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Abstract

In the paper we obtain sufficient conditions for the existence of common fixed point for a pair of
contractive type mappings in bicomplex valued metric spaces.
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1. Introduction

Segre [I8] made a pioneering attempt in the development of special algebras. He conceptualized
commutative generalization of complex numbers as bicomplex numbers, tricomplex numbers, etc.
as elements of an infinite set of algebras. Subsequently during the 1930s, other researchers also
contributed in this area {cf.[19]-[9]}. But unfortunately the next fifty years failed to witness any
advancement in this field. Afterward Price [16] developed the bicomplex algebra and function theory.
Recently renewed interest in this subject finds some significant applications in different fields of
mathematical sciences as well as other branches of science and technology. An impressive body of
work has been developed by a number of researchers. Among them an important work on elementary
functions of bicomplex numbers has been done by Luna-Elizarrarés et al. [15].

Recently Beg et al. [4] studied existence of common fixed points for maps on topological vector
space valued cone metric spaces. Azam et al. [I] extended it to complex valued metric space and
established a common fixed point theorem for a pair of self contracting mappings. Rouzkard &
Imdad [10] generalized the result obtained by Azam et al. [I] and they proved another common fixed
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point theorem satisfying some rational inequality in complex valued metric spaces. The Banach
contraction principle [3] is a popular and effective tool to solve the existence problems in many
branches of mathematical analysis and is an active area of research. The celebrated Banach theorem
states that:“Let (X,d) be a complete metric space and T" be a mapping of X into itself satisfying
d(Tx,Ty) < kd(x,y),Vz,y € X, where k is a constant in (0,1). Then T has a unique fixed point
z* € X”. Choudhury et al. [8] proved some fixed point results in partially ordered complex valued
metric spaces for rational type expressions. Bhat et al. [6] proved fixed point of mapping satisfying
rational inequality in complex valued metric spaces. Also one can see the attempts in {cf.[2],[7]}.
Choi et al. [15] proved some common fixed point theorems in connection with two weakly compatible
mappings in bicomplex valued metric spaces. Jebril et al. [12] proved some common fixed point
theorems under rational contractions for a pair of mappings in bicomplex valued metric spaces.
This article is in continuation of these works. We further investigate the bicomplex valued metric
spaces and establish fixed point theorems for a pair of contractive type mappings satisfying a rational
inequality.
Next we present some basic notions and notations for subsequent use.

We denote the set of real, complex and bicomplex numbers respectively as Cy, C; and C,. Segre
[18] defined the bicomplex number as:

f =a; + (Igil + ag’ig + (142‘12'27

where ay,as, as,as € Co, and the independent units iy, 5 are such that i? = i3 = —1 and 4yiy = isiy,
we denote the set of bicomplex numbers C, is defined as:

Cy ={£: & = a1 + agiy + agis + aqiyis, a1, ag, a3, a4 € Co},

ie.,
Co={&: & =2 +1i229,21,20 € Ci}.

where z2; = a1 + aqgi1 € C; and 29 = a3 + a4ty € C;.

If £ = 21 + 4229 and n = wy + ixwy be any two bicomplex numbers then the sum is £ £ 71 =
(21 4 d929) £ (wy + iqwe) = (21 & wy)+is (22 £ wy) and the product is €. = (21 + i222) . (w1 + dowy) =
(z1w1 — zows) + 1 (z1w9 + 2owy).

There are four idempotent elements in C,, they are 0,1,e; = me and ey, = HT”Q out of which
e; and ey are nontrivial such that e; + e3 = 1 and e;es = 0. Every bicomplex number z; + 4525 can
uniquely be expressed as the combination of e; and ey, namely

f =z + ’igZz = (Zl — ile) e+ (21 + ilzg) €9.

This representation of £ is known as the idempotent representation of bicomplex number and the
complex coefficients & = (27 — i122) and & = (21 +4122) are known as idempotent components of
the bicomplex number &.

An element & = z; + is20 € Csy is said to be invertible if there exists another element 7 in Cs
such that £&n = 1 and 7 is said to be the inverse (multiplicative) of ¢. Consequently £ is said to be
the inverse (multiplicative) of 7. An element which has an inverse in C, is said to be the nonsingular
element of C; and an element which does not have an inverse in C, is said to be the singular element
of C,.

An element £ = z; + 4925 € Cy is nonsingular if and only if |22 + 22| # 0 and singular if and only
if |22 + 22| = 0. The inverse of ¢ is defined as

21 — 1229

-1 _
T
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Zero is the only element in Cy which does not have multiplicative inverse and in Cy,0 = 0+ 0 is
the only element which does not have multiplicative inverse. We denote the set of singular elements
of Cy and C; by Oy and O; respectively. But there are more than one element in C, which do not
have multiplicative inverse; we denote this set by Oy and clearly Oy = O C Os.

A bicomplex number & = a1 + asiq + agis + agiiis € Cy is said to be degenerated if the matrix
( Zl 32 is degenerated. In that case £ 7! exists and it is also degenerated.

3 Q4

The norm ||-|| of C; is a positive real valued function and ||-|| : C; — C{ is defined by

1
1€l = 21 +dzza]| = {|21]* + [22]?} 2

1
2 2 2 2\ 2
:(a1+a2+a3+a4)2,

[|(z1 — 2'122)\2 + |(21 + i122)|2
2

where 5 = ay + a9ty + asis + aai1t9 = 21 + 1229 € Co.

The linear space Co with respect to defined norm is a norm linear space, also C, is complete;
therefore C, is the Banach space. If & 1 € C, then ||€n] < v2|€]| ||n]] holds instead of ||&n| <
€1l lIm]], therefore Cs is not the Banach algebra.

The partial order relation 3;, on C, is defined as:

Let C; be the set of bicomplex numbers and & = z; + 1220, = wy + iswy € Cy then & 3;, n if and
only if z; S wy and z5 = wy,

ie., ¢ <12 7 if one of the following conditions is satisfied:

Z21 = Wi, 22 = Wy,

/\A/—\A
w N
—_ O O —

Z1 < Wi, Z2 = Wa,
z1 = wi, 23 < wy and

4) 2 < wi, 29 < ws.

In particular we can write £ i, 1 if § Zi, 7 and § # n ie. one of (2), (3) and (4) is satisfied and
we will write £ <;, n if only (4) is satisfied.
For any two bicomplex numbers &, € C, we can verify the followings:

(i) & Zin = €l < lnll

(i) e+ nll < g+ llnll,

(iii) |la&|| = a ||€||, where a is a non negative real number,

(iv) 1€n]l < V2|€]| ||In]| and the equality holds only when at least one of £ and 7 is degenerated,
(v ||§*1|| = ||€]| 7" if € is a degenerated bicomplex number with 0 < £,

(vi) n = ”i”, if 17 is a degenerated bicomplex number.

2. Bicomplex valued metric space

In this section we prove two lemmas on bicomplex valued metric spaces which will be needed in
the sequel. Choi et al. [I1] defined the bicomplex valued metric space as;

Definition 2.1. [T1] Let X be a nonempty set. Suppose the mapping d : X x X — Cy satisfies the
followmg conditions:
1. 0 3, d(z,y) for all z,y € X,
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d(z,y) =0 if and only if x =y,

d(z,y) = d(y,x) for all z,y € X and

d(xz,y) Zi, d(z, z) +d(z,y) forall z,y,z € X.

Then X, d) is called the bicomplex valued metric space.

~12

Definition 2.2. [11] For a bicomplex valued metric space (X, d)
(1). A sequence {x,} in X is said to be a convergent sequence and converges to a point x if for
any 0 <;, r € Cy there is a natural number ng € N such that d(z,,z) <4, 7, for all n > ny and we

write limx,, = x or x, — * as n — 00.
n—o0

(i1). A sequence {x,} in X is said to be a Cauchy sequence in (X,d) if for any 0 <;, r € Cy
there is a natural number ng € N such that d(x,, Tpim) <i, 7, for allm,n € N and n > ny.

(111). If every Cauchy sequence in X is convergent in X then (X,d) is said to be a complete
bicomplex valued metric space.

Lemma 2.3. Let (X,d) be a bicomplex valued metric space and {x,} be a sequence in X . Then
{z,} is convergent and converges to a point x if and only if lim ||d(x,,x)| = 0.
n—oo

Proof . Let {z,} is a convergent sequence and converges to a point x and let ¢ > 0 be any real
number. Suppose

€+,€+,€+,,€
r=—+1= -+ +1l=
g "l T g TRy

Then clearly 0 <;, 7 € Cy and for this r there is a natural number ng € N such that d(z,,x) <;, 7
for all n > ng
Therefore,
|d(zp, z)|| < ||r]| =€, Vn>noe.

And this implies,
lim ||d(z,,z)|| =0

n—oo
Conversely let lim ||d(zp, )| = 0.Then for 0 <;, r € Cq, there exists a real € > 0, such that for
n—oo

all £ € Cy
€l < e= &<y r

Then for this € > 0, there exists a natural number ny € N such that
ld(xn, x)|| <€, ¥V n>ng.

Therefore,
d(zp,z) <iy 1, ¥ 1> ny.

Hence {x,} converges to a point z. [J

Lemma 2.4. Let (X,d) be a bicomplex valued metric space and {x,} be a sequence in X . Then
{z,} is a Cauchy sequence in X if and only if lim ||d(zp, Tpim)| = 0.
n—oo

Proof . Let {z,} is a Cauchy sequence in X and let ¢ > 0 be any real number. Suppose

.. €
—§+212+zz2+2122§.
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Then clearly 0 <;, r € Cy and for this r there is a natural number ny € N such that d(z,, x,1m) <i, T
for all n > ny.
Therefore,
[d(zn, Tnm)[| < llrll =€, ¥ 0> mno.

And this implies,

lim ||d(zn, Tpim)|| =0
n—oo
Conversely let lim ||d(zy, Zpim)|| = 0.Then for 0 <;, r € C,, there exists a real € > 0, such that
n—oo

for all £ € C,
€]l <e= & <y, T

Then for this € > 0, there exists a natural number ng € N such that
||d(xn7xn+m)|| < €, Vn> no.

Therefore,
d(Tp, Tpgm) <iy T, ¥ 10> ng.

Hence {z,} is a Cauchy sequence. [J

3. Main results

In this section we prove fixed point theorems on bicomplex valued metric spaces.

Theorem 3.1. Let (X, d) be a complete bicomplex valued metric space with degenerated 1+ d (x,y)
and [|[1+d(z,y)|| #0 for all z,y € X and let S,T : X — X be mappings satisfying the condition

bd (x,Sx)d (y, Ty)
1+d(z,y)

for all z,y € X, where a,b are non-negative real numbers with a++/2b < 1. Then S, T have a unique
common fized point.

Proof . Let 2 be an arbitrary point in X. We construct a sequence {x,} such that
Tok+1 = Sl’gh Tog+2 = Tx2k+1, k= 0, 1, 2, .....
Then we have

d($2k+1,l’2k+2) = d(Sflf%,Tx%H)

bd (wor, Sxor) d (Tops1, TTok41)
1+ d (2ok, Topt1)

bd (2o, Tokt1) d (Tor41, Tokt2)
1+ d(zok, Topt1)

?5 ipad (xzk, 372k+1) +

A

ir0d (Top, Topt1) +

Therefore,

|d (zops1, Togro)|| < a||d (xok, Topi1)]]

/3 |d (wor, Tor11)]|
|11+ d (zok, Tog+1

)H ||d(I2k+17l’2k+2)||
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Also [|d (z2k, zor41) || < |1+ d (z2k, 241) | -

Thus
Id (22r1, Tansa) || < alld (zor, wors1) | + V20 |d (2211, Torso)|
e (1= V20) |ld (@onin, zana)ll < alld (@on apsn)|
i ld (@ans1, 70| < uj;mnd(xw%mn
Similarly,
d (Topy2, Tonts) = d(TTopq1, STopy2) = d (STokta, TTop41)

bd ($2k+27 5$2k+2) d ($2k+1, T$2k+1)
1 +d (Tok+2, Tort1)
bd (172k+27 $2k+3) d ($2k+1, I2k+2)
1 +d (zok+2, Tort1)

2 ipad (Topt2, Togt1)

?5 ipad (9€2k+2, $2k+1) +

Therefore we obtain that

|d (zorv2, Tort3)|| < alld (vorio, Tors) ||
+\/§b Hd(372k+173?2k+2)|’
|11+ d (z2k41, Tagto

T |d (xor+2, Tar+s)||

ie., ||d (orsn, Torss) || < alld (Torsz, Topsr)|| + V20 ||d (Z2rg2, Torrs) |

as ||d (zor+1, Tawr2) || < [[1+ d (@opr1, Topsa) |

ie., (1—\/517) ld (zar2, Torss) | < alld (T2ns2, Tonis) |

a
1.e., ||d(x , T < —||d(z T
ld (zar+2, T2x+3)| (1= V) ld (2142, 2ok 13|

Suppose o = l—f/ﬁb' Then 0 < a < 1 and

al|d (@, 2|

|d (i1, Tny)|| <
< a? |l (xp_1,x0)] - < ottt \|d (g, x1)]| -

Also for any two positive integers m,n with m > n we get that
d(Tp, Tm) Siy d(Tn, Tpy1) + d (Tpi1, Toao) + oo +d(Tm_1,Tm)

Therefore,

1 (s ) | I (s Ty )]+ (1 (g, Tng2) | 4 oo 4 (I (s 20|

<
< [at4 o™+ + a7 ||d (o, 1) |
<

it ||d(xn,xm)l| " [T+ a+a’...+a™ " ||d (wg, 1)

Since, 0 <o < 1, then 1 +a+a?. ...+ o™ " < L

Hence "
«

Hd(xmxm)“ <

|d (2o, 21)]|

l—«a
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Again since -2~ — 0 as n — oo. then for any ¢ > 0 there exists a positive integer ny such

l1—a
|d (zn, )| < e for all m,n > ngy. Hence {x,} is a Cauchy sequence in X. Also X is a complete

bicomplex valued metric space. Then there exists u € X such that lim z, = u.
n—>aoo

Now we show that u = Su. If not then there exists an 0 <;, & € Cy such that d (u, Su) = &.
Therefore we have

3 d (u, Su)
ind (U, Topro) + d (Topsa, Su)

ind (U, Tog o) + d (TTop 41, Su)

Al

bd (zog41, Txops1) d (u, Su)
1+ d (.TQk_H, U)
bd (Topi1, Topta) €
1+ d(zops1,u)

A

ird (U7 $2k+2) + ad ($2k+1; U) +

r.e., &

1N

ind (U, Togt2) + ad (Togp i1, u) +

Hence

blld (wor1, Tarp2) || €]
11+ d (zog41,u)||

Since lim z,, = wu, taking limit on both sides as n — oo we get that [|£]| < 0, which is a
n——oo

contradiction. Therefore ||£]| = 0 = ||d (u, Su)|| = 0 = u = Swu. Similarly, we can show that u = Tu.
Hence S and T have a common fixed point.
Now we show that S and T have unique common fixed point. If possible suppose u* € X be

another common fixed point of S and T.
Then

Il < N1d (w, 22rs2) | + @ lld (22psr, w)l| + V2

bd (u, Su) d (u*, Tu*)
1+ d(u,u*)

d(u,u*) =d(Su, Tu*) 3, ad (u,u*) +

* T *
e ()| < alld (o)) + V2R L SOHITLE T

11+ d (u, u*)]]
i-ey |l (u,u?)| < alld (u, u")]]
i.e., ||d(u,u”)]] = 0
e, u = u.

This completes the proof of the theorem. [

Corollary 3.2. Let (X,d) be a complete bicomplex valued metric space with degenerated 1+ d (z,y)
and |1+ d(x,y)|| # 0 for all z,y € X and S : X — X be any mapping satisfying the condition

bd (x,Sx)d (y, Sy)
1+d(z,y)

d(Sx,Sy) Zi, ad (z,y) +

~t2

(3.2)

for all x,y € X, where a,b are non-negative real numbers with a + v/2b < 1. Then S has a unique
fized point.

Proof . We can easily prove this result by applying the Theorem [3.1] and taking T' = S. O
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Corollary 3.3. Let (X,d) be a complete bicomplex valued metric space with degenerated 1+ d (x,y)
and |1+ d(z,y)|| # 0 for all z,y € X and let S : X — X be any mapping satisfying the condition

bd (z, S"x)d (y,S"y)
1+d(x,y)

d(Sn{L‘, Sny) i, ad (Ct?,y) +

~o12

(3.3)

for all x,y € X, where a,b are non-negative real numbers with a + v/2b < 1. Then S has a unique
fized point.

Proof . By Corollary [3.2] there exists a unique point u € X such that

Su = u
ie, S’u = Su=u
i.e., S"u = wu.

Therefore,

bd (Su, S"Su) d (u, S™u)

d(Su,u) = d(S5™u, §"u) = d(S"S5u, §™w) Ziy 0d (Su,w) + —— e

bd (Su, S™Su) d (u,u)
1+ d(Su,u)
i.e., d(Su,u) %, ad (Su,u)

~ol2

i.e., d(Su,u) %, ad (Su,u) +

i.e., [[d(Su,u)|| < alld(Su,u)
i.e., ||d(Su,u)]] = 0

*

1.6, U = U.
This completes the proof of the corollary. [
Remark 3.4. The following example ensures the validity of the Corollary3.9
Example 3.5. Consider X = {0 L 2}, define a bicompler valued metric d : X x X — Cqy by

)92
d([E,y):(l—i—ZQ) |I_y| 7vx7y€X .

From the above definition of d one can easily verify that (X, d) is a bicomplex valued metric
space.
Now we consider the mapping S : X — X defined by

1

5(0) =0, S(E):O and S(2) =3

Let a = % and b = %, then clearly a + V2b = % + \/5% < 1. Also the condition of the
Corollary(3.2] is satisfied, clearly x = 0 is the unique fixed point of S.

Again, notice that S"x = 0, Vo € X. so that 0 = d(S"x, S™y) Zi, ad(x,y) + W’ﬁ;—w,
therefore S™x satisfies the condition of the Corollar and clearly z = 0 is the unique fixed
point of S.
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Theorem 3.6. Let (X,d) be a complete bicomplex valued metric space and let the mappings S, T :
X — X satisfy the condition

ald(z,Sz)d(xz,Ty) +d(y, Ty)d(y, Sz)]

d(Sxz,Ty) =,
(5, Ty) 2o d(w,Ty) +d(y, 52)

forall x,y € X and if ||d(x,Ty) + d(y,Sz)|| # 0 and d (z, Ty) + d (y, Sz) is degenerated, where o’
s a non-negative real number with 0 < a < 1. Then S,T have a unique common fixed point.

Proof . Let 2y be an arbitrary point in X. We consider a sequence {x,} in X such that
Tpi1 = STy, and X0 =T, foralln =0,1,2,.....
Then

d (S, Trpiq)
ald(zn, Sxp) d(Tn, Txni1) + d (Tng1, Tons1) d (Tns1, ST

d(Tpi1, Tpyo)

S i d(zn, Txpi1) + d(Tpy1, STy)

< a [d (xna xn—i—l) d (xm an+2) +d (xn—&-l, $n+2) d ($n+1> xn—i—l)]
~on d(Tn, Tny2) + d (Tpy1, Tnyr)

< ad (xm xn+1> d (xn? xn+2)

~ 2

d (I’n, xn+2)
,'5 igad (xm $n+1) .

Therefore for all n > 0 we get that
d (Tni1, Tnyo) Sy ad (T, Tng1) Dip APd (Tp_1,T0) Diy e =i, @ (20, 71)

Thus for any two positive integers m,n with m > n we have

d(xn, Tm) = 0d(Tp,Tps1) +d(Tpa1, Tpao) + oo +d(Tm_1,Tm)
:5 Z'QCLnd (l‘g,l’l) +a”+1d (1]0,131) + +am_1d(flf0,$1)
S onldt+att +a™ ' d (o, 71)
3 ond"[l+a+d..... +a™ " d (2o, 1)
an
;5 iQEd(ZCQ,Z'l) .
Since 0 < a < 1, then 1 +a+a?...... +am < ﬁ
Hence n
a
d (Tn, Tm)|| < d (o, -
4 a2l < 75 [ (o, 20)]
Again since % — 0 as n — oo. then for any € > 0 there exists a positive integer ny such

\|d (zp, xm)|| < e, forall myn > ng. Hence {x,} is a Cauchy sequence in X. Also X is a complete

bicomplex valued metric space. Therefore there exists u € X such that lim x, = u.
n—-aoo

Now we show that u = Su. If not then there exists 0 <;, £ € Cy such that d (u, Su) = &.
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Therefore,

¢ = d(u,Su)
ind (U, Tpyo) + d(Tpia, Su)
i2d (ua xn+2) +d (Su7 Tanrl)
ald(u,Su)d(u,Txpi1) + d(Tpi1, Topi1) d (Tpy1, Su)]
d(u, Txps1) + d(Tp41, Su)
[€d (u, vp12) + d(Tpi1, Tnya) d (T4, Su)]
d(u, Tpy2) + d (241, Su)

A A

A

i2d (u7 xn+2) +

A

a
izd (u, CCn—i-Q) +

Y

which yields that

Wl e (v, i) || + lld (@ni1, Toga) || 1 (241, Sw)]
1 (1, Zny2) + d (2ni1, S|

1] < [1d (u, 2aya) ]| + V22

Taking limit as n — oo we get that ||€|| < 0, which is a contradiction. Therefore |&|| = 0 =
|d (u, Su)|| = 0 = u = Su. Similarly, we can show that u = T'u.

Hence S and T have a common fixed point.

Now we show that S and T have unique common fixed point. If possible suppose that u* € X

be another common fixed point of S and 7.

Then
ald(u,Su)d(u, Tu*) + d(u*, Tu*) d (u*, Su)]

d(u, Tu*) + d (u*, Su)

d(u,u*) =d(Su,Tu"*) =%,

Jaallld (w Swlllld (u, Tur)l| + |1d (u”, Tur)|} d (u”, Su)l]

d (u, u* 2
1 (u, u")] |d (u, Tur) + d (u*, Su) |

IN

pe, [ld(uu?)] <0

which is a contradiction, Therefore,

i.e., ||[d(u,u*)]] = 0

e, u = u.

This completes the proof of the theorem.[]

4. Open problem

In this work we started the study of bicomplex valued metric spaces and established fixed point
results for a pair of contractive type mappings satisfying a rational inequality in complete bicomplex
valued metric spaces. Ran and Reurings [I7] generalized Banach’s contraction principle to partially
ordered metric spaces. Beg and Butt [5] further generalized results of Ran and Reurings [17]. Recently
Khalehoghli et al. [I3| [14] introduced R-metric spaces and obtained a generalization of Banach fixed
point theorem. It is an interesting open problem to study the R-bicomplex valued metric spaces and
obtain fixed point results on complete R-bicomplex valued metric spaces. .
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