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Abstract

We give a topology on a ring part of IS-algebra, by define prime ideals of a commutative ring part
of IS-algebra and study some of its properties.
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1. Introduction

In1966 [2], the notion of BCI-algebra was introduced by Iseki and Imai. A new class of algebra
related to BCI-algebra was introduced by Jun and Hong [4], called a BCI-semigroup. After that,
Jun et al. [5] renamed the BCI-semigroup as the IS-algebra and studied further properties of this
algebra. In [10] the authors gave the ring part and adjoin ring part of IS-algebra. The concept of
the topology was applied to a lot of algebraic structures by several authors; see [1, 6, 8, 7, 9]. This
paper is intended to implement the new notion of adjoin ring part of IS-algebra and discusses some
of their properties to study a topology on this structure.

2. Preliminaries

Definition 2.1. [2, 3] Algebra (L, ∗, 0) of (2, 0) is a BCI-algebra, if,∀ m,n, s ∈ L

(BCI1)((m ∗ n) ∗ (m ∗ s)) ≤ (s ∗ n)

(BCI2)(m ∗ (m ∗ n)) ≤ n

(BCI3)m ≤ m

(BCI4) m ≤ n and n ≤ m imply m = n.
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In a BCI -algebra (L, ∗, 0), the following properties are satisfied:

(BCI1\) :m ∗ 0 = m

(BCI2\) :(m ∗ n) ∗ s = (m ∗ s) ∗ n
(BCI3\) :m ∗ (m ∗ (m ∗ n)) = m ∗ n
(BCI4\) :0 ∗ (0 ∗m) = m

(BCI5\) :0 ∗ (m ∗ n) = (0 ∗m) ∗ (0 ∗ n).

Definition 2.2. [3] Let (L, ∗, 0) be a BCI-algebra and ∅ = I ⊆ L, I is called an ideal of
L if it satisfies the following conditions:

(i) 0 ∈ I,

(ii) x ∗ y ∈ I and y ∈ I imply x ∈ I (here x, y ∈ L).

Definition 2.3. [4] An IS-algebra (L, ∗, •, 0) is L 6= φ with two binary operations ∗, • and constant
0 such that,∀ m,n, s ∈ L

(I) (L, ∗, 0) is a BCI-algebra,

(II) (L, •) is a semigroup,

(III) m • (n ∗ s) = (m • n) ∗ (m • s) and (m ∗ n) • s = (m • s) ∗ (n • s).

Example 2.4. [4] IfL = {0 , e , f , g , h}is a set with the two operations ∗ and ◦ given by :

∗ 0 e f g h
0 0 e 0 0 h
e e 0 e e 0
f f f 0 0 0
g g g g 0 0
h h h h h 0

◦ 0 e f g h
0 0 0 0 0 0
e 0 0 0 0 0
f 0 0 0 0 f
g 0 0 0 f g
h 0 e f g h

Then (L, ∗, ◦, 0) is an IS-algebra (by routine calculations).
In (L, ∗, ◦, 0), we have v ◦ 0 = 0 ◦ v = 0, for any v ∈ L.

Lemma 2.5. [4] Let (L, ∗, •, 0) be an IS-algebra. Then for any v, w, r ∈ L,, we have: v ≤ w implies
v • r ≤ w • r and r • v ≤ r • w.

Definition 2.6. [5] If I 6= φis a subset of an IS-algebra (L, ∗, •, 0). Then Iis called an ideal of
(L, ∗, •, 0), if

(I1) v ∗ w ∈ I and w ∈ I, thenv ∈ I, ∀v, w ∈ L
(I2) for any v ∈ Landr ∈ I, we have v • r ∈ I, r • v ∈ I.

Definition 2.7. [10]If (L, ∗, •, 0) is an IS-algebra, then K(L) = {v ∈ L|0 ∗ v = v}is said to be ring
part of L.

Theorem 2.8. [10] In IS-algebra(L, ∗, •, 0):

1. K(L)is a subalgebra of (L, ∗, 0),

2. (K(L), ∗, •)is a maximal ring .

3. K(L)is an ideal of (L, ∗, •, 0)⇔K(L)is an ideal of BCI-algebra(L, ∗, 0).
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3. A Topology on prime ideals of adjoin ring part

In this section, we study the prime spectrumspec(N) of a ring part of an IS-algebra (L, ∗, •, 0).
It turns out spec(N) is T0 and T1-space. Moreover f : spec(N)→ spec(K) is a continuous map.

Definition 3.1. For every nonempty subset B of L, we define N(L) = {v ∈ L|b ∗ (b ∗ (b • v)) ≤
b • v,∀b ∈ B}, which will be called adjoin ring part of L.N(L) in usual will be written N for short.

Theorem 3.2. In IS-algebra (L, ∗, •, 0):

(a) N is a subalgebra of (L, ∗, •, 0)

(b) If m+ n = m ∗ (0 ∗ n), then (N,+, •)is a ring and m+ n = n+m, (m+ n) + s = m+ (n+ s).

Proof .

(a) Since 0 ∈ N, so N 6= φ. For any v, w ∈ N , we get d∗(d∗(d•(m∗n))) = (d∗0)∗(d∗(d•(m∗n)) ≤
(d • (m ∗ n)) ∗ 0 = d • (m ∗ n) .... by BCI1′ , that is m ∗ n ∈ N . In addition, we get
d ∗ (d ∗ (d • (m • n))) = (d ∗ 0) ∗ (d ∗ (d • (m • n)) ≤ (d • (m • n)) ∗ 0 = d • (m • n) by... BCI1′ ,
that is m • n ∈ N. Similarly we get n •m ∈ N .

(b) (N, ∗, 0) is BCI-algebra by (a), ∀m,n, s ∈ N , we get d ∗ (d ∗ (d • (m+ n))) = (d ∗ 0) ∗ (d ∗ (d •
(m ∗ (0 ∗ n))) ≤ (d • (m ∗ (0 ∗ n) ∗ 0 ≤ d • (m ∗ (0 ∗ n)), then (m ∗ (0 ∗ n)) ∈ N . So m+ n ∈ N .
In addition, since m+n = m∗(0∗n) = (0∗(0∗m))∗(0∗n) = (0∗(0∗n))∗(0∗m) = n∗(0∗m) =
n + m, andm + (n + s) = m ∗ (0 ∗ (n + s)) = m ∗ (0 ∗ (n ∗ (0 ∗ s))) = (n ∗ (0 ∗ s)) ∗ (0 ∗m) =
(n ∗ (0 ∗m)) ∗ (0 ∗ s)(m ∗ (0 ∗ n) ∗ (0 ∗ s)) = (m+ n) + s.
Therefore ” +” is associative and also commutative. Moreover,
m+ 0 = 0 +m = 0 ∗ (0 ∗m) = mandm+ (0 ∗m) = (0 ∗m) +m = (0 ∗m) ∗ (0 ∗m) = 0, hence
0 ∗m is the inverse of m. Thus (N,+)is an abelian group.
Also, since N is closed about •on IS-algebra (L, ∗, •, 0), so
m• (n+s) = m• (n∗ (0∗s)) = m•n∗ (m• (0∗s)) = m•n∗ (m•0∗m•s) = m•n∗ (0∗m•s) =
m • n+m • s in same reason (m+ n) • s = m • s+ n • s, hence (N,+, •) is a ring.

�

Lemma 3.3. N is an ideal of an IS-algebra (L, ∗, •, 0)⇔ N is an ideal of a BCI-algebra (L, ∗, 0)
Proof .If N is an ideal of an IS-algebra (L, ∗, •, 0), then by definition above, N is an ideal of a
BCI-algebra (L, ∗, 0). Conversely, suppose N is an ideal of a BCI-algebra (L, ∗, 0), ∀v ∈ L, r ∈ N
d ∗ (d ∗ (d • (r • v))) = (d ∗ 0) ∗ (d ∗ (d • r) • v)) ≤ ((d • r) • v) ∗ 0 = ((d • r) • v) .... by BCI1, Therefore
r • v ∈ N , in same reasoning v • r ∈ N , hence N is an ideal of an IS-algebra (L, ∗, •, 0). �

Definition 3.4. Let N be a ring part of IS-algebra (L, ∗, •, 0). A proper ideal J of N is called a
prime if cd ∈ J for elements c and d of N , either c ∈ J or d ∈ J .

Definition 3.5. Let N be a ring part of IS-algebra (L, ∗, •, 0) and spec(N) be the collection of
all prime ideals of N . Now for each ideal Y of N , we define the variety of Y by V (Y ) = {J ∈
spec(N)|Y ⊆ J},Therefore V (N) = φ and V ({0}) = spec(N).

Theorem 3.6. Let (L, ∗, •, 0) be an IS-algebra and N be a ring part of L. If Y and Hare two ideals
of N ,then

H ⊆ Y ⇒ V (Y ) ⊆ V (H). (3.1)

V (Y ) ∪ V (H) ⊆ V (Y ∩H). (3.2)
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Proof .

(3.1) If O ∈ V (Y ), then Y ⊆ O and since H ⊆ Y , therefore O ∈ V (H). It follows that V (Y ) ⊆
V (H).

(3.2) Let O ∈ V (Y ) ∪ V (H), then Y ⊆ Oor H ⊆ O. Hence Y ∩H ⊆ O, therefore O ∈ V (Y ∩H).
It follows that V (Y ) ∪ V (H) ⊆ V (Y ∩H).

�

Lemma 3.7. Let (N,+, •) be a ring of IS-algebra (L, ∗, •, 0), For any Yi(i ∈ I) of an ideals of N .
Then ∩i∈IV (Yi) = V (

∑
i∈I Yi).

Proof . Let J ∈ ∩i∈IV (Yi), thenYi ⊆ J ,∀i ∈ I, hence
∑
Yi ⊆ J . So J ∈ V (

∑
Yi), It follows that

∩i∈IV (Yi) ⊆ V (
∑

i∈I Yi).
Now, if J ∈ V (

∑
Yi).So

∑
Yi ⊆ Jand since Yi ⊆

∑
Yi, for i ∈ I, hence Yi ⊆ J , then J ∈ V (Yi), for

i ∈ I. It follows that J ∈ ∩i∈IV (Yi). �

Definition 3.8. Let N be a ring part of an IS-algebraL. Then a prime idealJ of N is extraordinary
if for any two ideals Y and Hof N ,Y ∩H ⊆ J implies Y ⊆ J or H ⊆ J .

Theorem 3.9. Let N be a ring part of an IS-algebra (L, ∗, •, 0) . If every prime ideal of N is an
extraordinary, then V (Y) ∪ V (H) = V (Y ∩H), for any two ideals Y and H of N .
Proof . By Theorem 3.6, V (Y) ∪ V (H) ⊆ V (Y ∩H).Now, letJ ∈ V (Y ∩H), then Y ∩H ⊆ J and
since J is extraordinary. Then Y ⊆ J or H ⊆ J ⇒ J ∈ V (Y ) or J ∈ V (H)⇒ J ∈ V (Y )∪ V (H)⇒
V (Y ∩H) ⊆ V (Y ) ∪ V (H). Hence V (Y) ∪ V (H) = V (Y ∩H). �

By Definition 3.5, Lemma 3.7 and Theorem 3.9, it follows that the family {V (Y )}Y⊆Nof subsets of
spec(N) satisfies the axioms for closed sets in a topological space. The topological space spec(N) is
called the prime spectrum of Nalso the resulting topology is called the Zariski topology.

Example 3.10. Let (Z6,+, •) be a ring part of IS-algebra (Z6,−, •, 0), then the set of all ideals
of Z6are {{0}, {0, 3}, {0, 2, 4},Z6}. Now, the set{{0, 3}, {0, 2, 4}} is all prime ideals of Z6and that
is extraordinary, hence Spec(Z6) = {{0, 3}, {0, 2, 4}}. Therefore the topology on spectrum is τ =
{φ, spec(Z6)}.

Remark 3.11. For any Y ⊆ N , we’re denoting the complement of V (Y ) by W (Y ). So
W (Y ) = {J ∈ spec(N)|Y 6⊂ J}, so the collection {W (Y )}Y⊆N is the collection of open sets of a
topological space Spec(N). By duality, we get the following:

Proposition 3.12. Let N be a ring part of IS-algebra(L, ∗, •, 0), then

(i) W (N) = Spec(N),W ({0}) = φ,

(ii) If {Yi}i∈I is any family ideals ofN , then ∪i∈IW (Yi) = W (∪i∈IYi),

(iii) W (Y1 ∩ Y2) = W (Y1) ∩W (Y2), for some ideals Y1, Y2 ⊆ N

(iv) For any two ideals Y,H ∈ N, Y ⊆ H ⇒ W (Y ) ⊆ W (H).

Proof .Clear. �

Remark 3.13. For any b ∈ N ,we denote V ({b}) by V (b) and W ({b}) by W (b).So V (b) = {J ∈
spec(N)|b ∈ J}and W (b) = {J ∈ spec(N)|b /∈ J}.
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Theorem 3.14. If N is a ring part of IS-algebra (L, ∗, •, 0), the collection {W (b)}b∈N is a basis for
the topology on Spec(N).
Proof .If Y ⊆ N ,W (Y )an open and W (Y ) ⊆ Spec(N), then by proposition 3.12, we get W (Y ) =
W (∪b∈Y {b}) = ∪b∈YW (b). Hence, any open set of Spec(N)is the union of subsets from the collection
{W (b)}b∈N . �

Theorem 3.15. Spec(N)is a T0 topological space.
Proof .LetJ and Q be any two distinct prime ideals in Spec(N). Then either J 6⊂ Qor Q 6⊂ J .
If J 6⊂ Q⇒∃ b ∈ J3 b /∈ Q⇒ Q ∈ W (b) and J /∈ W (b)
⇒∃an open set W (b)containing Q, but not J .
If Q 6⊂ J ⇒∃b ∈ Q3 b /∈ J ⇒ Q /∈ W (b)andJ ∈ W (b).
⇒∃an open set W (b)containing J , but not Q.
Hence Spec(N)is a T0-space. �

Theorem 3.16. Spec(N)is a T1 topological space.
Proof .If Spec(N) = φ⇒ spec(N) is trivial space and so it is a T1-space. Now, if Spec(N) 6= φ, then
there exist J prime ideal of Spec(N),V (J) = {J}and so {J}is closed set in Spec(N),i.e. Spec(N)is
a T1-space. �

Proposition 3.17. If l : N → Kis a homomorphism of two ring parts Nand Kof IS-algebra(L, ∗, •, 0),
then ∀prime ideal of K, l−1(J) = {b ∈ N/l(b) ∈ J} is also a prime ideal of S.
Proof .For any c, d ∈ Jsuch thatc • d ∈ l−1(J)⇒ l(c • d) ∈ J ⇒ l(c) • l(d) ∈ J(by homomorphism)
⇒ l(c) ∈ Jor l(d) ∈ J ⇒ c ∈ l−1(J)ord ∈ l−1(J).Hence l−1(J) is prime ideal. �

Theorem 3.18. If l : N → K is a homomorphism of two ring parts Nand K of IS-algebra
(L, ∗, •, 0), then f : SpecK → SpecN define by f(J) = l−1(J),∀J ∈ SpecK is continuous map.
Proof .For any b ∈ N , LetW (b) be a basic open set in Spec(N),then

f−1(W (b)) = {J ∈ SpecK/f(J) ∈ W (b)}
= {J ∈ SpecK/l−1(J) ∈ W (b)}
= {J ∈ SpecK/b /∈ l−1(J)}
= {J ∈ SpecK/l(b) /∈ J}

which is open in Spec(K). Hence f is a continuous map. �

4. Conclusion

We have studied the topology of a ring part of IS -algebra by using prime ideals of a commutative
ring part of IS-algebra and discussed few results of this topology, for example, the prime spectrum
spec(N)of a ring part of an IS-algebra and study some of its properties. Also, proved that spec(N)
is T0 and T1 -space. Furthermore, f : spec(N)→ spec(K) it is a continuous mapping.

5. Open problems

The following are some open problems for future works:

1. Studying the theory of soft topological space on IS-algebra.

2. Introducing a compact and simply compact of a ring part of an IS-algebra.

3. Studying of soft simply path connected spaces and soft simply compact spaces.

4. Studying the filter of this structure.
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