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Abstract

This paper is dedicated to studying the repeated measurements model (RMM). We investigate the
analysis of variance (ANOVA) of the model and identify the confidence intervals of the variance
components and identify the analytic form of the likelihood- ratio test for the model.
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1. Introduction

Repeated measurements model (RMM) is one of the most models widely used in the field of experi-
mental design especially in agricultural researches, biomedical and epidemiology that is involved in
this field. Repeated measurements is a term used to describe data in which the response variable for
each experimental units is observed on multiple occasions and possibly under different experimental
conditions [10]. Many literatures have been given to the univariate repeated measurements analy-
sis of variance (RM ANOVA). The repeated measurements model has been investigated by many
researchers. AL-Mouel and Wang [9] presented the sphericity test for the one-way multivariate re-
peated measurements analysis of variance model. Fakhir [2] studied a two-way multivariate repeated
measurement analysis of covariance model. Abbas in [I] discussed a one-way multivariate repeated
measurements analysis of covariance model. AL-Shmailawi and Hasan in [10] studied a one-way re-
peated measurements model. AL- Mouel and AL-Isawi in [4] gave best quadratic unbiased estimator
of variance components for balanced data for linear one-way repeated measurements model. AL-
Mouel and AL-Isawi [5] studied minimum-quadratic unbiased estimator of variance components for
the repeated measurements model by a new approach. AL- Mouel and AL-Isawi [5] investigated
the estimator of variance components of one-way repeated measurements model using MINQUE-
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principle. AL-Mouel and Jassim [7] proposed the lasso estimator for high dimensional repeated mea-
surements model. In this work, the mathematical model is defined and the confidence intervals of
the variance components are obtained and define the analytical form of the likelihood-ratio test for
the model. The results of this paper are applied in many biological, industrial, agricultural and other
applications.

2. Mathematical Model

We consider the model described by

Yijk = b+ 75 + B + (T8) i + 0igj) + Yigk) + Wigik) + Eijie (2.1)
where
t=1,2,...,ais an index for experimental unit within group 7,
j=1,2,...,bis an index for levels of the between-units factor (Group),
k=1,2,...,cis an index for levels of the within- units factor (Time),

Vijk is the response measurement at time k for unit ¢ within group j,

i is the overall mean,

7; is the added effect for treatment group j,

B is the added effect for time k,

(78) 1 is the added effect for the group jx time k interaction,

d;(;) is the random effect for due to experimental unit ¢ within treatment group j,

Yi(k) 18 the random effect for due to experimental unit ¢ within time #,

wi(jk) is the random effect for due to experimental unit ¢ within interaction jk,

€ijk is the random error on time & for unit ¢ within group j,

For the parameterization to be of full rank, we imposed the following set of conditions:
b c

Zj:l =0, Z}czl Br =0

22:1(7_/8)]']{; =0, foreach k =1,2,...,¢

S 1 (T8)jk =0, foreach j =1,2,...,b

We assume also that €51 s, ;) 's, Vik) 's and wj(;) 's are independent with

Eiji, ~ 1.0.d.N (0,02) (2.2)
8i(j) ~ i.i.d.N (0,0%) (2.3)
Yiwy ~ 1..d.N (0,02) (2.4)
wigjky ~ 1.4.d.N (0,02) (2.5)

Now we state the analysis of variance table for the repeated measurement model including sum of
square terms for Group (SS¢), Time (SSr),( Group x Time ) (SSgxr), unit (Group) (SSy(q)),
unit (Time) (SSyr)), unit (Group x Time) (SSyGx1)), and error (SSg), also the degree of freedom
(d.f), mean square (MS), and expectation of mean square E(M.S) as the following:
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Table 1: ANOVA table for the repeated measurement model.

Source of variance d.f SS MS (MS )
Group (b—1) SSa f_icf (bacl) Zg 1T 2+ co?+ 0%+ o2
Time (c—1) SSt % = 1)Zk 15k+b‘7 +ol+o?
- S5¢x
Group x Time | (b—1)(c—1)| SSaxr (b_l)c(cfl) =) Zj=1 > et (TB)5 + 0% + 02
Unit (Group) b(a —1) SSua) iil]_(f)) coj + 02+ 0 + o2
Unit (Time) cla—1) SSu(r) LZ(S;L(S) 0f +boZ + ol + o2
Unit(Group Time be(a — 1) SSuGxT) S:Cléﬁi? 03 + 02+ 0} + o’
Residual (b+¢c)(1—a) SSE % o?
Total abc — 1 S STotal
Where
_ 2
SS¢=acy (v, ~7.)
j=1
SSr=aby (V. —¥
k=1
b c 5
SSaxr = GZZ (Fjo =¥~V —7.)
j=1 k=1
a b
_ 2
SSv(e) = ¢ (Fi5. = 7.
i=1 j=1
SSU(T) =b (Vik —Y.x)
=1 k=1
a b c
_ N2
SSu(axry =Y (vijk = ¥.jx)
i=1 j=1 k=1

SSE—ZZZ YJ +Yk yU

i=1 j=1 k=1
and
v o= EPY; azcz’“ LYk s the overal mean
V. ; M is the mean for group j
a 1
V= W is the mean for time &
Vit = @ is the mean for group Jx time k
Vij. = @ is the mean for i** subject in group j
b
Vir= @ is the mean for i*" subject in time &

YZ k)
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3. Confidence intervals

Construct confidence intervals of 02, 0%, 02, 0% and the ratios between them, as well as their sum,

YT w
as follows:

2
v

We consider the confidence interval for o2
Since 22 ~ y2[(b+¢)(1 — a)]

3.1. Confidence intervals for o2, 02,02 and o2

p (X2[(b+ c)(1—a),oc /2] < S:;E <[+ )1 —a), 1— /2]) =1-
Clb+c)1—a),oc /2] 1 _ xPb+e)(l—a),l— o /2]\
p( 5SSk =z = S5 )_1_0‘

p( 55 <o?< 55k )zl—oc
Xlb+c)(1—a),1—oc /2] 7 57 x2[(b+¢)(1 = a),oc /2]

: 2 . Ss Ss
Therefore, a 100(1— )% confidence interval for o7 is <X2[(b+c)(1j)’1fo(/2], XQ[(b+C)(1’fa)7o</2]) .

We consider the confidence interval for o2

since M S ~ (coj + 02 4 02 + 0?) X2b[(béi_1)1)]

2X°[(0+ ¢)(1 — a)]

MSg ~ o (b+¢)(1—a)

and M S¢q, M Sg are independent

MSq <ca§ +o02+0)+0?

MSg >F[b(a—1)7(b+c)(1—a)]

2
O¢

MSq/MSg _coj+oltal+ol
# ~ F[b(a—1),(b+¢)(1 — a)] where 1+ ¢ = —° p
P (F[b(a —1),(b+c)1—a),x /2] < % < Fbla—1),(b+c)(1—a),1- /2])
=1- x
p (%iﬁF[b(a —1),(b+e)(1—a),ox /2] < 5 +1c9 < %giF[b(a —1),(b+¢)(1 —a),1— x /2])

=1-«x
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1 MS

! (E(MSEF[b(a —1),(b+c)(1—a),1— x /2] 1) <0
1 MSq

< S Fa = 1), 0+ ) —a), /2] 1))

—1—

Therefore, a 100(1— )% confidence interval for 6 is

E (MSEF[b(a —-1), (é\ﬂsf)a —a),1—x /2] 1) % (MSEF[b(a — 1),]\(4be (1 —a),x /2] 1)} '

We consider the confidence interval for 03

since M St ~ (0? + b(ﬁ + 02 + 03) X2c[(céa—_1)1)]

2 X[+ ¢)(1 — a)]
M~ o T o0 —a)

and M Sy, M Sg are independent

MSr <0§+b03+03+0§

MSg >F[C(@—1),(b+c)(1—a)]

2
O¢

MSn/MSs o+ bo? 40+ o?
g~ Flea=1), (b +)(1 - a)] where 1+ = o?
p (Fleta = 1.0+ 01 -0 /2« PG < Pl = 1) 01 -1 /2] =1
p (%giF[C(a— 1), (b+)(1—a), o /2] < 1+1b@ = %gf”c(a_ D@+l —a),l-o /2])
=1-

1 M Sy
P (E(MSEF[C<(Z —1),(b+c)(1 —a),1— o /2] -1)<90
< I M St .
< E(MSEF[C(a— 1),(b+c)(1 —a),ox /2] - ))
— 11— x

Therefore, a 100(1— )% confidence interval for ) is

E (MSEF[c(a ), (é\ﬁg:)u S R 1) % (MSEF[c(a - 1),]\(?1 J0—a)x /2~ 1)} '
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We consider the confidence interval for a

since M Sgxr ~ (03 + o2+ 0l + a?) b[f(caa )1)]

2 X0+ o)1 — a)]
MSp ~ o o0 —a)

and M Sgy7, M SE are independent

MSayr o5 + 02+ 0l + o’
VS, ( 5 Flbc(a—1),(b+ ¢)(1 —a)]

=

N MSeyr/MSEg 05+ 02+ ol + 0’

~ Flbc(a—1),(b+¢)(1 —a)] where 1 + ¢ =

14+ o?
p (F[bc(a —1),(b+)(1 —a),x /2] < Msif/;”SE < Flbe(a — 1), (b+¢)(1 —a), 1— o« /2])
=1-x
(M]\éiiTF[bC(a —1),(b+c)1—a),x /2] < N —ll- ; < M]\éiiTF[bc(a —1),(b+¢)(1l—a)l-x /2])

=1-«x

Y ((MSEF[bc(a — 1),]\z[bsfxc§(1 Y 1) <

< (MSEF[bc<a - f)% Ty 1))
— -

Therefore, a 100(1— )% confidence interval for ¢ is

KMSEF[bcm - 1)%%30 “a -2 1) ’ (MSEF[bcm - fglfba T 1)] |

and 2 a_g

mqleqw

2
. . ag

3.2.  Simultaneous confidence intervals -3,
£

Using distribution laws in

SSk ~ a2 *[(b+ ¢)(1 — a)]
SSGXT~(05+U + 02 +02) x*[be(a —1)]
SSa ~ (coj + 02 + 0+ 02) x*[b(a — 1)]
SSr ~ (05 +bo2 + 0., + 02) x*[c(a — 1))
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we have
MSgyr/ (03 + 02+ 02 + o?)
]\j[SE/ag ~ Flbc(a — 1), (b+ c)(1 — a)]
MSg/ (coj + 02 + o2 + 0?)
](\545]5/062 ~ Flb(a—1),(b+c)(1 - a)]
MSr/ (03 +bo? + 02 + 02)
M Sy /o ~ Flc(a—1),(b+¢c)(1 —a)]
D (F[bc(a —1),b+0)1—a),x /2] < -2 +ng‘isg£ — MSSggT
< Flbe(a—1),(b+¢)(1 —a),1— o /2])
=1- X1
( MSgyr/MSg 0?—#03—#03—#03 < MSeGyxr/MSE )
P Flbe(a—1),(b+c¢)(1 —a),1— x /2] = o? ~ Flbc(a—1),(b+¢)(1 —a),x /2]
=1- X1
MSgxr/MSp oy 05 0} M Sgr/MSp
b (F[bc(a —1),(b+¢)(1 —a),1— o /2| =1+ o2 * o2 * o2 = Flbe(a—1)(b+¢)(1 —a),x /2])
—1- (3.1)
O'E2 MSG
p (F[b(a —1),(b+c)(l —a),x /2] < 0T+ o2+ 02 1 o? 585 < Fbla—1),b+c)(l —a),1— x /2])
=1- Xo
( MSG/MSE < CU?‘FU%‘FU‘%‘FUE MSG/MSE )
P\Flba—1), 0+ o)1 —a),1- o /2] = o2 = Flbla—1), b+ o)(1 —a),x /2]
=1- X9
MSG/MSE ﬁ 0__2/ CO'(? MSG/MSE
P (F[b(a— Dotrol-ai-o/2 - T2 T2t 2 SFa-1,0+90-a).x /2))
=1 o (3.2)
and
% MO < Ple(a—1), (b+ )1 - a), 1- o /2))

B _ <
p(F[c(a 1), (b+e)(1—a)oc /2] < 05 +bo? + 02 + 02 SSp
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p( MSp/MSg _ 05 + bo? + o + o? _ MSy/MSg )
Fle(a—1),(b+c¢)(1 —a),1— o< /2] — o2 T Fle(a—1),(b+c¢)(1 —a),x /2]
=1— X3

MSy/MSg ol bol o MSy/MSg
P (F[c(a D hrol-a -« -t et et e S e ). 0+ 0 —a) = /2])

we can make the joint probability statements from (3.1)), (3.2)), and (3.3)), i.e.

2 0-2 2 2 0-2 2 2 b0-2 2
p(Ll§1+U—;+—;+U—‘;§U1,L2§1+U—;+—;+wj <Up Ly <1424 ;+U—‘;§U3)

O-E O—E 15 O-E O—E O—E O-E O—E 15
—1-p (3.4)

where

1= > (1= o) (1= o) (1= o)
Lw:min(Ll —1,L2—1,L3—1)
Uw :min(U1 —1,U2—1,U3—1)

Ls=—-(Ly—1),Us = (Uy — 1)

L

@I»—lﬁh—‘

(Ls = 1), Uy = (Us = 1)

vy =

3.3.  Confidence intervals for o2 + J,Zy + 0% + 02

) 0 — %\/[aQD%MSé +02D3MS7 + (be(a — 1) = 1)2D3MSZ, 1 + ((b+¢)(1 — a))2DIM S| < 05 + 02
+o2 +02 <0+ 1\ /[a®H}MS2, + b2 H3M S2 + (be(a — 1) — 1)2HIM S, + ((b+¢)(1 — a))2H} M SE|

=1-
where
b= aibCaMsg +OMSE + (be(a — 1) — 1)MS2p + (b+ c)(1 — a)MS
Dy =1—-F"(c(a—1),00;1— o /2) Hy = F'(c(a—1),00;x /2) — 1
Dy=1—Fbla—1),00;1— o /2) Hy = F~1(b(a —1),00;x /2) — 1
D3=1—F(bc(a—1),00;1— x /2) Hy = FY(be(a—1),00;0¢ /2) — 1
Dy=1-FY(b+c)(1—a),o0;1— o /2) Hy=F" 1((b+c)(1—a) o0;ox /2) — 1
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4. The likelihood-ratio test

Consider Hy : u = 0 versus H;
Let

cu#0

Cc: M’Tj7ﬁk’a (T/B)]k €ER

Q= {(1, 7, B, (Tﬁ)jkﬁg,%aw,ag

and0§>0 > 0,02 > 0,02 >0}

200,02),j=1,...bk=1,...,

v = {(MJTjaﬁkJ@—B)jk?O-g?O-?ya O 5) € Q: o= 0 ] = ]. b,k = ].,...,C
The likelihood functions denoted by L(v) and L({2) are the following
- ZL 2?21 2221 (Vije — 75 — B

— (78))"
2 (0} + 02+ 02 +02)

L(v) = [27 (05 4+ 02 + 02 + 07)] abe/? exp [

> e Z] 1 2 ke (Vigk — — Bk — (Tﬁ>jk)2]

2(06—1—0%—1—03—1—02)

L(Q) = [27 (o5 + 03 + 02 +02)] abe/2 exp [

Now we consider the problem of maximizing L(v) and L(£2). Recall that

a b c a c a b a
— > ie1 Zj:l D ke Yigh _ it Dopea Yigk — > ie1 Zj:l Yigk _ Y iq Vijk
y. = Y5 = A Yoie = —
abc ac ab a
ﬂ =Y. 7A—j = y] Y. ﬁk =Y e =Y. (Tﬁ)jk = yljk - y] —Yirt+y
(s
Leth = @)
L()

exp [ > 121’5:1 zizzl(yijk—fjk—y”)Q
2{2 L S (i
exp - 123 12 ke 1(ymk y]k) }
_2{21:1 PO Zk:l(yuk Y.Jk) }/abc

exp __Zz 123 blzk I(Yljk y]k)Q—abcy :|
2{2 12] 12 k= 1(Yzjk ka }/abc

- exp |: abc]
—abc abcy?, abc
:>)\:exp[ (1 2)—1——]
2 > e 123 1D ket (ymk Y. ) 2

— (abcym)2

= ln)\ = o b - — D)
2D i1 D jm1 Dkt (yigi — Y.jk)
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(abey.)*
a c _ 2
S Y Y (vige — V)

since the function —21In A is a decreasing function, it follows that the critical region of the likelihood-

ratio test can also be expressed in the form
di = {z: —2In X > d}, writing A(z) = —2In A\ = d; = {z : A(z) > d}
sincey ~ N (,u, M) then

= 2ln)\ =

abc

vy —0 abcy?
/Ug—i—a?y-‘ra(%-l—ag 05 +07+Uw+05
abc

Zz 123 Y- 1(ywk Y )2 N

05—1—02—1-02—1—0'2

~x*(1)

X*((b=1)(c— 1))

The test of the composite hypothesis based on an F statistic with 1 and (b — 1)(c — 1) degrees of
freedom.

Consider Hy : 7j =0 versus Hy : 7; # 0,5 =1,2,...,b

The likelihood functions denoted by L(v) and L({2) are the following:

Zz 1 Z] 1 Zk L (Yige — 10— B — (Tﬁ)jk)Zl

2 (02 4 02 4 02 + 02)

L(v) = [27 (05 + 02 + 02 + af)]_abcﬂe [

L(Q) _ [271_ (O_g + 0_3/ i ‘702.; 4 03)]—abc/2 exp [ Zz 123 122(1;514(_}’:;5—’_ 02—+T;2) Bk — (Tﬁ)]k) ]

L(6
Let) = (EJ)
L()
|: izt Z?:l 22=1(YijkY.jk+Y.j.y“.)2:|
eXp a b c - 2
- 2{2 L S (vesk =Y g0 }/abc
|: _Zz 123 1Zk 1<ymk y]k) :|
{Zz 12] 1Zk 1(yUk y]k }/abc
exp |:—Z?_1 Z?:l Zk:l(yﬁk_}'.jk> —2ia 2321 ZZ:l(?.j.—Y..)z
2 2 i (vik—T ) abe
- exp[ abc]
—ab - b
:>A:exp[;c< Zzlzj 1Zk1(yj y)2)+%]
Zz 12; 1Zk 1(Y1Jk Yy )
2
é_anA_abCZz 12] 1Zk 1(5’] 2
it Zj:l >t (Vg — Y.jk)
2
Y Y Yy [ Vabe (7, 7))
= —2In)\ =

> i Zj:l > e (Vige — y.jk)2
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since the function —21In A is a decreasing function, it follows that the critical region of the likelihood-
ratio test can also be expressed in the form

={x:—2In\ > d}, writing A(z) = —2In A = d; = {z : A(z) > d}
The test of the composite hypothesis based on an F statistic with (b — 1) and (b — 1)(c — 1) degrees
of freedom.
Consider Hy : B, =0 versus Hy : B, #0,k=1,2,...,c
The likelihood functions denoted by L(v) and L(f2) are the following:

> et Z] 12kt (Vijk — =75 — (Tﬁ)jk)zl

L(v) = [27 (0} + 02 + 03 + 0%)] " ex [ 2 (07 + 02 + 02 + 02)

Zz 123 1Zk 1 (Yijk — — Bk — (Tﬂ)jkf]

L(@) = [27 (07 + 05 + 02 +02)] " exp [ 2 (02 + 02 + 02 + 0'2)
~ w €

L(?)

()

Let\ =

-2 Z?:l 2 h=1 (yz'jk—}"jk‘*‘y“k—y“.)z}
2{2?:1 POND Py (yz‘jk—?.jk)z}/abc
-2 Z?’:l ZZ=1(yijrijk)2 :|
2{2?:1 23:1 2 k=1 (yi]'k_y.jk)2}/abc
~ S T T (e ) T Yy T (5T’
2{2?:1 i1 T 1(Yijk_y.jk>2}/ab0
exp |: abc]

exp {

exp {

exp {

—abc ( N > 12; 12kt (Vo — )1) . abc]
2 2112] Yy 1(ywk’ Y. )
abe ) i) Zj:l Do (Ve — )2
S > S (v — y.jk)2
ST T [Vabe 5 -7
S S i (Vi — T )

since the function —21n \ is a decreasing function, it follows that the critical region of the likelihood-
ratio test can also be expressed in the form

di ={z:—2In\ > d}, writing A(z) = —2In A = dy = {z : A(z) > d}

The test of the composite hypothesis based on an F statistic with (¢ — 1) and (b — 1)(c — 1) degrees
of freedom.

Consider Hy : (78)jx =0 versus Hy : (708);s #0,j =1,2,...,b,k=1,2,... ¢

The likelihood functions denoted by L(v) and L(€2) are the following:

= im1 22:1 > et Vi — =75 — ﬁk)

2(0?—}—0%—}—03—}—02)

= —2In)\ =

L(v) = 27 (05 + 02 + 02 + 072)] mabe/? exp
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> et Z] 12kt (Vige — =75 — B — (Tﬂ)ﬂc)

2(05+02+02+02)

L(Q) = [27 (0F + 02 + 0+ 02)] —oke/2 exp [

L6
Let A = (%)
L(Q)
exp | St S S (vignv 5 4ty )
. 2{2?:1 2?:1 21 (Yijk*yg'k)z}/abc
eXp|: —>i= 1ZJ - 1(yzyk y]k)2 :|
{Z 12; 12 0= 1(yljk y]k }/abc
exp [_Zi—lZj—le—l(yUk_y.jk) —2 e 123 1Zk 1( Yk Y5 Y. kty. )2
2{2?:12: Y- 1(yuk y.]k }/abc
exp[ abc]
— — — \2
:>/\—exp[_abc( 21123 . 1( _yj_Yk+Y..-)>+abC]
= 5 _
2 leZ] 1D ke 1(ywk y ) 2
abe S¢S B Y. — + 2
L oy = PeXin QZH bZkl EY.]k 2 - Tk v.)
D i Ej:l > ke (Yijk - Y.jk)
2
a b c — — _ —
> i Zj:l D ket [V abe (Y.jk =V Ykt Y)]
= —2In\ =

S S ik — T )

since the function —21n \ is a decreasing function, it follows that the critical region of the likelihood-
ratio test can also be expressed in the form

di ={z:—2In\ > d}, writing A(z) = —2In A = dy = {z : A(z) > d}

The test of the composite hypothesis based on an F statistic with (b —1)(¢ — 1) and (b — 1)(c — 1)
degrees of freedom.

5. Conclusions

The conclusions which are obtained throughout this work are given as follows

2
2 2 9 9y o2

1- Confidence intervals were obtained for the variance components o2, 02, 02,02, %5, 7%, % and
ey Yo Yy Yw 027 027 o2

o3+ 02 + ol + o2 for the repeated measurements model (RMM).

2- The likelihood-ratio test of the parameters p, 7;, 5 and (7/3),) for the repeated measurements
model (RMM) are obtained.

3- The results of this paper are widely applied in many fields of knowledge, including epidemiology,
medical sciences, life sciences and others.
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