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Abstract

In this paper we define and study new concepts of fibrwise totally topological spaces over 8 namely
fibrewise totally compact and fibrwise locally totally compact spaces, which are generalization of well
known concepts totally compact and locally totally compact topological spaces. Moreover, we study
relationships between fibrewise totally compact (resp, fibrwise locally totally compact) spaces and
some fibrewise totally separation axioms.

Keywords: Fiberwise totally topological spaces, Fiberwise totally compact spaces, fiberwise
locally totally compact spaces, fibrewise totally separation axioms.

1. Introduction

In order to begin the category in the classification of fibrewise ( briefly. f.w.) sets over a given set,
named the base set, which say B.A.f.w., set over B consest of function p : G — B, that is named
the projection on the set G. The fiber over b for every point b of 9B is the subset G}, = p~1(b) of G.
Since we do not require p is surjective, the fiber Perhaps, will be empty, also, for every 8* subset of
B we considered G- = p~1(B*) like a .f.w., set with the projection determined by p over B* the
alternative G« notation is often referred to as G|B*. We considered for every set Z, the Cartesian
product B x Z by the first projection like a f.w. set ®B. As well as, we built on some of the result
in 11, 111, [7, 6l 10} @, 13| 12] 2] 4, 3] 14], 15, 16l 17, 18, 19]. For other notations or notions which are
not mentioned here we go behind closely I.M. James [0], R. Engelking [3] and N. Bourbaki [5].

Definition 1.1. [J/A function T : (G, 1) — (K,n) is called totally continuous if the inverse image
of each open subset of K is a clopen subset of G.

*Corresponding author
Email addresses: ameera.radi202a@gmail.com (Amira R. Kadzam), yoyayousif@yahoo.com (Y. Y. Yousif )

Received: April 2021  Revised: May 2021


http://www.ijnaa.semnan.ac.ir

940 Kadzam, Yousif

Definition 1.2. [5] Let G be af.w., set over B such that B is a topological space. Any topology on
G is called f.w., topology if the projection function p is continuous.

Definition 1.3. [5] A function T' between two f.w., set G, with projection pg, and K, with projec-
tion pg, over B is known as f.w.s.,, if pro ' = pg.

Definition 1.4. [5] The f.w function I' : G — K such that G and K are f.w., topological spaces
over B 1s said to be :

(a) Continuous if for each g € Gy, b € B, the inverse image of each open set of I'(g) is an open set
of g .

(b) Open if for each g € Gy, b € B, the image of each open set of g is an open set of T'(g) .

(c) Closed if for each g € Gy, b € B, the image of each closed set of g is a closed set of I'(g) .

Definition 1.5. [J].The f.w., topological space (G, 1¢) over (B, L) is called f.w. closed, (resp. f.w.
open) if the projection p is closed (resp., open).

Definition 1.6. [7] The fibrewise topological space (G,7a) over (9B, L) is called fibrewise totally
closed (brieflyf.w.T.6.,) if the projection p is totally closed.

Definition 1.7. [5] The f.w., topological space (G,7¢) over (B, L) is called f.w., totally open, (
briefly f.w.T.O.), if the projection p is totally open.

Definition 1.8. [7] A f.w., function T : (G, 7¢) — (K,n) where (G, 7¢) and (K,n) are f.w.Tts.,
over (B, L) is said to be :

(a) Totally continuous if, Vg € Gy, b € B, the inverse image of each open set of I'(g) is a clopen
set containing g.

(b) Totally open if, Vg € Gy, b € B, the image of each clopen set of g is an open set of I'(g).

(c) Totally closed if, Vg € Gy, b € B, the image of each clopen set of g is a closed set of T'(g).

Definition 1.9. [j/ If G is topological space and g € G a nieghberhood of g is a set U which contain
an open set V' containing g If A is open set and contains g we called A is open neighborhood for a
point g.

Definition 1.10. [3] Let G be a topological space , a family {I's}ses of continuous functions, and
a family {Ks}ses} of topological spaces such that the function I's : G — Kg that transfers g € G
to the point {I's(g)} € Ilses} K is continuous, it is called the diagonal of the functions {I's}ses and
denoted by vsesD's or T1yToy ... Ty if S={1,2,...,n}.

Definition 1.11. [7j] For every topological space G* and any subspace G of G*, the function ¢ :
G — G* define by ¢(g) = g* is called embedding of the subspace G in the space G*. Observe that ¢
is continuous, since ¢~ H(U) = GNU, where U is open set in G*. The embedding ¢ is closed ( resp.,
open ) iff the subspace G is closed ( resp., open ).

Definition 1.12. [J] Let (*B, L) be a topological space. The fibrewise totally topological (briefly,
fowTts.) on a fiberwise set G over B mean any topological on G for which the projection p is
totally continuous.

Definition 1.13. [79/
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(a) A family A of sets is a cover of set Z if Z C U{Z; : Z; € A,i € I}. It is open cover if each
member of A is an open set. A subcover of A is a subfamily of A which is also a cover.
(b) A topological space is (G, 71g) called compact if each an open cover of G has a finite subcover.

Definition 1.14. [3/ The funcyion T : (G, 7¢) — (K,n) is called proper function if it is continuous,
closed and for each k € (k) is compact set.

Proposition 1.15. [} Let (G,7¢) is a f.ow.T.ts. over (B,L). Assume that (G;,0;) is f.w.&. for
all member (G;,0;) of a finite covering of (G,7¢). Then (G,1¢) is a f.w.T.6.

Proposition 1.16. [j] Let (G,71¢) be a f.w.T.t.s. over (B,L). Then (G,7¢) is a fw.T.G. iff for
every fiber Gy, b € B of G and every clopen set E of Gy, in G , there exists an open set O of b in
B such that Gy C E.

2. Fibrewise Totally Compact and Locally Totally Compact Spaces

In this section, we study fibrewise totally compacte and fibrewise locally totally spaces as a
generalization of well-known concepts totally compact and locally totally compact topological spaces.

Definition 2.1. A totally topological space (G,1q) is called totally compact if each clopen cover of
G has a finite subcover.

Definition 2.2. The funcyion I':(G,17q) — (K,n) is called totally proper ( briefly, T.P.) function if
it is totally continuous, totally closed and for each k € K,TY(k) is totally compact set.

Definition 2.3. The fibrewise topological space G over B is called fibrewise totally compact ( briefly
Jaw.T.c.,) if the projection p is totally proper .

The topological product 8 x H is f.w.T.c.t.s., over B, for all totally compact space H.

Proposition 2.4. The faw. Tt.s., G over B is faw. T, iff Gis f.w.T.G., and every fibre of G is
T.c., set.
Proof . (= ) Let G be a fw. T.c.t.s., then the projection p : (G,7¢) — (B, L) exist and it is
totally closed and for every b € B, G, is totally compact set. Hence G is f.w.T.c., and every fibre of
G is T.c., set.

(<< ) Let G be f.wT.G., and every fibre of G is totally compact set, then the projection
p: (G,7q) = (B, L) is totally closed and it is clear that is totally continuous, also for each b € B, G,
18 totally compact set, then p s totally proper. Hence G is faw. T.c. U

Proposition 2.5. Let (G,7¢) be a f.w.T.ts., over (B,L). Then G is f.w.T.c.s., iff for each fibre
Gy of G and each covering M of Gy by a clopen set of G there exists a nbd W of b such that a finit
subfamily of M covers Gyy.
Proof . (= ) Let G be a f.w.T.c.t.s., then the projection p : (G, 7¢) — (B, L) exist and it is totally
proper function so that Gy is totally compact set for each b € B. Let M be a covering of Gy by clopen
set of G for each b € B and Gw = G, Vb € W. Since Gy is totally compact set for each b € W C B
and union of totally compact is totally compact, Gw s totally compact. Thus there exists a nbd W
of b such that a finit sub family M of covers Gy.

(<) Let G be a f.w.T.ts over B then the projection p : (G,7¢) — (B, L) exist. To show that
p 1s totall proper. Now, it is clear p is totally continuous and for each b € B, G, is totally compact
set by take G, = Gw. By proposition 1.1 and[1.16], we have p is totally closed. Thus, p is totally
proper and G is f.w.T.c.t.s.. I
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Proposition 2.6. Let I' : ( G,7¢ )— (K, n) be is a totally proper, fibrewise totally function, where
( Grg ) and (K,n) are fow.T.t.s., over (B,L). If K is f.w.T.c., then so is G

Proof . Suppose that ' : ( G,7¢ )— (K, n) is a totally proper, fibrewise totally function and K is
fw.T.cts., i.e., the projection px : (K,n) — (B,L) is T.P. To show that G is f.w.T.cs., i.e.,
the projection pg : (G,7¢) — (B, L) is T.P. Now, clear that pg is totally continuous. Let F be a
clopen subset of Gy;b € B. Since U is totally closed, then I'(F') is closed subset of K,. Since pg
is totally closed, then px (T'(F)) is closed in B. But px (I'(F)) = (px o I')(F) = pa(F) is closed
m B so that pg s totally closed, since pg is totally proper, then K, is totally compact set. Now,
let {E;,i € A} be a family of clopen sets of G such that Gy, C UjeaE;. If k € Ky, then there
exist a finite subset M(k) of A such that T='(k) C UsemuyEi. Since T is totally closed function, So
by proposition there exist an open set Vi of K such that k € Vi and F_I(VK) C Uiemr) Ei-
Since Ky is totally compact set, there exist a finit subset Z of Ky such that K, C UgezVi. Hence
I'Y(K,)C Urezl' ™ N(Vk) C Upez Uiempy Eiw Then if M = Upez M(k), then M is a finite subset
of A and T7YK}) C UieaE;. Then T7Y(K}) = T7Ypi' (b)) = (px o T)7Hb) = pg'(b) = Gy and
Gy C Usea B so that Gy 1s totally compact set . Thus, pg is totally proper and G is f.w.T.c.t.s.. O

The class of f.w.T.c.s., is multiplicative in the following sense.

Proposition 2.7. Let {G,} be a family of fibrewise totally compact space over B. Then the fibrewise
topological product G = IlpG; is fibrewise totally compact.

Proof . Without loss of generality, for finite products a simple argument can be used. Thus let G and
K be a fibrewise topological space overB. If G is f.w.T.c.t.5., then the projection p X idy:GXxg K — B
XK = K is totally proper. If K is also f.w.T.c.t.s., then so is Gxx K, by Propostion[2.5. O

A similar result hold for finit coproducts.

Proposition 2.8. Let G be a f.w.T.ts., over B . Suppose thatG; is fibrewise totally compact for
each member G; of a finit covering of G. Then G is f.w.T.c.s.

Proof . Let G be a f.w.Tt.s., over B, then the projection pe : (G,7¢) — (B, L) exist. To show that
p is totally proper. Now it is clear that totally contiuous. Since G; is f.aw. T.c., then the projection p;
: G; — B s totally closed for eachb € B, (G;)y is totally compact set for each member G; of a finit
covering of G. Let E be a clopen set of G, then p(E) = UB;(G; N E) which is a finite union of closed
set and hence p is totally closed. Let b € B, then Gy = U(G;), which is a finite union of totally
compact sets and hence Gy s totally compact set. Thus, p s totally proper and G is f.w.T.c.t.s. [

Proposition 2.9. . Let (G,7g) be a fow.T.cs., over (B,L) Then (Gg+,mp+) is f.w.T.ts., over
(B*, L"), for each subspace B* of B.

Proof . Suppose that G is f.w.T.ts., i,e., the projection p : (G,7q) — (B, L) is totally proper. To
show that G« is f.w.T.c.s., over B*, i.e., the projection py+« : G« — B* is totally proper. Now, it
18 clear py+ 18 totally continuous. Let E be a clopen subset of G, then ENGwy+is a clopen in subspace
G+ and pg«(E N Gg+) = p(E NGg+) = p(E) N p(Gy+) = p(F) NB* which is closed set in B*,
hence pg= is totally closed. Let b € B*, then (G« ), = Gy NG« which is totally compact set in Gogs.
Thus, ps~ is totally proper and G« is f.w.T.c.s., over 6* [

Proposition 2.10. . Let (G,71¢) be a fow.Tts., over (B, L). Suppose that (G, T3,) is f.w.T.c.s.
over (%B;, L;) for all member (%B;,L;) of an open covering (B, L) Then (G, 7¢) is is f.w.T.c.s., over
(B, L).
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Proof . Suppose the G is f.w.T.s over B, then the projection p : G — B exist. To show that totally
proper. Now it is clear that p is totally continuous. Since G, is f.w.T.c over B;,then the projection
ps, . Ga, — ‘B, is totally proper for each member B, of an open convering of P. Let E be a clopen
subset of G, where py, (G, NE) is closed and p(E) = Upy, (GyNE ), then p(E) is a union of closed
set and hence p is totally closed. Let b € B, then Gy, = U(Gs,)p for every b = {b;} € UB,. Since
(G, )p 1s totally compact set in G, and the union of totally compact sets is totally compact, we have
Gy is totally compact. Thus p is totally proper and G is f.w.T.c.s over 5. [J

In fact the last result is also hold for locally finit closed covering, instead of open coverings.

Proposition 2.11. Let I': (G,7¢) — (K,n) be a f.w. function, where G and K are f.w.T.t.s over
(B, L). If Gis fwT.cs andidg X T': G X G — G X5 K s totally proper and totally closed. Then
I' is totally proper

Proof . Consider the commutative figure show below

id(; =T
G X;BG - G X“BK
T2 L%
r \J
Gy » K

Figure 1: Diagram of proposition

If Gis fowT.cs., B, then my: GXg G — G is totally proper. Condition idg x I is also totally
proper and totally closed, then my o (idg XT') :GxpsG— K is totally proper and Tomy : GXxgG— K
is totally proper., then my o (idg xI' ) =T omy. Hence I is totally proper. O

The second new concept in this section is given by the following.

Definition 2.12. A fw.T.ts., (G, 7g) over (B, L) is called f.w. locally totally compact (briefly,
fow. T.cs.), for each point g of Gy, b € B there subsistant a nbd W of b and a clpoen set E C Gw
of g such that the closure of E in Gw ( i.e., GgNCI(E)) is f.w.T.c.s over W.

Remark 2.13. f.w.T.c., are necessarily f.w.l.T.c., by taken W =8B and Gw = G. But the conversely
is not true example, let (G, Tg4s) where G is infinite set and 7q45 is discrete topology then G is
fow.lT.cs, over R, since for each g € Gy, where b € R |, the subsistent a nbd W of b and a clpoen
{9} C Gw of g such that Cl({g}) = {g} in Gw is fw.T.c., over W. But is not f.w.T.c.s ., over R.
Also the product (B,L) x (H, V) is f.w.l.T.c.s., over B, for all f.w.l.T.c.s., space H. Totally closed
subspace of f.w.l.T.c.t.s., over over B, for all f.w.l.T.c.s., In fact we have

Proposition 2.14. Let ¢ : (G,7¢) — (G,7*) be totally closed totally embedding fibrewise function,
where G and G* are f.w.Tt.s., over B. If (G*,7%) is f.w.l.T.c., then so is (G, T).

Proof . Let g € Gy;b € B. Since G* is f.w.l.T.t.s. the subsistent a nbd W of b and a clopen set
E C Gy of ¢(g) such that the closure of Gy N CU(E) of E in Gy is fow..T.c.s., over W.

Then ¢~ (E) C Gw is a clopen set of g such that the closure GwNCl(¢p~(E)) = ¢~ (G N CU(E))
of 7Y (E) in Gw is fw.T.c.s., over W Thus G is fow.l.T.c.s. O



944 Kadzam, Yousif

Then class of f.w.l.T.c.s., is finitely multiplicative.

Proposition 2.15. Let {G;} be a finitly famly of f.w.l.T.c.s., overB. Then the f.w.l.T.c.5., product
G =1ygGj is fow.l.T.c.
Proof . The proof is similar to that Proposition[2.7. O

3. Fiberwise Totally Compact ( Resp., Locally Totally Compact) Space and Some Fiber-
wise Totally Separation Axioms

Now we give a series of results in which give relationship between fiberwise totally compactness (
or fiberwise locally totally compactness in some cases ) and some fiberwise totally separation axiomse.

Which are discussed [5].

Definition 3.1. [5] The fw.T.ts., (G, 1) over (B,L) is called f.w. totally Hausdorff ( briefly,
fowT.Tys. ) if whenever gi,gs € Gyp;b € B and g1 # go, the subsistent a disjoint pair of clopen set
Ey of g1 and clopen set Ey of go in G .

Definition 3.2. [J] The f.w.T.ts., (G, 1) over (B, L) is called f.w. totally reqular (briefly f.w.T.R.
t.s.), if every g € Gy, b € B, and for every clopen set V' of g in G, the subsistent a nbd W of b in

B, and a clopen set U of g in Gw such that V is contatining the a closure of U in Gw ( i.e.,
GwNCLU) CV).

Definition 3.3. [J] A f.w.Tts., (G,7¢) over (5B, L) is called f.w.T.normal (briefly f.w.T.N. t.s.)
if for each point b of B and each pair E , F of disjoint clopen subset of G, the subsistent a nbd W of
b in B and a disjoint pair of clopen set U and clopen set V of GwN F, Gw N E in Gw.

Proposition 3.4. Let (G, 1¢) be fow.l.T.cts. and fow.T.R. over (B,L) Then for each point g of
Gy,b € B, and each clopen set D of g in G, there subsistent a clopen set E of g in Gw where the
closure GwNCl (E) of E in Gw is f.ow.l.T.c.t.s., over W and contained in D.

Proof . Since G in f.w.l.T.c., there subsistent a nbd W* of b in B and a clopen set E* of g in Gy,
such that the closure Gy~ NCIU(E*) of E* in Gy is f.w..T.c.., over W*. Since G is f.w.T.R., there
subsistent a nbd W C W* of b and a clopen E of g in Gw, where the closure GwNCl (E) of E in Gw
is contained in GwNE*N D. Now GwNCl (E*) is fw. T.c., over W, since GiyNCl (E*) is fow.T.c.,
over W*, and GwNCl (E) is a clopen in GwNCl (E*). Hence GwNCl (E) is fow.T.c., over W and
contained in D. [

Proposition 3.5. LetT': (G, 7g) — (K,n) be a T.O.,T.S., and totally continuous, fiberwise surjec-
tion function, where G and K are f.w.T.t.s., over (B, L) If G is f.w.T.c., and f.w.T.R., then so is
Y.

Proof . Let k be a point of Ky, b € B, and let F be a clopen subset of k in K, Since I' is totally
continuous. Hence T7Y(F) is a clopen subset in G. Since G is f.w.l.T.c., there subsistent a nbd W
of b in B and a clopen subset E of g in Gy such that the closure GwNCl (E) in Gy is f.w.T.c., over
W and is contained in T (F). Then T'(E) is a clopen subset of k in K, since T' is totally open,
totally closed and the closure KwN Cl (' (E)) of T'(E) in Ky is f.w.T.c., over W and contained in
F,as required. [
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Proposition 3.6. Let (G,7¢q) be fow.l.T.cts., and fow.T.R., over (B, L). Let C be a totally compact
subset Gy, b € B, and let F be a clopen set of C' in G. Then the subsistent a nbd W of b in B and
a clopen set E of C in Gw such that the closure GwN Cl (E) of E in Gw is f.w.T.c., over W and
contained in F.

Proof . Since G is f.w.l.T.c., the subsistent for each point g of C' a nbd W, of b in B and a
clopen set Uy of g in Gw,, such that the closure Gw,NCIl(Uy) of Uy in Gw, is f.w.T.c., over Wy and
contanined in F. Let {U,; g € C} be a family constitutes a convering of the totally compact C' by clopen
sets of G. Extract a finite subcovering indexed by ¢1,93....9n, say. Take W to be the intersection
W, NW,,...0W, , and take E to be the restriction to Gw of the union E, UE,, .. .UE, . Then W
is a nbd of b in B and E is a clopen set of C in Gw such that the closure Gw N CI(E) of E in Gw
1s fow.T.c. over W and contained in F, as required. [J

Proposition 3.7. Let I': (G,7q) — (K,n) be a T.P., T.O., and f.w. surjection function, where G
and K are fow.Tts., overB. If G is fw.l.T«c.., and fw.T.R., then so is K.

Proof .Let k € Ky, b € B, and let F be a clpoen subset of k in K, Since I' is totally continuous.
Hence T7Y(F) is a clopen subset in G. Then T=Y(F) is a clopen set of T=(k) in G. Suppose that G
is f..lw.T.c. Since T=(k) is totally compact set , by Pmposz'tz’on the subsistent a nbd W of b in
B and a clopen set E of T71(k) in Gy such that the closure GwNCl (E) of E in Gw is f.w.T.c., over
W and contained in T (F). Since T is totally closed and totally open, the subsistent a clopen set
E* of k in Kw such that T™'(E*) C E. Then the closure KwNCl (E*) of E* in Ky is contained in
N(Gw NCIUE)) and so is faw. T.c., over W. Since Kw N CI(E*) is contained in F this shows that
Kis fw.l.Tts., as asserted. [J

Proposition 3.8. Let I': (G,7q) — (K,n) be a totally continuous f.w.function, where (G,7q) and
(K,n) aref.w.Tts., over (B,L). If (K,n) is f.w.T.Ty.t.s, then the faw.totally graph v : (G, 7¢) —
(G, 16)xs (K,n) of T is a totally closed embedding.

Proposition 3.9. Let I' : (G,7¢) — (K,n) be a totally continuous f.w.function, where (G,7) is
fowT.cs., and(K,n) is fow.T.Ty.s., over (B,L) Then I' is totally proper.

Proof . Consider the figure shown below, where q is the standard f.w.T.t.s.,equivalence and 7y is the
fw.T.ts., graph of T.

G - GxgK
r p X idy
! q !
K - B XK

Figure 2: Diagram of proposition [3.9]

Now ~ is totally closed embedding, by Proposition since (K, n) is fw.T.Ty.t.s., so G is totally
proper. And p is totally proper and so p X idy is totally proper. Therefore (p X idy) oy = qol is
totally proper and " is totally proper, since q is a f.w.Tt., equivalence. [

Corollary 3.10. Let I' : (G,7¢) — (K,n) be a totally continuous f.w., injection function. Where
(G,1q) is fowT.cts., and (K,n) is fw.T.Ty.s., over B. Then ' is totally closed embedding.
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The corollary is often used in the case when I is surjective to show that I' is a fiberwise topological
equivalence.

Proposition 3.11. Let I' : (G,7¢) — (K,n) be a totally proper fiberwise surjection, where (G, 7g)
and (K,n) are fow.T.ts., over (B,L) If (G,7¢) is f.w.T.Ty.t.s., then so is (K,n).
Proof . Since I' is totally proper surjection so is I' X I' in the following figure below.

¥
G -G xg G

r 'xT

Y 4 |
K K xgK

Figure 3: Diagram of proposition [3.11

The digonat v(G) totally closed, since (G, 71g) is fiberwise totally Hausdorff, hence ((I' x I') o ) (G)
= (v o T)(Q) is totally closed. But (v o I')(G) = v(K), since T is surjection, and so (K,n) is
FfwTTyts. O

Proposition 3.12. Let (G,7¢) be a fw.T..c.s., and f.w.T.Ty.s., over (B, L) .Then (G, 1¢) is f.w.T.
R.s.

Proof . Let g € Gy;b € B, and Let E be a clopen set of g in G. Since G is fow.T.Th.t.s. the
subsistent for each point g* € Gy such that g* ¢ E a clopen set Fy« of g and clopen set F* of g*
which do not intersect. Now the family of clopen sets Fy., for g* € (G — E), forms a covering of
(G — E)p. Since G — E is a clopen in G therefore f.w. T.c., the subsistent by pmposz’tz’on a nbd
Wof b in B such that Gw—(Gw N E) is covered by a finite subfamily, indexed by g,95,. .. g5, say.
Now the intersection F' = F; NF; N....NF; s a clopen set of g which does not meet the clopen
set F*=Fp UF  U...... UFy. of Gw—(GwN E). There for the closure Gw N Cl(F) of Gw N F in
Gw s contained in F, as asserted . [

we extend this last result to.

Proposition 3.13. Let (G,7¢) be a fow.l.T.cts., and fow.T.Tyhts. over (B,L). Then (G,7¢) is
fow. T.R.s.

Proof . Let g € Gy;b € B, and let F be a clopen set of g in G. Let W be a nbd of b in *B and let
E be aclopen set of g in Gwsuch that the closure Gw N Cl(E) of E in Gw is f.w.T.s. over 8. Then
GwNCUE) is fowT.R., over W, by Propositz’on since Gw N CU(E) is fow.T.Ty., over W. So
the subsistent s a nbd W* C W of b in B and a clopen set E* of g in Gw- such that the closure
Gw- NCUE*) of E* is contained ENF C F, as required [J

Proposition 3.14. Let (G, 71g) be f.w.T.R.t.s over (B, L) and Z be a fiberwise totally compact subset
of G. Let b be a point of B and let F be a clopen set of Z, in G. Then the subsistent a nbd W of b in
B and a clopen set E of Zw in Gwsuch that the closure Gy NCl (E) of E in Gy is contained in F.
Proof . We may suppose that Zyis non-empty since otherwise we can take E =G, such that W=2-
p(G — F). Since F is a clopen set of each point g of Z,, the subsistent, by fiberwise totally reqularity,
a nbd Wy of b and a clopen set E; C Gw,of g such that the closure Gw, N Cl(E,) of Eqin G, is
contained in F. The family of clopen set {Gw, N Eqg;g € Zy} covers Zyand so there exists nbd W*
of b and a finite subfamily indexed by g1,9,. . ...Gn, say, which covers Zw. Then the conditions are
satisfied with W = W*NW, NW,,....n"W, , F = FE, UFE,U....UW, . [
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Corollary 3.15. Let (G,7¢) be fwT.cts., and f.w.T.R.s., over (B,L). Then G is f.w.T.N.

Proposition 3.16. Let (G, 7¢) be fiberwise totally regular space over (58, L) and let Z be a fiberwise
totally compact subset of G. Let {F;;i = 1,...,n} be a covering of Zy;b € B by clopen of G. Then
there ezists a nbd W of b and a covering {E;;i =1,...,n} of Zw by clopen sets of Gw such that the
closure Gw N Cl( E;) of E;in Gy is contained in F;for each i.

Proof . Write F = Fo U F3U...UF,,s0 that G-F is a clopen in G. Hence ZN ( G-F' ) is a clopen in Z
and so fiberwise totally compact set . Applying the preceding consequence to the clopen set Fyof ZyN
(G — F), we obtain a nbd W of b and a clopen set E of ZwN (G — F)w such that Gy N CL(E)C F;.
Now ZN F and ZN(G — F) cover of Z, hence F and E cover Zyw. Thus E = FEy is the first step in
shrinking process. We continue by repeating the argument for {Ey, Fy, F5....F,}, so as shrink F;,
and so on. Hence the result is obtained. [J

Proposition 3.17. Let ' : (G,7¢) — (K,n) be a totally proper, totally open fiberwise surjection,
where (G,7¢) and (K,n) are fiberwise totally topologicalspace over (B, L). If (G,71g) is fiberwise
totally regularthen so is (K,n).

Proof . Let (G, 1) be fiberwise totally reqular. Let k be a point Ky;b € B, and let F be a clopen set
of kin K. Then T7Y(F) is a clopen set in G, since T is totally continuous, totally closed and totally
open, T (F) is a clopen set of the totally compact T~ (k) in G. By Proposition therefore, there
exists a nbd W of b in B and a clopen set E of T1(k) in Gy such that the closure Gw N Cl(E)ofE
in Gyy is contained in T™Y(F). Now since Ty is totally closed there exists a clopen set F* of k in
Kw such that T=Y(F*) C E, and then the closure Gw N CL(F*) of F* in Gy is contained in F since
CI(F*) = CI(T(TY(F*)) = T(CUT Y F*)I(CUE)) c T(TYF)) C F. Thus K s fiberwise totally
reqular, as asserted. [
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