%), " = 0sa)
< (1= an(1=B)len — 27| + 200(a” = F(2),2" = i)

Hence, by Lemma [2.5] we conclude that the sequence {z,} converges strongly to the point z* € I.
Case 2. Assume that the sequence {||z,, — z*||} is not monotonically decreasing sequence. Set
B, = ||z, — z*|| and 7 : N — N be a mapping for all n > ng (for some ng large enough) by
7(n) =max{k € N: k <n, By < B}

We have 7 is a non-decreasing sequence such that 7(n) — oo as n — oo and B,y < Br(n)41 for
n > ng. From (3.9), we have

<1 - aT(”))ﬁT(n)(l - /BT(n))g(HzT(n) - Tr(n)zr(n)H) < QQT(H)B — 0 as n — oo.

Hence,
TLILIEOHZT(n) - TT(n)ZT(n)H =0. (3.22)
At the same time, we observe that

Thanks inequalities (3.22)), (3.23) and Lemma we have
lim ||Z7-(n) - TZT(n)H =0.

n—oo

Following similar to the argument as in Case 1, we can show that {z,(,} and {y.(,)} are bounded
in K and limsup (z* — f(2"),2" — 2,(»))) < 0. We have for all n > ny,

7(n)—+o0

0< ”IT(n)—i—l - x*HQ - er(n) - I*||2 < OzT(n)[—(l - b)HIT(n) - x*HQ +2(z" = f(2"), 2" — xT(n)+1>]=

which implies that

Hx‘r(n) - x*HQ <

=71_ b<x* - f(fE*),(L'* - x‘r(n)+1>'

Then, we have
lim [|2,(,) — 2*||> = 0.
n—oo

Therefore,
lim BT(n) = lim BT(n)—i—l =0.
n—oo n—oo

Furthermore, for all n > ng, we have B.,) < By if n # 7(n) (that is, n > 7(n)); because
B; > Bji1 for 7(n) +1 < j < n. As consequence, we have for all n > ny,

0 < B, <max{B:u), Brm)+1} = Br(n)+1-

Hence, lim B, =0, that is {x,} converges strongly to z*. This completes the proof. [J
n—o0
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Remark 3.2. let {T,,},>0 be a sequence of nonexpansive mappings of K into K, let {\,}n>0 be a
sequence of real number such that and 0 < A, < 1. For each n > 0, we define a mapping W,, of K
ito K as follows:

Un,n—‘rl - Ia
Un,n == AnTnUn,n%»l + (1 - )\n)Iu
Un,n—l = )\n—lTn—lUn,n + (1 - >\n—l)[a

Une = MTUppr + (1= ),

Unz = XU,z + (1= M),
Wn = Un71 = )\1T1Un72 —|- (1 - )\1)[ (324)

Such that is called W, is the so called W-mapping generated by an countable infinite family of
nonexpansive mappings 11, Ts, ..., T, ... and scalars A1, Aa, ..., An, ... such that the common fixed points

set I := O|’iF(Tn) # 0, see for example [30]. Clearly, W,, is nonexpansive and from [30], we know that

O|’_%)1F(Tn) = F(W,,). Furthermore, from [27], we have the sequence {W,},>1 satisfies the condition

Zsup {HWn_Hl‘ —Woz||: =z € B} < oo for any bounded subset B of K imposed in Theorem |3.1]
n=0

By above remark, Lemma [2.3| and the fact that nonexpansive mapping is quasi-nonexpansive. We
obtain the following result.

Theorem 3.3. Let K be a nonempty, closed and conver subset of a real Hilbert H and A : K — H
be an a-inverse strongly monotone operator. Let f : K — K be a contraction with coefficient b and
g: K — (=00, +00] be a proper convex and lower semi-continuous function. For eachn =1, ..., let

T, : K — K be a nonexpansive mapping such that I := ﬂFiaz(Tn)ﬂV[(A, K)Nargmin,cx g(u) # 0.
n=1

Let {x,} be a sequence defined iteratively from arbitrary xo € K by:

1
= angminege 9(u) + 5o — 2.

2n = P (I — 0, A)uy, (3.25)
Tp+1 = Oénf(l'n) + (1 - an>Wnyna

where {ay,} and {B,} are sequences in [0,1] such that lim «, = 0, g a, = 00, lim inff,(1 —
n—oo n—oo
n=0

Bn) >0, 6, € [a,b] C (0, min{1, 2a}) and {\,} is a sequence such that A, > X > 0 for alln > 1
and some . Then, the sequence {x,} generated by (3.25) converges strongly to an element of T.

We apply Theorem to approximate fixed points of quasi-nonexpansive mapping.

Corollary 3.4. Let K be a nonempty, closed and convex subset of a real Hilbert H and A: K — H
be an a-inverse strongly monotone operator. Let f : K — K be a contraction with coefficient b and
g: K — (=00, +00] be a proper conver and lower semi-continuous function. Let T : K — K be a
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quasi-nonezpansive mapping such that T := Fiz(T) N VI(A, K) N argmingcr g(u) # 0 and I — T is
demiclosed at origin. Let {x,} be a sequence defined iteratively from arbitrary xo € K by:

tn = argminere[9(u) + g u =

Yn = ﬁnzn + (1 - Bn)TZm
Tny1 = A f () + (1 — an)Tyn,

where {a,} and {5,} are sequences in [0,1] such that lim «, = 0, E a, = 00, lim infg,(1 —
n—00 n—00
n=0

Bn) >0, 0, € [a,b] C (0, min{l, 2a}) and {\,} is a sequence such that A\, > X\ > 0 for alln > 1
and some . Then, the sequence {x,} generated by (3.26) converges strongly to an element of T.

4. Application

In this section, we study the problem of finding a common element of the set of solution of convex
minimization problem, the set of solution of variational inequality problem and the set of zeros of
monotone operator in real Hilbert spaces.

Lemma 4.1. [3] Let C be a nonempty, closed, and convex subset of a real Hilbert space H and let B
be an monotone operator on H such that such that B~1(0) # () and D(B) C C' C R(I +rB), for all

r > 0. Suppose that {r,} is a sequence of (0,00) such inf{r, : n € N} >0 and Z |Tne1 — 7| < 00,
n=0

then (a)Zsup{HJron —J.x|: z € B} < oo for any bounded subset B of C' and Fix(J,) =

—10) = ﬂFz'x(Jrn) where J,. be a mapping of C into itself defined by J.x = lim J. x, for all
n—oo
x e C.

Hence, one has the following result.

Theorem 4.2. Let K be a nonempty, closed and convexr subset of a real Hilbert H and A : K — H
be an a-inverse strongly monotone operator. Let f : K — K be a contraction with coefficient b and
g: K — (=00, +00] be a proper convex and lower semi-continuous function. Let B be an monotone
operator on H such that T := B~Y(0) N VI(A, K) N argmin,., g(u) # 0, D(B) C K C R(I +rB),
for allr > 0. Let {x,} be a sequence defined iteratively from arbitrary xo € K by:

tn = argminere[9(u) + 5 u =

on = Prc(I — 00 A)un, (4.1)
Yn = ﬁnzn + (1 - Bn)t]rnzny
Tny1 = G f(20) + (1 — an)Jr, Yn,

where {ay, }, {Bn} are sequences in [0,1] and r,, is a sequence of (0,00) such inf{r, : n € N} >0 and

Z |Tni1 — | < 00, Zan = oo, lim inf3,(1—8,) >0, 6, € [a,b] C (0, min{1, 2a}) and {A\,}
n—oo

18 a sequence such that _)\n > A>0 for alln > 1 and some A\. Then, the sequence {x,} generated by
(4.1) converges strongly to an element of T
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Proof . Letting T, = J,, = (I + r,B)™" in Theorem and the fact that resolvent of B is
nonexpansive mapping. The proof follows Theorem [3.1] and Lemma 4.1} O

5. Conclusion

In this work, we introduce and analyze a new iterative algorithm which is a combination of
viscosity approximation method and proximal point algorithm for approximating a common element
of the set of minimizers of a convex function, the set of solution of variational inequality problem and
the set of common fixed points of an infinite family of quasi-nonexpansive mappings in real Hilbert
spaces. Moreover, compactness assumption does not need to get strong convergnce. All the results
in this paper hold for nonexpansive mappings in real Hilbert spaces.
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