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Abstract

This paper presents a study on Topology optimization of continuum structures with the aim of
maximizing the lowest buckling load factor. In the structural shape and topology optimization
problems, stability and buckling issues are not usually considered therefore in some cases, long and
thin members are obtained in optimized configuration that can lead to the instability of structure. In
this article level set method with incorporating a fictitious interface energy is applied to find optimal
configuration. One of the main problems in traditional continuum structural optimization methods,
which are based on the removal or alterations in element density, is the creation of pseudo buckling
modes in the optimization process. These pseudo buckling modes should be identified and removed.
The level set optimization method, which is grounded on the moving the structure’s boundary, has
high ability to control topological complexities. Therefore, the idea of using the level set method
has led to the elimination of pseudo buckling modes and the resolving of this problem. Derivation
of the required speed term in the level set method is complicated and this derivation term for the
buckling load factor is the innovation of this research. Numerical examples are illustrated to prove
the effectiveness of this method.
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1. Introduction

Shape and topology optimization of structures is usually done by considering the strength and
stiffness of the structure and taking into account conventional objective functions such as minimizing
strain energy or structure’s mass. If a long and thin member that is in compression becomes unstable,
it usually causes large displacements in the structure which leads to the destruction of the entire
structure. Recently more research has been done on buckling optimization. Neves et al, considered
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the stability of continuum structures in topological optimization. They investigated the reinforcement
of the structure for increasing overall structural stability. Neves et al, first wrote the strain energy
equation of the structure then divided the strain of the structure into two linear and nonlinear parts.
By eliminating high-order terms and replacing the stress in the structure with product of the normal
stress caused by the buckling load multiplied by the buckling load factor, they obtained a linear value
for the critical load of the structure. Then, using first-order methods based on negative gradient,
they optimized the structure to the maximum critical load bearing capacity with a limited volume [6].
Neves et al, also expanded their work to optimizing the buckling of micro-structures periodic material
which are affected by local buckling in the same cell structure [7]. Xingjun Gao and Haitao used
algorithms based on Changing the density of elements as state variables for buckling optimization
and a technique that is called ”shifting modes” is used for eliminating the pseudo buckling modes
[4]. According to this technique, pseudo modes possess two features:

Some pseudo modes have eigenvalues close to zero or much smaller than the actual values.

Large Deformations occur mainly in an area with low density so the sum of modal strain energy
in the areas with low density make a major contribution to the total modal strain energy.

Using the first feature and this property that the initial design of the structure has no pseudo mode
due to the lack of low density areas, in the whole process of optimization, modes with eigenvalues
much less than the first actual value of the previous step are removed and using the second feature
and measuring the modal strain energy of low-density parts relative to the overall modal strain
energy and the definition of a threshold, real modes are obtained. Loe and Tang maximized the
critical buckling load of continuum structures using an optimization method called "moving iso-
surface threshold” [10]. Large deformations, instability and buckling in long structures due to small
defects in the manufacturing process have created a fascinating field for robust optimization in these
structures, one of which has been made by M. Jansen [5]. Jansen used the end-compliance objective
function for nonlinear modeling’s. The level set optimization is a classic method that define the
geometry of structure implicitly and has been developed greatly through recent years. The level
set method was initially provided by Osher and Sethian for moving the boundary of the structure
under an initial speed function. In the level set method, the boundary location of the structure
which is implicitly expressed by a function with one order higher, is in fact the state variable.
This boundary is implicitly moved by the level set equation [§]. The level set method in the field
of topology and shape optimization of structures was first presented by Sethian and Wiegmann
[11]. Later, Wang et al, made the relation between boundary velocity vector and sensitivity as
a meaningful link for the level set method [1]. Eller et al, implemented a similar performance
for the level set function, which obtained the boundary velocity during the optimization process
by an explicit sensitivity analysis through an adjoint method [13]. Qi Xia a, Michael Yu Wang
b, and Tielin Shi optimized both topology and support of structures by the level set method, for
which in addition to considering variations in the neumann boundary conditions also considered
variations in dirichlet boundary conditions. Xia, Wang and Shi also using a move limit strategy for
the structure’s boundary and prevention of extreme velocity variation, increased the stability and
convergence rate of the optimization problem [14]. Takayuki Yamada, Izui, and Takezawa caused
an additional term in level set equation by adding a fictitious energy term to the objective function,
which is very useful in stability of solving and controlling the complexity of the topology during the
optimization process [15]. Peng Wei, Li and Xueping Li and Michael Yu Wang, using radial basis
functions, succeeded in developing a new optimization method using level set. in a way that topology
variations occur much softer and more stable during the optimization process [12]. Peter D. Dunning
et al. considered the buckling constraint into the level set method for the shape optimization of
continuum structures [3]. The main focus of Dunning’s research is to find sustainable, fast and
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accurate solutions in extracting the eigenmodes and the eigenvalues of the structure and there is no
explanation of how to extract the term of velocity, which is the complicated and main component of
the level set method. Also, because the method used in this research is based on shape optimization
rather than topology optimization, the extracted optimized shape is highly dependent on the initial
structure and inevitably, some holes are considered for optimization in the initial topology of the its
examples. There is also no explanation for the difference in the shape and topology of the optimized
structure before applying buckling constraint and thereafter. In this research by derivation of the
required velocity term in order to using in topology optimization instead of shape optimization and
using the newer and more sustainable level set method, the dependency on the initial topology of the
optimization problem is completely eliminated. The derivation of the required velocity term in level
set method for maximizing the first critical buckling load factor is the innovation of this research.

2. The topology optimization with level set method

Based on explanation in [15], the level set function in optimization problem is defined as follows:

0<P(z)<1 Ve e Q\ 00
O(x) =0 Vo e 00 (1)
—1<P(z) <0 Vo e D\ 09

The value of level set function, in the far enough distances from structure’s boundary is considered
to be equal 1 or —1. The topology optimization problem is defined to minimize the objective function,
F, on the fixed design domain, D. Fixed design domain consists of solid material domain, €2, which
is Q C D and complementary void domain, D \ . The optimization problem can be stated as

min Flxo(@) = [ f0(0)d0 o)

Gu@) = [ Xol0)d = Vinar <0 ()
{1 if e =0

X¢>(¢> - {O Zf ¢(33)<0 (4)

X are points located in €2 that represent the state variables. The G function is volume constraint and
Vinaz 18 the upper limit of the required volume for optimized topology. The characteristic function,
Xo(®) is defined in order to expand the problem in the whole fixed design domain D.

The optimization problem is replaced with an unconstrained problem, using Lagrange’s method of
undetermined multipliers also with adding a fictitious energy term to optimization objective function,
it is possible to get an objective function with regularizing ability.

win Fulxa(0).0) = [ f(X)ch(é)dQJra( / X¢<¢>d9—vmax) + [ svapag
= [ FXON(0)d0 = aVius + 5 [ 7IVoFa0 )

bar Fr is the adjustable objective function and 7 > 0 the adjustment parameter which determines the
ratio of the initial objective function to fictitious energy term. By setting this parameter, topology
complexities created in the optimization solving process can be adjusted conveniently and the incon-
sistencies due to such complexities are confronted and the process of reaching an optimized topology
occurs in a smoother way. « is the Lagrange multiplier and we have f = f + a.



384 Abhar, Ghoddosian

Based on the KKT conditions the optimization problem is explained as bellow:
i (xu(0))
do

Where the notation (%, ®) represents the Frechet derivative of the regularized Lagrangian Fy with
respect to ¢ in the direction of ®.

The level set functions which can satisfy conditions (6), are the answers of the optimization
problem. But finding such solution directly is almost impossible, thus level set equation is defined
as a time evolution equation with fictitious variable t. For making a time evolution equation it is
assumed that variations of level set function relative to time ¢ equals the negative gradient of the
objective function which K > 0 is the coefficient of proportionality.

( ,P)=0 , aG=0, a>0, G<Z<O (6)

do dFp

LA (el 7

ot do (7)
By replacing of equation (5) into (7) we have:

do dF

= K (— —7V? 8

=K (5= V) 0

%—Z is topological derivative function and equals required velocity term in level set that is described
as follows:
_ F +0F
d,F = lim 9 (9)

e—0 meas(\ .) — meas(2)

As shown in Fig. 1, the topological derivative concept means variation of objective function when
a hole . with small radius ¢ is created in a specific point of material domain 2. I'. specifies the
boundary of the hole.

Fc —E
* @
Q2 0\ 0,

Fig. 1. Topological derivative concept
The time evolution equation is ultimately defined as bellow:
d P .
$=-K (% —7V?¢) in D
o=0 on 0D
The above equation is a reaction-diffusion equation which by adjusting the suitable amount for

7 the solving complexities can be controlled.
The time derivative of Fp function using equation (5) and (10) is as follows:

dF [ dFg 8¢ [ dFg dFg B dFp\>
%/Dwadl?ﬁd—as<‘f(%>d”‘/f(%> <0 (1)

The above equation implies the fact that the sum of the original Lagrangian F and the fictitious
interface energy decreases monotonically when the level set function is updated based on Eq. (11),

(10)
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3. The buckling optimization problem definition

The optimization problem is defined as maximizing the first critical buckling load factor or min-
imizing the negative first critical buckling load factor. Also, the required volume constraint and
structural equilibrium equations for a plain stress problem must be satisfied.

min F = X\, (12)
—div(Cijpr exy(u)) =0  on Q
U; = U; on Iy (13)
ti = fz on Ft
G = / dQ) — Vi axleqOon (14)
Q

Aer 1s the first critical buckling load factor, C;i; is the elasticity tensor, ¢; or traction is equal o;;n;
and equal C;jr uk,; nj; Also, @; and ¢; are the constant values for displacement and traction in the
boundary of I';, and T';, respectively.

The critical load factor is defined as bellow [2].

/Cijkl eij(¥) eri(9)dQ + A/ Cijit €kt (W) Ui P 2 = 0
Q Q

B fQ Cijkl €i,j(¢) 6k,l(¢)dQ
fQ Cijit €x,1 (W)Y iPm, ;A8
1 is the structure’s mode shape of buckling and e is the strain.

In order to replace the constrained problem with an unconstrained problem, F, the Lagrange’s
method of undetermined multipliers is used with Lagrange multipliers of o and :

OR \=

(15)

F = _)\cr -+ / ﬁldw(CZ]kl ek,l(u))dQ + Oé(/ dQ) — Vmax). (16)
Q Q

The second term on the right-hand side of the above equation is replaced, using Green’s formula
as follows:

F = _/\cr +/ﬁztzd1“ — / Cijkl ek,l(u)dQ —|— a(/ dQ — Vmax)- (17)
r Q Q

There is a need to calculate OF for determination of topological derivative. For this reason, with

creating an enough small hole in the material domain €2 and using introduced method of [9], equilib-
Div(Ciju (exi(u) + degy(u))) =0 in Q\ Q.

rium equation (15-18) can be described as: A in T,
ti + 5ti =0 m Fa.

And it is assumed that the new equilibrium equation of the structure satisfies the former boundary
condition and no traction would be applied on the boundaries of the created hole. So for finding § F
first of all §\.,. should be calculated. The Lagrangian of equation (15) that includes the created hole
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for critical load factor is given as:

Cijkl €i,j(¢) 6k,l(¢)d9 + 5)\cr/cijkl Gk,z(u)wm,wmgdﬁ
O\ Qe Q

+ )\cr/ Cijkl 5€k,l<u)wm,i§0m,jd9
O\Qe
4 [ Con cual)timipngd =0
0\Q.
With subtracting above equation from (15):

—/ Cijii € (V) exi(@)dd + 5)\cr/cijkl k1 (W)U i Pm, ;A
. Q
+ )‘cr/ Cijit 0€k (1)U i Pm ;A
O\Q.
)\cr Cijkl ek,l(u)wm,igpm,de =0.

Qe
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(22)

(23)

And considering this fact that st Cijir €ij (1) eri(@)dQ 4+ Aer [o, Cijir € (1) 1hm,iom ;d€Y is also

equal zero, d\.. is achieved as follows:

fg\ga Cijit 0€k,1(U)Vm iPm, ;dS

OAer = — Ao 24
Jo Ciji. € (W)U i ;A2 (24)
Therefore:
r,UT, I.
—/ €;j (@) Cijri(up, + duy dQY + a(/ dQ — Vinax)- (25)
\Q. O\Q.
_ _ Cijki 5€k,z U ¢m,i<ﬂm,'d9
FA46F = —Ap+ Ay e ) . / @ (t; + 6t;)dT
Jo Cisit €0 (W)U i, ;A T, UT,
+/ ﬂi<ti + 6tz)d1“ — / €ij (ﬂ) Cijkl(u;@l + 5uk7ldQ + Oé(/ dQ) — Vmax).
. Q\Q. Q\Qe

With the replacement of equation (21) in the fourth term of the above equation, this term will
be omitted. Also, by normalizing eigenvectors related to stress stiffness matrix, in fact, denominator
will be reduced to one. Furthermore, with subtracting Eq (25) from Eq. (17), §F would be as follows:

0F = >\cr Cijkl 5ek,l(u)wm,i¢m,jdg - )\cr Cijkl ek,l<u>¢m,iwm,jd9

Q\Q. Qe

+/ ﬂiétidl“—/ ﬂm' Cijk156k7l(u)d9—|—/ em(ﬂ)CijkléekJ(u)dQ
I, Ur: Qe Qe

—a/ dS).

(26)
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The second and the fifth term on the right-hand side of the above equation can be replaced, using
Green’s formula as follows:

/ Cont Dens(u) it
0\Q.

=/ Cijki ¢m,i@/}m,jnz5ude+/ Cijil Ym,i¥m, jrudupdl’
Iy

— / div(Cijritm,itm.;) OuidSY, (27)
o\Q.
and

/ em(&) Cijkl(5ek7l(u)d§2
Q\Qe

:/ f,éuldfjt/ Cijklem(ﬁ)nléukdl“
r'wury

€

- / dz’v(Cijklei,j (&))5uldQ (28)
Q\Qe
With replacing Eq. (27) and (28) into Eq. (26) and considering that the boundary conditions
wouldn’t change before and after the creation of the hole, that’s mean: oui =0 on Ly
ot; =0 on I';.

Then the result will be:

0F = >\( Cijkt Vrm,iVm, jndurdl + Cijki Vm,i¥m,jrudu,dl’
I

Ie

—/ dzv(C”klwmﬂwm,j)éuldQ) +/ dw(CUklel,J(ﬂ))éude
Q\Qe O\Q.

It

u £

- Cz-jklem(ﬂ)nléude - Oé/ dS). (31)

I'e e

If all integral coefficients that include du; and dt; are canceled out, the adjoint equation will be
defined as follows:

div(Cijklei,j (11)) = )\div(cijklwm,iwm,j) in (32)
u; =0 on ', (33)
ti = A Cijri¥m,itVm, ;M on I'y. (34)

Then @ or Lagrange multiplier of the adjoint equation is obtained by solving the above equation.
As the result, 6 F will be equal to:

5F = /\ / Cijkl mei/Jm,jnléude—i—/ ei’j(ﬂ)CijkléekJ(u)dQ
It

€

—/ Cijklei7j(&)nl(5ukdf‘—a/ dS). (35)
Ie

€
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In the above equation, du is still unknown. In order to obtain du , the boundary value problem
(18-21) is subtracted from boundary value problem (13) and result is as follows:

div(Cijkléuk,l) =0 inQ \ QE (36)
du; =0 on Iy (37)
dt; =0 on I'y (38)
(Sti = —ti on FE (39)

In the above problem, because the radius of the hole € is considered small enough, the effect of
I'y, and I'; boundaries can be ignored for solving du; on I';, so that the above problem is transformed
to the boundary value problem as bellow:

div(Cl-jkl(Suw) =0 in \ Qg (40)
6t = —o;; mj+0(e) on T, (41)

That the 0 denotes the situation before creating the hole. This equation is solved by Guzina and
Bonnet in 2004 [14] and result for sphere I'; is as follows:

s _E(A=sv . 3-bv
u\7—5v "7 AT-5v) "

; nj) +0(e) (42)

After replacement of 6 F in topological derivative formula (9) and getting the limit, it will be:

n : 6F ~ o o o o
th =lim — = ei,j(u) -Az'jkl uk,l - A ukJ Bz’jkl lpm,iwm,j — Q. (43)

e0 4med
3

That A is equal to:

Aijir = Ay 04 6 + Az(0ir 01 + 0i 6ji)
30 =) - 14v +152)
S TG I 1 Y s W e (44)
15FE(1 —
A, 5E(1—v)

2(14+v)(7—5v)
And B is equal to:

Bijk = Bi 0ij 0k + Ba(dix 051 + it Ojx)
4 —5v 3N+ 4u\ 3—5 3\ +2u)?
B - _ v +4pA 1/(+u)’ (45)
7—bv 1 4(7 — 5v) i
4 — by
= 2 )
B, 7 — b5

4. Simulation

4.1.  The finite element analysis

To solve the boundary value problems, it is used to getting conventional finite element method.
However, this method contains a major issue. With choosing the nodal design variable, checkerboard
patterns are avoided but a layering or is landing phenomenon of black and white regions in the design
domain may appear. For avoiding this phenomenon, a hybrid stress finite element method is used
in this approach [4]. Because of using the independent shape functions in the calculation of stress
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components in this method, the spectrum stress is smoother and some high-level and parasitic stresses
which are caused by small irregular and sharp edges eliminate. In this method in order to define the
displacement of u and the stress of ¢ , further relations are used.

Following the optimization process, eigenvalues and eigenvectors are attainable through the bellow
formula:

K+ XKy =0 (46)
K and K¢ are stiffness, stress stiffness tensors and \;, ; are eigenvalues and eigenvectors respectively.

4.2.  Solving the buckling problem example

To make sure if the coding of hybrid stress finite element method is valid, the first critical load
factor of2a ”One fixed end-one pinned end” column is calculated and compared with Euler’s formula,
Pcr = W—Ej
(Le)?
L. =0.699L =~ 0.7L. With taking 100 as column length, L, 6 for width and 10 for thickness and also
Young modulus £ = 1, the theoretical first critical load factor is equal to:

(7%, the effective length of a column with one fixed end and one pin-connected end is

T2 BT
P, =-——=0.36 47
(L€)2 ( )
In the simulation A.. = 0.36 is obtained by putting the applied downward concentrated load
value equal to 1. As it is obvious, the results are in exact agreement with each other and indicate
the correctness of the simulation. Fig. 2 shows the first eigenmode of the column.

Fig. 2. The First eigenmode shape

5. Numerical examples

Example 5.1. The first example is a 2D "One fized end” column under a downward uniform dis-
tributed load which is shown in Fig.3. With 24 x 40-dimensions, Young’s modulus E = 1, Poisson’s
ratio v = 0.3 and unit thickness. The design domain is discretized into 24 X 40 equally-sized square
four-node plain stress elements. Distributed load ¢ = 0.01 is applied and the section of the applied
load is one seventh of middle width of column and applied load is uniform. The maximum required
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volume fraction is set to 0.4. The regulation parameter T = 0.001 and fictitious time increment
At = 0.01 are considered for solving the level set equation. In order to avoid from numerical errors,
the Young’s modulus is set to 10 — 6) for the elements outside of the design domain. Simulation is
converged after about 160 iterations and the resulted first critical buckling load factor equals 9.9. The
optimized topology is shown in Fig. 4.

Fig. 3. One fixed end continuum structure under distributed load

Fig. 4. Optimized Topology

As it is noticeable in Fig. 4, the optimized topology is formed by two open arms (/\ shape), and
buckling is prevented although the volume of the structure reduces to 40% of the initial volume. The
process of change in the volume fraction and buckling load factor are shown in Fig. 5 and 6, respec-
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Fig. 6. Changes in the buckling load factor

In Fig. 7 the gradual process of getting to optimized topology is shown.
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L

iteration 44 iteration 57 iteration 80
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Fig. 7. Gradual Changes of Optimization

The possibility of buckling and instability exists only in the members of optimized topology that
are in exposure to compressive load (members in compression). Due to the nature of asymmetrical
buckling, even the concentrated or distributed load is precisely applied in the middle of the initial
symmetric column (Fig. 2), the optimization process continues in a way that the members in com-
pression get wider than corresponding members, which are in tensile. This phenomenon ends up in
the creation of an antisymmetric optimized topology. With a minor movement of applied load to
right or left, relative to the longitudinal line center of the column (eccentric load), The location of
the members in compression is changed with members in tensile and vice versa instantly that is a
Justification for all that is said (Fig. 8).
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Fig. 8: Change the location of members in compression and tensile due to the movement of the load
location

Example 5.2. The initial shape, supports, applied load, material properties, element type and vol-
ume constraint of this example are similar to the second example of the article [J] that use The SIMP
(Solid Isotropic Material with Penalization) method for optimization. This example is a short can-
tilever beam under a concentrated load which is shown in Fig. 9. With 1 x 2-dimensions, Young’s
modulus 2 = 1, Poisson’s ratio v = 0.3 and unit thickness. The design domain is discretized into
30 x 60 equally-sized square four-node plain stress elements.

The downward concentrated load F = 0.005 is applied to the center of the right edge. The
mazimum required volume fraction is set to 0.15. The requlation parameter T = 0.001 and fictitious
time increment At = 0.01 for solving the level set problem are considered.

Firstly, this example is solved for a conventional minimum compliance and the optimized topology
is shown in Fig. 10(a) and the corresponding first buckling load factor is equal to 0.22 that is precisely
equal with mentioned example of the article [§|] Fig. 10(b).
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Fig. 9. One fized end continuum structure under concentrated load.
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Fig. 10. Optimized topology of minimum compliance. a) level set, b) SIMP method [3]

Next, the simulation is done with the first critical buckling load factor as objective function and
consideration of two different values of 0.001 and 0.01 for adjustment parameter .

In the first simulation, because of relatively small values of T = 0.001, the optimization process
suffers from instability of the solution due to the creation of pseudo modes yields divergence and
cessation of the optimization process. Divergent simulation result is shown in Fig. 11.



Topology optimization of elastic structures....
Volume 12, Special Issue, Winter and Spring 2021, 381-398 395

Fig. 11. Divergent simulation process.

Based on Fig. 12, it is clear in the 34th iteration of the optimization process, a very small pseudo
eigenvalue with greatly deviation from the other normal eigenvalues, leads to instability of the solution
and further divergence of the problem.
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Fig. 12. The first critical buckling load factor of optimization during optimization process and
creation of a very small pseudo eigenvalue in the 34th iteration.

In the second simulation with T = 0.01, the simulation is converged After 150 iterations and
optimized topology is shown in Fig.13(a). Because of using the first critical buckling load factor
instead of minimum compliance, the corresponding first critical buckling load factor is higher and
equal to 0.4 that shown in Fig. 14 and the final volume of the structure according to Fig. 15 is
exactly 15% of the initial volume. Also, this example has been compared with the second example of
the article [§)] for validation of the results. The article [f)] uses SIMP (Solid Isotropic Material with
Penalization) method for optimization via 3 different algorithms and results shown in Fig. 13(b, ¢, d).
It is obvious that in both methods the lower arm of the optimized topology which is in compression,



396 Abhar, Ghoddosian

tries to become wider than the upper arm that is in tensile and in the one of SIMP algorithms
lower arm tries to get shorter with shifting upward like level set algorithm. Although the level set
optimization process is simulated with less element discretizing in comparison with the second example
of the article [§)] (30 x 60 versus 40 x 80), the results are approximately similar. Also using the level
set method completely solves the main problem of the gray elements mentioned in the second example
of the article []] and the structural boundaries are quite clear.
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Fig. 13. Optimized topology a) level set and b, ¢, d) different SIMP algorithm methods [3]
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Fig. 14. Changes in the first critical buckling load factor during optimization process
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Fig. 15. Changes in the ratio of the required volume of the structure to the initial volume during
optimization process

6. Conclusion

In this study, the problem of buckling stability for two-dimensional continuous structures is in-
vestigated. The optimization problem was solved by level set method and the optimal topology was
obtained independently from the initial topology. Also, the required velocity term in level set equa-
tion was calculated using the method of adjoint equations. The main feature of optimal topologies is
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having the smaller and wider compression members in compression in the optimized structure. Using
the level set optimization method and regulating of adjustment parameter 7, the problem associated
with creation of pseudo buckling modes in the conventional methods of optimizing continuum struc-
tures has been completely eliminated, and the efficiency of this method are demonstrated through
several examples.
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