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Abstract

In that paper the fuzzy equality co-neighborhood domination and denoted by 7.,(G) for a new
definition of domination was described for the fuzzy graph. This new definition was studied in a
strong fuzzy graph and constraints were found for many several graphs. Complementary strong fuzzy
graphs of the same graphs were examined and studied in detail.
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1. Introduction

Let G = (V, E) be a simple and undirected graph and is devoid of single vertices. The actual subset
D of V is equality co-neighborhood dominating set of G, if every vertex v € D has equally number
of neighborhood vertices in the set V-D. Symbol 7., (G) is the minimum cardinality of the ENDS
in G indicates the domination number [16]. Domination topic in graph theory for the statement
appealed many researchers, including [1}, 2), 3], 4 [5, 6] [7, 8, O, I1]and [10] 14], 22, 29, 35l B6] have set
other condition on set V', also [12, 31] on domination number. In addition [25] 26] 27, 28] by setting
some other terms on set G — V. As well as from research in dealing with polynomials for dominance
[15] (16}, 17, 18, 19] and [22], and from research in fuzzy graph [23], 30, B3], 34 37, 38, 39] and others. In
[13], C. Berg is the first to provide a criterion for dominance. The equality co-neighborhood, inverse
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equality co-neighborhood, and total equality co-neighborhood domination have been introduced in
[20, 21, 24] respectively.

The fuzzy graph has been defined by some researchers by taking the minimum fuzzy cardinality
to an all-dominating set as Mahioub and Soner [23]. While it was defined as by determining the
minimum dominating set and taking the sum of its all members by Xavior et al.[37]. In this work,
we followed the choice of the definition that has been put by Xavior et al. With some additions
that appear to be the best adapted to our theory. Let G(V, E) be an undirected, simple, and finite
graph. A mapping o : V' — [0, 1] where V is a non-empty set of vertices called a fuzzy subset and
G = (o, ) where p: V xV — [0,1] and p(u,v) < o(u) Ao(v) is called a fuzzy graph. An edge (u,v)
is called effective if pu(u,v) = o(u) A o(v) and the fuzzy graph is called strong if each edge belongs
to it is effective. The Ng(v) = {u; (u,v) is an effective edge} is the open effective neighborhood and
Nglv] = Ng(v) Uv is the close effective neighborhood. Degree of a vertex italic v is the number of
effective edges in Ng(v) and denoted by degg(v). In this work, we deal with the strong fuzzy graph,
so every two adjacent vertices are joined by an effective edge.

Definition 1.1. [2]] Let G be a simple graph. A proper subset D C V s called equality co-
neighborhood dominating set of G (ENDS), if every vertex in set D is adjacent to equally number of
vertices in V' — D. The set D is called minimal ENDS( MENDS) if it has no proper ENDS. The
equally domination number denoted by Ve, (G) for simplicity Ye,(G) is the minimum cardinality of a
MENDS. The MENDS of cardinality e, is called Yey- set.

Definition 1.2. Let G = (o, 1) be a fuzzy graph of a graph G(V, E), if there is a set D C V and
D be dominating set of G and for all v € D has equally number of neighborhood vertices in the set
V' — D there is a vertex u such that u is adjacent to v by effective edge (v dominates u), then D is
called a fuzzy equality co-neighborhood dominating set (FENDS) on G.

Definition 1.3. A fuzzy equality co-neighborhood dominating set D in a fuzzy graph G = (o, p) is
called minimum fuzzy equality co-neighborhood dominating (MFENDS) if the number of vertices of
all equality co-neighborhood dominating set greater than or equal the number of vertices in D

Definition 1.4. Consider W(D;) = {d_o(v): Yv € D; : D; is a minimum fuzzy equality co-
neighborhood dominating set}, then the fuzzy domination number of a fuzzy graph is vVien(G) =
min{W(D;) : D; is a minimum fuzzy equality co-neighborhood dominating set}

To prove our main results we need the following results:
Proposition 1.5. [2]] de,(Sp, 1) = den (K, 1) = depy(W,, 1) =1 ¥Vn > 2.

Proposition 1.6. [2]] Let G be a graph of order n, then
1. A cycle Cp, 1> 3 has Yen(Cn) = 1:(Cn) = [F]-
2. For path P,, n > 3, Yen(Pn) = [5].
3. For complete K,,, wheel W,,, and star Sy, Yen (K1) = Yen(Win) = Yen(Sn) = 1.

Proposition 1.7. [2]] For a complete bipartite graph K, m,
Yen (Knm) = min{m, n, 2 + (max{m,n} — min{m, n}}.

Proposition 1.8. [22] Let P, be path with order n, and let D be ENDS with cardinality i, and let
k=|N(v;)| in V — D, for all v; € D, then
k=1ifi>
k=21if1<

OIS3
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Theorem 1.9. [Z]JFor path P,,n > 4,7e,(P,) = 2.
Theorem 1.10. [Z)]For cycle Cp,n > 4,9.,(C,,) = 2.
Theorem 1.11. [Z]|] For a complete bipartite graph K, .,

Yen(Knm) = |m — n| + 2.

2. Fuzzy equality co-neighborhood dominating sets of graphs

2.1. Fuzzy equality co-neighborhood dominating sets of certain graphs
In this section we introduce FENDS of P(X), S,,, K,,, W,, and P,, for every n € Z™:

Proposition 2.1. Let S, be a strong fuzzy star with order n, then
Yren(Sn) = o(vy) for all n > 2, where vy is the center of S,.

Proof . Let S, be a star and let V(S,) = {v1,vs,...,v,} such that v; is the center of S, since
deg(v1) = n — 1 and deg(v;) = 1, for all ¢ = 2,3,...,n, there are only D; = {v;} and Dy =
V(S,) — {v1} that are ENDS, and since 7., (S,) = 1, den(Sn, 1) = 1, and Dy = {v1} is ven(S,) — set.
Therefore vfe,(Sy) = o(vy). O

Proposition 2.2. Let K,, be a strong fuzzy complete with order n, then
Yien(Ky) = min{o(v;) 11 =1,2,...,n, foralln > 2}.

Proof . Let K, be a complete fuzzy graph with order n, since every vertex in K, is adjacent to every
other vertex in K,, and by Definition , every subset of K, is ENDS, then d.,,(K,,1) = d(K,,i) = (7)
Vi<mn>2 Since Yeo(K,) = 1, den(K,, 1) = n and v, (K,) — set = {v;}, for all i = 1,2,...,n,
therefore vfe, (K,) = min{o(v;) : i =1,2,...,n}. O

Proposition 2.3. Let W, be a strong fuzzy wheel with order n, then e, (W,,) = o(v1), for alln > 3,
where vy s the center of W,.

Proof . Let W, be a wheel fuzzy graph with order n 4 1 and let V(W,,) = {v1, v, ..., Un, Up11} such
that vy is the center of W,,. Since deg(vy) = n, it is clear that D = {v;} is ENDS, 80 7en(W,,) = 1,
and dep,(W,, 1) = 1 and D = {v;1} 18 Ve (W,,) — set according to Proposition [I.5 and Proposition [1.6]
therefore yse,(W,,) = o(v1). O

Theorem 2.4. Let P, G be a strong fuzzy path with order n, then

o n_q
(i) if n = 0(mod3), then Yfen(Py) = Z;}:o o (v2y35)-
n—2 n—2__
(ii) if n = 2(mod3), then Ypen(P,) = min{, > >3, ' o(vig3;) + 0 (V1) such thatl =1 if j > i and
I=2ifj<i

—4 n—1_ . n—
3

(iii) if n = 1(mod3), then Yfen(Py) = min{;Tlmin{n:fZZj:TO o(vi4sj) + 0(vp—1) such that | =2 if
j<iandl=14fj>diandl=01fj >m+i.
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Proof . Let P, be a strong fuzzy path with order n, and let D be ENDS and k = N(v;) in V — D,
for all v; € D, then k = 2 according to Proposition |1.8|

(i) Since ven(P,) = [5] according to Proposition , if n = 0(mod3), then 7., (P,) = %, hence for
all three vertices in P, there is one vertex in D dominate me two vertices in the V' — D and
v1,v, ¢ D and must be vy, v,1 € D, then in this case there is only one ENDS D = {vy,3; :

j=0,1,2,...,% — 1}, hence de,(P,, %)= 1. Therefore, vy, (P,) = Zj%:_ol o (vat3;)

(ii) If n = 2(mod3), then 7, (P,) = %+, then we have every vertex of V — D that is dominated
by one vertex of D except for one vertex let v, be dominated by two vertices of D, moreover
vy, v, ¢ D and must be vy, v, € D then in this case there must be vs, v,_2 ¢ D. we claim
that r = 35 such that j = 1,2, ..., %22, if r = 4, then v3 € D which is a contradiction. And if
r=>5 then vy € D and v3 ¢ D, since UQ € D, then r = 3 and r=>5 which is a contradiction there
are only one vertex in V' — D dominated by two vertices of D. If r=7, vg,v3 € D which is a
contradiction v3 ¢ D. As well as if r = 8, v7,v4 € D, r = 8 and r = 3 which is a contradiction
there are only one vertex in V' — D dominated by two Vertices of D. Therefore, r = 35, and
D;={v3;:j=0,1,...,2 2} 1SENDS ,such that i =1,2,...,%2 and [ = 1if j >4 and [ = 2

e b2y
if 7 <. Then e, (P,) = mln{i:1 doito ol(vigs) + O'(Un_1>.

(iii) If n = 1(mod3), then 7., (P,) = ™2, then we have every vertex of V — D that is dominated
by one vertex of D except for two vertlces let v,; and v,y dominated by two vertices of D,
moreover vy,v, ¢ D and must be vy, v, 1 € D, 80 v3,v,_ o ¢ D. By the following formula

D" ={vs; 1 j=0,1,2,..., %2} U{v,_1}, such that ¢ = 1,2,..., %% and m = 1,2,..., %+ — i
and [ =2if j <iand [ = 1 if j>diand [ = O if j > m + 1, we get all p0851b1htles for ENDS

with cardinality %2, then vye,(P,) = mm{ =) mm{m 1 lZJ 2 a(ng]) + o(v,—1) according to
Definition .4

O

Theorem 2.5. Let C,, be a strong fuzzy cycle with order n, then the following properties hold of
Yien(Cr), for every3 <n e Z%:
1. If n = 0(mod3), then Ysen(Cp) = min{? 123 1 0(V3j—it1)

-5
2. If n = 2(mod3), then vsen(Cp) = mln{i:le:O o (v3jtit2) +0(v;) such that vy, = v, Yo € ZT

no1__ n-1
3. If n = 1(mod3), then Ysen(Crn) = min{y,_ymin{, 2 > .2 o(viys;) + 0(vm) + 0(vimy2) such that
l=m+5ifj<i—1landl=m+4if7>i—1 and v,y = v ¥t < n.

Proof . Let C,, be a cycle with order n, let D be ENDS and let k = |N(v;)| in V — D, for all v; € D,
then k£ = 2 according to Proposition

1. Since Yen(Crn) = [ 5] according to Proposition if n = 0(mod3), then v.,(C,) = %, hence for
every three consecutive vertices there is one vertex in D, then in this case there is only three
ENDS D; = {v;43; : j = O, 1,2,..., % — 1} such that i=1,2,3, hence de,(Cy, 5)= 3. Therefore,

Vpen(Cp) = min{? 12j 0 a(vz+3])

2. If n = 2(mod3), then 7., (C,) = ®. Then every vertex of V' — D that is dominated by one
vertex of D except for one vertex let v, be dominated by two vertices of D, then it could be
r=1,2,...n. The following formula D; = {voti43;, : j = 0,1,2,. “’5} U {v;}, i=1,2,....n such

that v,y = vy Vt < n fulfills all pOSSlbllltleS for ENDS with cardmahty "+1 , 80 den(Ch, )= 1.
Therefore, Ve, (Cy) = min{} 12; 2 0(v2+2+3]) + o (v;).
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3. When n = 1(mod3), then 7., (C,) = ”*2 , then we have every vertex of V-D that is dominated
by one vertex of D except for two Vertlces let v,, and v,, are dominated by two vertices of D,
then it could be r; =1,2,....nand ro =r+2+4+35:7=0,1, ..., %“4. By the following formula
D" ={vgs:j=0,1,2,.. "_7}U{vm,vm+2} such that 7 =1,2,. "T_l andm =1,2,...,n and
l=m+5if j <i—1and l =m+4ifj>i—land v,y =v, Vt < n, We g get all p0851b111tles for
ENDS with cardinality 2. Therefore, yfen(Cr) = min{},_ymin{, % 3.3 o (viys;) + 0(vm) +
0 (Uma2)-

O
In the following theorem, we obtain some properties of Yyep(Kpn) m > n > 2:

Theorem 2.6. Let K,,,, be a fuzzy strong complete bipartite graph with bipartition (X,Y") such that
V(X)) =n, [VY)|=m and m >n > 2, then

Soro(vi), wherev; € X
Yien(Kmp) = min ¢ min{? 0(v;) + >, " min o(uj,) gk =1,2,....,m
such that uj, # uj, 7é . F Ui .., wherev; € X and u;, €Y

Proof . We have 7., (K, ») = min{m,n, |m —n|+2} according to Proposition[L.7, since m >n > 2,
Yen(Kmn) = min{n, m —n + 2}, there are two cases that depend on 7., (K,,,) as follows:
Case 1. If n < m —n+ 2, then X i8 7., — set, and Ysen(Kmn) = >y 0(v;) where v; € X.
Case 2. If m—n+2 < n, then Ve, (K ) = m—n+2, and dep, (K, m—n+2) = (nrfl) (’11) = n(n"jl).
Since every 7., — set has one vertex from X and m — n + 1 vertices from Y. Let S, such that

p=1,2,..., (") be any subset of Y with order m —n+1, then the following formula D! = {v;}US,
for all i = 1,2,...,n and for all p = 1,2,. ( ) fulfills all possibilities for ENDS with cardinality
m —n + 1. Therefore, vten(Kpmn) = mln{l o)+ mine(uy,) ¢ jx = 1,2, ..., m such that
Wi, F Uj, F oo F U, 0, and o(uy,) < o(uy,) <. (u]m_n+l), where v; € X and uj, € Y. By
minimum of case 1 and case 2 the proof is done. []

Theorem 2.7. Let G = (V, E) be graph and X = {ay,aq, ....,a,}, for all n > 3 such that V(G) =
P(X) be a collection of all proper subsets of X, when AN B = ¢ such that A # B #¢, then AB
€ E(G). If G is a strong fuzzy, then Yien(G) =Y i o({ai}) .

Proof . We have X\(,,) N{a;} = ¢, for all a; € X, and X\ (o3 N A # ¢, for all A # {a;}, therefore
deg(X\(a;})=1Vi =1,2,...,n, i. e, X\(q is adjacent only with {a;}, then every dominating set
must contain X'\r,,} or {a;}, then v(G) > n. We have the set {a;} is adjacent with every subset
has not a;, then deg(a;) is equal Vi = 1,2, ...,n and only subset {a; : i = 1,2,...,n} is the minimum
dominating set of G. Therefore, 7(G) = Ven (G) = n Vn > 3. It is clear that v, (G) = >, c({a;}).
U

Example 2.8. Let n=/, and let X = {1,2,3,4}, then P(X)= {{1}, {2}, {3}, {4}, {1,2}, {1,3},
{2,3}, {1, 4}, {2,4}, {3,4}, {1,2,3}, {1,2,4}, {1,3,4}, {2,3,4}, X, ¢} E(G) = {{{1}, {2}}, {{1}.
{33}, {425, {3b), {{{1}, {43}, {2}, {43}, {{3}, {43}, {1}, {2,3}}, {1}, {2,4}}, {{1}, {3,4}}, {{2},
{134}, {{2}, {14}, {{2} {3,4}) {{3}, {12}, {43}, {1.4}}, {{3}, {2,4}}, {{4}, {1,2,3}},
{{3}, {1,2,4}}, {{2}, {1,3,4}}, {{1}, {2,3,4}}}, we have {{1}, {2}, {3}, {4}} is minimum domi-
nating set of G by Theorem[2.13, see Figure[]]
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Figure 1: {{1}, {2}, {3}, {4}} is minimum dominating set of G

2.2. Fuzzy equality Co-Neighborhood Dominating sets of complement of some graphs G,

We shall investigate FENDS of complement of F,, ), and Ky, . o
Remark. S,, K, and W, there are no FENDS, because S,,, K, and W, have isolated vertices,
so there are no ENDS

Proposition 2.9. Let P, be a strong fuzzy path graph, and let P, be complement of P,, then

Yfen(P. ):min{ o(v )+0<U"> . L,

enit min{}'", o (v;) + {/Z; 0 (v;)such that i # jand i # j; 2.
Proof . Since 7.,(P,) = 2 according to Theorem , and deg(v,) = deg(v,) = n — 2 and deg(v;) =
deg(vj) =n—3in B, foralli=23,..,n—1land j =2,3,..n — 1,

a. (v1) is adjacent to all vertices in P, except for support vertex of vy, and so v,, then the subset
Dy = {vi,v,} is MEDNS of P,.

b. For D; = {v;,v;42}, a vertex v;_; is not adjacent to v; nor to v;_s, then D% = {v; vy ,5} are
not MEDNS of P,.

c. Every vertex v; adjacent to all vertices in P, except for two vertices vi+1 and v;_1, then the
subsets Dg = {v;,v;} such that i # j and i # j 2 are MEDNS of P, for all i = 2,3,...,n — 1 and
i=23.n—1.

From a, b and ¢ we get

Yl P) = min{ TLTTO o
min{;Z, o(v;) + {72y 0(v;)such that i # jand i # j; 2.

O
Proposition 2.10. Let C, be strong fuzzy cycle graph, and let C, be complement of C,, then
Yren(Cn) = min{i o (vi) +{j_10(v;) such that i # j and i # j; 2.

Proof . Since 7., (C,) = 2 according to Theorem , and deg(v;) = deg(v;) = n — 3 in C,, for all
1=1,2,...,nand j=1,2,....n

a. For D; = {v;, viy2}, a vertex v;_; is not adjacent to v; nor to v;_», then D" = {v;,v1,5} are
not MEDNS of C,.
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b. Every vertex v; adjacent to all vertices in C,, except for two vertices v;11 and v;_1, then the
subsets D/ = {v;,v;} such that i # j and i # j;2 are MEDNS of C, for all i = 1,2,...,n and
ji=1,2 .. n.

From a and b we get 'yfen(én):min{?zla(vi)jt{?:la(vj) such that ¢ # j and i # j; 2. O

Theorem 2.11. Let K,,,, be a strong fuzzy complete bipartite graph with bipartition (X,Y) such
that |V(X)| =n, |[V(Y)|=m and m > n > 2, and let K,,,, be complement of K, ,,, then

m—n—+1

Yen(Kmn) = min{* o (v;) + Z mino(u;,) : jr = 1,2,...,m
k=1

such that uj, # uj, # ... # u;,, ..., where v; € X and u;, €Y.

Proof . Since 7., (m) = m —n+ 2 according to Theorem and since m = K, UK,,, every
Yen — set has one vertex from X and m —n + 1 vertices from Y, in addition to de, (K, m —n—+2) =
(n’fl) (711) = n(n"_ll) Let S, such that p =1,2, ..., (n’fl) be any subset of Y with order m —n + 1, then
the following formula DY = {v;} U S,, for all i = 1,2,...,n and for all p = 1,2, ..., <n7f1) fulfills all
possibilities for ENDS with cardinality m — n + 1. Therefore, ysen(Kpmn)= min{? o (v;) + S0
min o(u;,) : je = 1,2, ...,m such that w;, # w;, # ... #w;,, .., and o(u;,) < o(u;,) <, ...,0(w;, ... )
where v; € X and u;, € Y. U

Theorem 2.12. Let G = (V, E) be graph and X = {ay,as,....,a,} for all n > 3 such that V(G) =
P(X) be a collection of all proper subsets of X, when AN B = ¢ such that A # B #¢, then AB
€ E(G). If G is a strong fuzzy, then Ypen(G) = min{}_,0(X\(0;}) + min{’_,0(X\(a,}), such that
i 7 J and 0(X\(ay) < 0(X\(q;})-

Proof . Since V(G) = V(G) and vu ¢ E(G) if vu € E(G) and vice versa, V(G) = P(X) when
AN B # ¢ such that A # B, then AB € E(G). We have X\(,,} N {a;} = ¢, for all a; € X, and
X\(a;) VA # ¢, for all A # {a;}, then X\, is adjacent to every subset except {a;} and X\(q, is
adjacent to every subset except {a;}, for all i = 1,2,...,n and for all j = 1,2, ..., n, such that i # j,
then D = {X\(4;}, X\{q;3} is MENDS of G and deg(X\(a;}) is equal for all 4 = 1,2,...,n, hence
Yen(G) = 2. Therefore, Vfen(G) = min{l_;0(X\(4,}) + min{?_,0(X\(4,}), (see Figure 2). O

Figure 2: {{1,2,3}, {1,2,4}, {1,3,4}, {2,3,4}} is minimum dominating set of G
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