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Abstract

We give a topology on a ring part of IS-algebra, by define prime ideals of a commutative ring part
of IS-algebra and study some of its properties.
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1. Introduction

In1966 [2], the notion of BCl-algebra was introduced by Iseki and Imai. A new class of algebra
related to BCl-algebra was introduced by Jun and Hong [4], called a BCI-semigroup. After that,
Jun et al. [5] renamed the BCI-semigroup as the IS-algebra and studied further properties of this
algebra. In [I0] the authors gave the ring part and adjoin ring part of IS-algebra. The concept of
the topology was applied to a lot of algebraic structures by several authors; see [11, 16 8, [7, ©]. This
paper is intended to implement the new notion of adjoin ring part of IS-algebra and discusses some
of their properties to study a topology on this structure.

2. Preliminaries
Definition 2.1. [2,[3] Algebra (L,*,0) of (2, 0) is a BCIl-algebra, if¥ m,n,s € L
(BCL)((m=n)*(mx*s)) <(sxn)

(BCL)(m=*(m=xn)) <n
(BCI3)m <m
(BC1y) m <n and n < m imply m = n.
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In a BCI -algebra (L, *,0), the following properties are satisfied:

Definition 2.2. [3] Let (L, *,0) be a BCI-algebra and O = I C L, I is called an ideal of
L if it satisfies the following conditions:

(i) 0 € I,
(ii)) vxy € landy € [ imply x € I (herez, y € L).

Definition 2.3. [}/ An IS-algebra (L,*,e,0) is L # ¢ with two binary operations , e and constant
0 such thaty m,n,s € L

(I) (L,*,0) is a BCIl-algebra,
(II) (L,e) is a semigroup,
(III) me (n*xs)=(men)x(mes) and (m*n)es=(mes)*(nes).

Example 2.4. [JJ IfL ={0, ¢, f, g,h}is a set with the two operations x and o given by :

x| 0 |elf |g |h ol 0 |el|f |g |h
010 |e|0 |0 |h o0 (0|0 [0 |0
e|e 0| e € 0 e |0 010 |0 |0
fif |fl10 10 [0 flo {(ojo |0 |f
919 |glg |0 |0 glo0 010 |f |y
hi{h | h|h |h |0 h{0 |elf |g |h

Then (L, *,0,0) is an 1S-algebra (by routine calculations).
In (L,*,0,0), we havevo 0 =00v =0, for any v € L.

Lemma 2.5. [ Let (L,*,e,0) be an IS-algebra. Then for any v,w,r € L,, we have: v < w implies
ver<werand rev<reuw.

Definition 2.6. [5] If I # ¢is a subset of an IS-algebra (L,*,e,0). Then lis called an ideal of
(L7 *7 .7 )7 Zf

(1) vxw el andw € I,thenv € I, Yo,w € L

(I3) for anyv € Landr € I, we havever € I, rev € I.

Definition 2.7. [10/If (L,*,e,0) is an 1S-algebra, then K(L) = {v € L|0xv = v}is said to be ring
part of L.

Y ) )

Theorem 2.8. [10] In IS-algebra(L,x,,0):

1. K(L)is a subalgebra of (L, *,0),
2. (K(L),*,e)is a maximal ring .
3. K(L)is an ideal of (L,*,e,0)<K(L)is an ideal of BCI-algebra(L, ,0).
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3. A Topology on prime ideals of adjoin ring part

In this section, we study the prime spectrumspec(N) of a ring part of an [S-algebra (L, *, e,0).
It turns out spec(N) is Ty and Ti-space. Moreover f : spec(N) — spec(K) is a continuous map.

Definition 3.1. For every nonempty subset B of L, we define N(L) = {v € LIbx (b* (bev)) <
bev, Vb€ B}, which will be called adjoin ring part of L.N(L) in usual will be written N for short.

Theorem 3.2. In IS-algebra (L, *,e,0):

(a) Nis a subalgebra of (L,x*,e,0)
(b) If m+n=mx(0xn), then (N,+,e)is a ring and m+n=n+m,(m+n)+s=m+ (n+s).

Proof .

(a) Since 0 € N, so N # ¢. For anyv,w € N, we get d*(d*(de(m=n))) = (dx0)*(d+(de(m=*n)) <
(de(mx*n))x0=de(m=xn)...by BCIy, that ismx*n € N. In addition, we get
d*(dx(de(men))) = (d*0)x(d*(de(men)) < (de(men))*x0=de(men) by... BCI,
that is men € N. Similarly we get nem € N.

(b) (N,*,0) is BCI-algebra by (a), Vm,n,s € N, we get d* (d* (de (m+n))) = (d*0)x(d*(de
(mx*x(0xn))) < (de(mx*x(0xn)*x0<de(m=*(0%n)), then (m=*(0*xn)) € N. Som+n € N.
In addition, since m+n = mx*(0xn) = (0% (0xm))*(0*xn) = (0% (0xn))*(0xm) = nx(0xm) =
n+m, andm+ (n+s)=mx0*x(n+s))=m=*(0x(n*x(0xs)))=(nx*x0xs))*(0xm)=
(nx(0xm))* (0%s)(mx*(0xn)*x(0xs)) =(m+n)+s.

Therefore ” +7 is associative and also commutative. Moreover,
m+0=04+m=0x%(0xm)=mandm+ (0xm) = (0xm)+m = (0xm)*(0xm) =0, hence
0% m is the inverse of m. Thus (N, +)is an abelian group.

Also, since N is closed about eon IS-algebra (L, *,e,0), so

me(n+s) =me(n*(0xs)) =menx(me(0xs)) =menx(melxmes) =menx(0xmes) =
men-+mes in same reason (m+n)es=mes+mnes, hence (N,+,e) is a ring.

U

Lemma 3.3. N is an ideal of an 1S-algebra (L,*,e,0) < N is an ideal of a BCI-algebra (L, *,0)
Proof .If N is an ideal of an IS-algebra (L, *,e,0), then by definition above, N is an ideal of a
BClI-algebra (L, *,0). Conversely, suppose N is an ideal of a BCl-algebra (L,*,0), Yo € L,r € N
dx(d*(de(rev))) = (dx0)x(dx(der)ev)) < ((der)ev)+«0=((der)ev)...by BCI, Therefore

rev € N, in same reasoning ver € N, hence N is an ideal of an IS-algebra (L,*,,0). O

Definition 3.4. Let N be a ring part of 1S-algebra (L,*,e,0). A proper ideal J of N is called a
prime if cd € J for elements ¢ and d of N, either c € J ord € J.

Definition 3.5. Let N be a ring part of IS-algebra (L,+*,e,0) and spec(N) be the collection of
all prime ideals of N. Now for each ideal Y of N, we define the variety of Y by V(YV) = {J €
spec(N)|Y C J}, Therefore V(N) = ¢ and V ({0}) = spec(N).

Theorem 3.6. Let (L,*,,0) be an IS-algebra and N be a ring part of L. If Y and H are two ideals
of N ,then
HCY=V(Y)CV(H). (3.1)

V(Y)UV(H)C V(Y NnH). (3.2)
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Proof .

. If O € V(Y), then Y C O and since H C 'Y, therefore O € V(H). It follows that V(YY) C
V(H).
(B2) Let O e V(Y)UV(H), then Y C Oor H C O. Hence Y N H C O, therefore O € V(Y N H).
It follows that V(Y)UV(H) C V(Y NH).

O

Lemma 3.7. Let (N,+,e) be a ring of IS-algebra (L,*,.0), For any Y;(i € I) of an ideals of N.

Then mzelv( ) (Zzel 1)

Proof . Let J € Nic/V(Y:), thenY; C J Vi € I, hence > Y; C J. So J € V(>.Y;), It follows that
NierV(Y:) S V(2 i, Yi)-

Now, if J € V(>.Y;).50>.Y; C Jand since Y; C > Y;, fori € I, hence Y; C J, then J € V(Y;), for

i€ I. It follows that J € M,V (Y;). O

Definition 3.8. Let N be a ring part of an 1S-algebraL. Then a prime idealJ of N s extraordinary
if for any two ideals Y and Hof N,Y " H C J impliesY C J or H C J.

Theorem 3.9. Let N be a ring part of an 1S-algebra (L,*,e,0). If every prime ideal of Nis an
extraordinary, then V(Y) UV (H) = V(YN H), for any two ideals Y and H of N.

Proof . By Theorem|[3.6, V(Y)UV(H) C V(Y N H).Now, letJ € V(Y NH), then Y N H C J and
since J is extraordinary. ThenY CJorHC J=JeV(Y)orJeV(H)=JecV(Y)UV(H) =
VIYNH)CV(Y)UV(H). Hence V(Y)UV(H)=V(YNH). O

By Definition [3.5] Lemma [3.7] and Theorem it follows that the family {V(Y")}ycyof subsets of
spec(N) satisfies the axioms for closed sets in a topological space. The topological space spec(N) is
called the prime spectrum of Nalso the resulting topology is called the Zariski topology.

Example 3.10. Let (Zg,+,®) be a ring part of IS-algebra (Zg, —,®,0), then the set of all ideals
of Zgare {{0},{0,3},{0,2,4},Zs}. Now, the set{{0,3},{0,2,4}} is all prime ideals of Zgand that
is extraordinary, hence Spec(Zg) = {{0,3},{0,2,4}}. Therefore the topology on spectrum is T =
{, spec(Zg)}.

Remark 3.11. For any Y C N, we’re denoting the complement of V(Y) by W(Y). So
W) = {J € spec(N)|Y ¢ J}, so the collection {W(Y)}ycn is the collection of open sets of a
topological space Spec(N). By duality, we get the following:

Proposition 3.12. Let N be a ring part of 1S-algebra(L, x,e,0), then

(i) W(N) = Spec(N), W({0}) =

(i) If {Yitier is any family ideals ofN, then U;efW (Y;) = W(UierYs),
(i) W(Y1NYy) =W (Y1) NW(Ys), for some ideals Y1,Ys C N
(i) For any two ideals Y,H € N.Y C H= W(Y) C W(H).

Proof .Clear.

Remark 3.13. For any b € N,we denote V({b}) by V(b) and W({b}) by W(b).So V(b) = {J €
spec(N)|b € Jyand W (b) = {J € spec(N)|b ¢ J}.
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Theorem 3.14. If N is a ring part of 1S-algebra (L, *,e,0), the collection {W (b)}pen is a basis for
the topology on Spec(N).

Proof .If Y C N,W(Y)an open and W (Y') C Spec(N), then by proposition [3.19, we get W(Y) =
W (Upey {b}) = Upey W (b). Hence, any open set of Spec(N)is the union of subsets from the collection
{W (D) }pen. O

Theorem 3.15. Spec(N)is a Ty topological space.

Proof .LetJ and Q be any two distinct prime ideals in Spec(N). Then either J ¢ Qor Q ¢ J.
IfJgQ=3beJab¢ Q=Q¢cW() and J ¢ W(b)

=Jan open set W (b)containing Q, but not J.

IfQZJ=3be@>b¢ J=0Q¢W(b)andJ € W(b).

=Jan open set W (b)containing J, but not Q.

Hence Spec(N)is a Ty-space. O

Theorem 3.16. Spec(N)is a 17 topological space.

Proof .If Spec(N) = ¢ = spec(N) is trivial space and so it is a Ty-space. Now, if Spec(N) # ¢, then
there exist J prime ideal of Spec(N),V(J) = {J}and so {J}is closed set in Spec(N),i.e. Spec(N)is
a Ti-space. [

Proposition 3.17. Ifl: N — Kis a homomorphism of two ring parts N and K of IS-algebra(L, *, e,0),
then Yprime ideal of K, I7*(J) = {b € N/I(b) € J} is also a prime ideal of S.

Proof .For any ¢, d € Jsuch thatced € I7'(J) = l(ce d) € J = l(c) o I(d) € J(by homomorphism)
= l(c) € Jorl(d) € J = cel Y (J)ord € I"'(J).Hence 7' (J) is prime ideal. O

Theorem 3.18. If |l : N — K is a homomorphism of two ring parts Nand K of IS-algebra
(L,*,e,0), then f: SpecK — SpecN define by f(J) =1"1(J)¥VJ € SpecK is continuous map.
Proof .For any b € N, LetW (b) be a basic open set in Spec(N),then
fTHW (b)) = {J € SpecK/f(J) € W(b)}
= {J € SpecK/I"(J) € W(b)}
={J € SpecK/b ¢ 17" (J)}
= {J € SpecK/I(b) ¢ J}

which is open in Spec(K). Hence fis a continuous map. O

4. Conclusion

We have studied the topology of a ring part of IS -algebra by using prime ideals of a commutative
ring part of [S-algebra and discussed few results of this topology, for example, the prime spectrum
spec(N)of a ring part of an IS-algebra and study some of its properties. Also, proved that spec(NV)
is Ty and 17 -space. Furthermore, f : spec(N) — spec(K) it is a continuous mapping,.

5. Open problems

The following are some open problems for future works:

1. Studying the theory of soft topological space on IS-algebra.

2. Introducing a compact and simply compact of a ring part of an IS-algebra.

3. Studying of soft simply path connected spaces and soft simply compact spaces.
4. Studying the filter of this structure.
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