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Abstract

In this paper, we discuss some common fixed point theorems for compatible mappings of type
(E) and R—weakly commuting mappings of type (P) of a complete b—multiplicative metric space
along with some examples. As an application, we establish an existence and uniqueness theorem
for a solution of a system of multiplicative integral equations. In the last section, we introduce the
concept of R—multiplicative metric space by giving some examples and at the end of the section, we
give an open question.
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1. Introduction

The concept of multiplicative calculus, in which the role of addition and subtraction are replaced
by multiplication and division, was not the interest of researchers for a long time, even though it
was defined by Grossman and Katz [§] in the period from 1967 till 1970 (published a book called
Non-Newtonian Calculus in 1972), and Stanley [20] published a paper ‘A multiplicative calculus’
in 1999. But in 2008, Bashirov et al. [3] draw the attention of researchers especially in the field
of analysis by highlighting various properties like multiplicative derivatives, multiplicative integrals,
etc. They also highlighted its application to various topics like Newtonian calculus, semi-groups of
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linear operators, multiplicative spaces, multiplicative differential equations, multiplicative calculus
of variation, etc. For more applications, we refer ([4], [7]) and references therein.

In 2017, Ali et al. [1] introduced the concept of b—multiplicative metric space as a generalization
of multiplicative metric space for fixed point results on multiplicative contraction mapping with an
application in Fredholm multiplicative integral equation.

In this paper, we discuss some common fixed point theorems for compatible mappings of type (F)
and R—weakly commuting mappings of type (P) of complete b—multiplicative metric spaces. Also,
we study the existence and uniqueness of solution of a system of multiplicative integral equations. In
the last section, we introduce the concept of R—multiplicative metric space by giving some examples
and at the end of the section, we give an open question.

2. Preliminaries

Before going to our main work, we recall some definitions, properties, and lemmas that will be
used in this paper.

Definition 2.1. [3] Let U # 0 be a set. A mapping d: U x U — [1,+00) such that

(i) d(u,v) =1 if and only if u= v,
(i1) d(u,v) =d(v,u), Yu,v €U,
(i1i) d(u,v) < d(u,w). d(w,v), Yu,v,w € U,

is called a multiplicative metric and (U, d) is called a multiplicative metric space.
Example 2.2. Define a mapping d : R? x R? — R by

d(u,v) = emax{‘ul_“"m_”?'},
where u = (uy, us), v = (vi,v2) € R%. Then, d is a multiplicative metric on R?.

Definition 2.3. [1] Let U # () be a set and s > 1 be a given real number. A mapping d, : U x U —
[1,4+00) such that

(i) dp(u,v) =1 if and only if u = v,
(ii) dp(u,v) = dp(v,u), Yu,v € U,
(1) dp(u,v) < dp(u,w)*. dy(w,v)*, Yu,v,w € U,

is called a b—multiplicative metric and (U, dy) is called b—multiplicative metric space.

Remark 2.4. Fvery multiplicative metric space is b—multiplicative metric space, but the converse is
not true.

We give the following examples to illustrate the above remark.
Example 2.5. Define a mapping
dy - RTU{0} x RY U{0} = [1,+00) by dy(u,v) = e ),

for all u,v € RTU{0}. Then, dp is a b—multiplicative metric on RY U {0} with s = 2. Note that d,,
is not a multiplicative metric on RT U {0}.
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Example 2.6. Let U = L,|0, 1] be the space of all real functions u(t), ¢ € [0, 1] such that fo lu(t)|P <
oo with 0 < p < 1. Define dy : U x U — R* as

1

D lu(t)—o(t Pdt>p
db(u,v):e<f0 (t)=v(?)] .

It is obvious that the conditions (i) and (ii) of Definition [2.3| hold true. For condition (iii), we have
Indy(u,v) = / lu(t) — o( |pdt>7
1
- ( / [(u(t) = w(®)) + (w(t) = v(0)) dt)”

/\u \pdt+/ w(t) —v()|pdt>1

Since 0 <p<1,s01l< 5 < 00. By the property of convexity, we obtain

IN

Indy(u,v) < 27 [(/1 lu(t) — w(t)|pdt % / () — oft |pdt)%]
dy(u,v) < e %[(fo |u(t) \T’dt)% <f0 ot lpdt);}

1

27 (S @ —w(ypae) 27 (3w —o(olde)

Sl

1

= db(uuw)Qa' db(w7v> 2
1

Thus, dy(u,v) is a b—multiplicative metric space with s = 2P.

Definition 2.7. [1] Let (U,d,) be a b—multiplicative metric space and w € U. Then,

(i) a sequence {u,} is b—multiplicative convergent to u € U if for each € > 1, there exist some
no € N such that dyp(u,,u) < € for each n > ny.
(ii) a sequence {u,} is b—multiplicative Cauchy, if for each ¢ > 1, there exists ng € N such that
dy(Up, Up,) < € for each m,n > ny.
(#i) a b—multiplicative metric space is complete if every b—multiplicative Cauchy sequence in it is
b—multiplicative convergent to some u € U.

Lemma 2.8. [1] Let (U, dy) be a b—multiplicative metric space. If a sequence {u,} is a b—multiplicative
convergent, then the limit is unique.

In 1976, Jungck [11] used the notion of commuting mappings to prove the existence of a common
fixed point theorem on a metric space. Sessa [I§] introduced the notion of weakly commuting map-
pings, which is a generalization of commuting mappings. Recently in 2013, Gu et al. [9] introduced
the notion of commuting and weakly commuting mappings in a multiplicative metric space and
proved some fixed point theorems for these mappings. Now, we use these notions in b—multiplicative
metric spaces as follows.

Definition 2.9. Suppose that A, B are two self-mappings of a b—multiplicative metric space (U, dp).
Then, we say that A, B are commuting mappings if ABu = BAu, Yu € U.
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Definition 2.10. Let (U,d,) be a b—multiplicative metric space. Then, we say that two self-
mappings A and B on U are weakly commuting mappings if dp(ABu, BAu) < dy(Au, Bu), Yu € U.

Remark 2.11. Commuting mappings are weakly commuting mappings, but the converse is not true.

Example 2.12. Let U = [0,1]. Define a mapping dp(u,v) : U x U — R by dy(u,v) = e for all
u,v € U. Consider the self-mappings f(u) = 3 and g(u) = 5 for allu € U.
For any uw € U,

dy(fgu, gfu) =TT < 75" = dy(fu, gu).

Then, f and g are weakly commuting but f and g are not commuting since fgu = ;= #
for any non-zero u € U.

4}211 = gfu

The notion of compatible mapping in a metric space was introduced by Jungck [12] in 1986. In 2015,
Kang et al. [I3] introduced the concept of compatible mapping in multiplicative metric space.

Definition 2.13. We say that two self-mappings A and B of a b—multiplicative metric space (U, dp)
are compatible if hm db(.ABun, BAu,) =1, whenever {u,} C U such that lim Aw, = lim Bu,

n—-+00 n—-+o0o

Remark 2.14. Fvery weakly commuting mappings is compatible but the converse need not be true.

In 1999, Pant [I7] introduced the concept of reciprocally continuous mappings in metric space. In
2017, Jung et al. [I0] introduced this concept in multiplicative metric space.

Definition 2.15. Let (U,d,) be a b—multiplicative metric space. We say that two self-mappings
A and B on U are reciprocally continuous if lim ABu, = At and lim BAu, = Bt, whenever

n—-+o0o n—-+o0o

{un,} C U such that lim Au, = lim Bu, =t for somet € U.

n—-+0oo n—-+00

In 2009, Kumar et al. [I5] introduced the concept of R—weakly commuting mappings of type (P)
in metric spaces. Recently in 2016, Nagpal et al. [16] introduced this notion in multiplicative metric
spaces.

Definition 2.16. Let (U, d,) be a b—multiplicative metric space and A, B be two self-mappings on
U. Then we say that A, B are R—weakly commuting mappings of type (P) if there exist some R > 0
such that dy(AAu, BBu) < dy(Bu, Au)® for every u € U.

In 2007, Singh and Singh [21] introduced the notion of compatible mappings of type (£) in metric
space. Recently in 2020, Sharma et al. [19] used this notion in multiplicative metric space.

Definition 2.17. Let (U,d,) be a b—multiplicative metric space and A and B be two self-mappings
on U. We say that A and B are compatible mappings of type (E) z'f lim AAu, = lim ABu, = Bt

n—-+4o0o

and lim BBu, = lim BAu, = At, whenever {u,} C U such that hm Au, = lim Bu, =t for
n—-+o0o n—-+o0o n—-+o0o n—-+o0o
somet e U.

Example 2.18. Let U = [0,1]. Define the mapping d : U x U — RT by dy(u,v) = %) * for all
u,v € U. Consider the self-mappings A and B defined as

0. if ue 0.4\ (3} 1 ifwe 0,2 {3}
Alu) = ,ifu_4, and B(u) =4 0, if u=7
77 1fu€( 1] 3 jfue(%yu

Then, A and B are compatible mappings of type (E).
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3. Main results
Here are our main results.

Theorem 3.1. Let P,Q,V and W be self-mappings of a complete b—multiplicative metric space
(U, dy) satisfying the following conditions :

(1) P(U) C W(U) and Q(U) C V(U),
(i) dy(Pp,Q0) < A(p,0), Vp,0 €U,
where
A(p79) = maX{db(vpvwe)vdb(PpaVp)adb(Qevwe)adb(vawe)Tls7db(ngvp)i},
1<s<g<o0;

(i) {P,V} and {Q, W} are weakly commuting mappings. Furthermore, either {P,V} or {Q, W}
is a compatible mapping of type (E).

Then, P, Q,V and W have a unique common fixed point in U.

Proof .

Since P(U) € W(U) and Q(U) C V(U), we can choose py, pe in U, starting with py € U such
that 8y = Wp; = Ppo and 0; = Vpy = Qp;. Continuing in this fashion, we construct sequences {p,, }
and {6,} in U such that

0o, = Wpan+1 = Ppan,
and Oy,01 = Vponio = Qponyi, for each n € NU{0}.

From (ii), we obtain

di(Oon, O2ns1) = di(Ppon, Qpon+1) < A(pan, pan+1)
= max {db(V,OQm Wpani1)s do(Ppan, Vpan), do(Lpon+1, Wpon+t1),

dy(P pans Wpans1) % , dy(Qpans1, Vpan) }
— max {db(ezn,l, O3,), (O, Oonr ), iy (Bomsr, Oon ),
dy(020, 020) % , dy (B 1, 9%1)%}
— max {db(egn_l, Oon) (O 1, O ), i (Bams 1, om1) 2 }
max {db(ezn_h o), dp(O2n11, O2n),

0021, Oan)"- o (B2, B 1)1 |. (3.1)

-

IA

Suppose that dy(0a,,_1,02,) < dp(02,,, 02n41), then from (3.1)), we obtain

dz (O, O2nt1) < dp(O2n41,02n)

a contradiction and hence dy(62,, 02,+1) < dp(Oon—1,62,), for all n > 1. Therefore from (3.1)), we
obtain

dy(Oan, Osni1) < dy(Bon_1,0,) 7, for all m > 1. (3.2)
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Also from (ii), we obtain

dy(O2nt2, O s1) =

IN

<

di(Ppan+2; Qpont1) < A(pant2, Pont1)
max {db(VPQn+2, Wopan+1), do(Ppanta, Vpont2),

dp(Qpon+1, Wpant1), dy(Ppont2, Wpani1) =,
dy(Qpans1, Vpansa) }

max {db(92n+17 92n) (02n+27 ‘92n+1)7 db(92n+17 ‘9271)7
db(02n+2a 92n)7187 db(92n+17 62n+1) % }
max {db(92n+17 92n), db<92n+27 92n+1)7 db(92n+17 9271)7

[db(02n+27 92n+1)8- db(62n+1’ 92n>s]i }
db(92n+1, 92n)

otherwise it leads to a contradiction that dy(0oyy2,02ni1) < (dp(2niz, 82n+1))%. Thus, we obtain

db(62n+2, 62n+1) < (db<92n+17 8211))%, for all n € N. (33)

From (3.2) and ({3.3]), we write

db(9n7 en—‘rl)

(VAN VAN VAN VAN

(dp(O—1,0,)) 5
(dp(O2, 0 1))

(dbwo,el))%, for all n € N.

Let n € N and p > 1, then by b—multiplicative triangular inequality, we have

db(em 0n+p)

| VAN N VAN VAN
SO VY

db em Hn-l—l)s‘db(gn—i-l; 9n+2)s

»(0
»(0

B db(enﬂa 179n+p)5p_1

2 sp—1

dy (00, 01)7 .dy(0p, 01) 77 ... dy(0, 0y) 7T

X 91)‘1% () ++(5)P?)
Y
o egfn (br =2 )
Y
L
anl)qn

where 1 < s < ¢ < oo setting with r = 3 < 1. Letting n — 400 in the above inequality, we get
dp(On, 0ptp) — 1. Hence the sequence {6, } is a b—multiplicative Cauchy sequence. By the complete-
ness of U, there exists x* € U such that 0, — z* as n — +o00. Consequently, the subsequences
{Ppant, {Qpant1}s {Vpania}, {Wpani1} converge to x* as n — +o0.

Since P and V are compatible mappings of type (F), we have, lim VVps, = lirf VPpa, = Px*
n—-+0oo
and lim PPpy, = lim PVp,, = Vz*
n—-+40o n—-+4o0o
Also, P and V are weakly commuting mappings. By Remark ([2.14)), we have,

n—-+o0o

lim db(PVan, VPpgn) ==

n—-+oo



Fixed point theorems of non-commuting mappings ... 12 (2021) No. 2, 1299-1315 1305

that is, Px* = Vx*.

Since P(U) C W(U), there exists a point y* in U such that Pz* = Wy*. Using (ii), we have,

di(Pz*, Qy*)

— db(Px*a Qy*)

<

Therefore, Px* = Qy*.
and V implies that dy(PVz*, VPx*) < dy(Pzx*, Va*) implies PVa* = VPzx* and PPx* = PVax* =

VPx* = VVa*.

Similarly, QQy* = WWy*.

Again, from (ii), we have

dU(Px*, PPx*) =

Therefore, PPz* = Px*.

A", y)

max{db(Va: Wy, dy(Pa*, Va*), dy(Qy*, Wy),
0P, Wy) %, dy( Q' Va) }

max{db(Px Pa*), dy(Pa*, Pa*), dy(Qy*, Pa*),
AP, Pa)%, dy(Qy', Pa') }

max{l,db(Qy*,Pa:*)}

dp(Pz*, Qy*)
1.

Thus, Pz* = Vz* = Qy* = Wy*. Since weakly commutativity of P

di(Qy*, PPz")
q
b

d}(PPx*, Qy")

A(Pz™,y")
max {db(vm*, Wy, dy(PPz*, VPa*),

d(Qu*, Wy, dy(PPx*, Wy*) %, dy(Qy, vm*)i}

max {db(PP$*, Px*>, db<7)7)x*7 pr*>, db(Qy*v Qy*)?

dy(PPa*, Pa*)% , dy(Pa*, PPx)% }

max {1, dy(PPx", Pm*)}
dy(Px*, PPx™).

Thus, Px* = PPz* = VPx*.
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Thus, Pz* is a common fixed point of P and V. Again, from (ii), we have
dj(Qy*, QQy") = di(Px*,QQy")

A(z", Qy")

max{db(Vx WOy, dy(Px™, V"), d,(QQy", WQy™),

dy(Pa*, WQy") %, dy(QQy", V') |

— max {db(QQy*, Qy*), do(Qu*, Qy*), dp(QQy*, QQyY),

4(Qy", QQy")*, dy(QQy", Qy') ¥ }

= max{l,db(QQy*,Qy*)}
= d(QQT",Qy").

Therefore, QQy* = Qu*. Thus, Qu* = QQy* = WOQy*. Therefore, Qy* is common fixed point
of @ and W. If Qy* = Px* = z, then Pz = Vz = Qz = Wz = z. Thus, the common fixed point
of P,Q,V and W is z. Let, if possible, w be another common fixed point of P, @,V and W. Then,
from (ii), we have

di(z,w) = di(Pz, Qu) < A(z,w)
_ max{db(v,z,Ww),db(Pz,vz),db(Qw,ww),db(Pz,wz)i,db(Qw,vz)fi}

IA

= max {db(z, w), dp(z, 2), dy(w, w), dy(z, 2)%7 dp(w, 2)%}
= max{1l,dy(z,w)}
= dp(z,w).

Therefore, dy(z,w) = 1. Thus, z = w, which is a contradiction. Thus, P, Q,V and W have a unique
common fixed point in U. [J

Corollary 3.2. Let P, Q be self-mappings of a complete b—multiplicative metric space (U, dy) satis-
Jying

d}(Pp, Q0) < max {dy(p,0), dy(Pp, p), db(Q0,0), dy(Pp,0)%, dy(Q0, )% }, 1 < 5 < ¢ < o0.
Then, P and Q have a unique common fixed point in U.

Proof . By considering ¥V = W = Z; (identity mapping on U), then by Theorem gives that P
and Q have a unique common fixed point. [

Corollary 3.3. Theorem remains true if the condition, that is, {P,V} is a compatible mapping
of type (E) is replaced by the condition that {P,V} is a compatible pair of reciprocally continuous
mappings.

Corollary 3.4. Let P be a self-mapping of a complete b—multiplicative metric space (U, dy) satisfying
d3(Pp.PY) < max {dy(p, 0), dy(Pp, p), dy(PO,0), do(Pp, 0)%, du(PO, p) 5 }, 1 <5 < q < o0.

Then, P has a unique fived point in U.
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Proof . Take V and W as identity mappings on U and P = Q and then apply Theorem [3.1 O

Theorem 3.5. Let P,Q,V and W be self-mappings of a complete b—multiplicative metric space
(U, dy) satisfying the following conditions :

(i) P(U) C W(U) and Q(U) C V(U),
(i) di(Pp,Q0) < A(p,0), Vp,0eU,

where
A(p,6) = max {db(v,o, WO). dy(Pp, Vp), dy(Q0, WO, dy(Pp, W@)i,db(ge,vp)%},
1<s<g<o0;

(i) {P,V} and {Q, W} are pairs of R—weakly commuting mappings of type (P);
(iv) {P,V} is a compatible mapping of type (F).

Then, P, Q,V and W have a unique common fixed point in U.

Proof . Following the proof of Theorem we know that the sequence {6,,} in U defined by
Oont1 = Wpany1 = Ppan
and Oa,10 = Vpopio = Qpopyy forn=0,1,2,. ..

is a b—multiplicative Cauchy sequence. From the completeness of U, there exists x* € U such that
0, — z* as n — 4o0o0. As a result, {Ppan}, {Qponi1}, {Vponia}t, {Wpani1} converge to z* as
n — +00.

Since {P,V} is a compatible mapping of type (E),

lim VVps, = Er+n VPpo, = Px™.

n——+oo
lim 7373p2n = lim PVpgn = V.
n—-+o00 n—-+4o0o
Since the pair {P,V} is R-weakly commuting mapping of type (P), we have
dy(VV pan, PPpan) < dy(Ppan, Vpon) ™.
Taking n — +o00, we have

EIE db(VV,OQnaPPan) S lim db(PPQTHVPQn)R

n—-+o0o

— lim db<7373p2n,73$*) <1

n—+oo -

Therefore, lim P7Ppy, = Px*. Using (ii), we have

n—-+4o0o

di(PPpan, Qpant1) < A(Ppan; pans1)
= max {dy (VP Wpani1), (PP pan, V),
dp(Qpans1, Wpans1), do(PPpan, Wpans1)2, dy(Qpan 1, VPpan) }
Taking n — +o0 in the above inequality, we obtain
di(Pz*,z*) < max{db(Pm*’I*>7db(Px*apx*)adb(l‘*,x*),db(Px*,x*)?ls,db(x*,PI*)%}
= max{d,(Pz*,z"), 1}
= dp(Pz*,z")
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which implies that dy(Pz*, z*) = 1, i.e., Pz* = x*. Thus, Pz* = Vz* = z*. Since z* = Pz* €
P(U) Cc W(U), so there exists y* € U such that z* = Wy*. Then,
dy(z", Qy") = dy(Pz", Q") < A(a",y")
= max {d(Va" W), dy(Pa’, Va*), dy(Qy', Wy'), (P, Wy') %, dy(Qy", V') |

= max {db(x*, ), dp(x*, %), dp(Qy™, z¥), dp(z”, :c*)i, dy(Qy”*, x*)%}
= maX{l,db(Qy*,I*)}
= dy(z", Q")

which implies that d,(z*, Qy*) = 1, that is, Qy* = z*. Since Q and W are R—weakly commuting
mappings of type (P), we have

dy(Qx*, Wa*) = dy( QQy*, WWy*) < dy(Wy*, Qu*)® = dy(2*,2*)% = 1.
Therefore, d,(Qz*, Wx*) =1, so Qx* = Waz*. Lastly, we have
di(x*,Qx*) = dl(Pz*, Qz*) < A(x™,z")
= max {db(Va:'*,W:E*),db(P:c*,V:c*),db(Qx*,Wa:'*),db(Px*,W:c*)i,db(Qx*,Vx*)i}
= max {db(x*, Qz*), dy(z*, x*), dp(Qx™, Qx™), dp(Qx™, 1:*)2%, dy(Qz", x*)%}
= db(ﬁ*, Qﬁ*)

which implies that d,(Qz*, z*) = 1, that is, Qz* = z* = Waz*. In addition, we prove that P, Q,V
and W have a unique common fixed point. Suppose that z € U is another common fixed point of

P,Q.,V and W. Then,
di(z*,z) = di(Pz*, Qz) < Az, 2)
- max{dwa*,wz),db(m*,vx*),db(Qz,Wz),db(Px*,Wz)z%,db@z,vx*)%}
= max{dy(z", 2), dp(x", 2"), dp(2, 2), dp(z", z)Tls, db(z,x*)%}
= dy(z", 2)

which implies that dy(z*, z) = 1, that is, * = z, which is a contradiction. Hence, P, Q,V and W
have a unique common fixed point. [

Theorem 3.6. Let P, Q,V and W be self mappings of a complete b—multiplicative metric space
(U, dp) such that P(U) CW(U), QU) C V(U) and satisfying

db(Pp7 Qe) < Al(pa 9)7 vpve € U7 (34)

where

A
Ar(p,0) = max {db(Vp, W), dy(Pp, Vp), dy(Q0, W), = (dy(Vp, Q0) + dy(Pp, we))}

NO| —

where A € (0,1), then P, 9,V and W have a unique common fixed point in U provided that V and
W are continuous and pairs {P, V} and {Q, W} are compatible.
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Proof . Following the proof of Theorem we know that the sequence {6,,} in U defined by

Oont1 = Wpansy1 = Ppoy,
and 6o,10 = Vpouio = Qpopig forn=0,1,2,. ...

is a b—multiplicative Cauchy sequence. By the completeness of U, there exists 2* € U such that
0, — z* as n — 4o00. As a result, {Ppan}, {Qponi1}, {Vponia}l, {Wpani1} converge to z* as
n — +oo. Since V is continuous, therefore,

lim V?ponio = Va* and lim VPp,, = Va*.

n—-+00 n—+00
Since the pair {P,V} is compatible, lilil dy(PVpon, VPpa,) = 1. So, we have lilf PYpo, =
n——+o0 n——+o0
Vx*. Putting p = Vpa, and 0 = pa,1 in (3.4), we obtain

dy(PVpaon, Qpani1) < maX{db(V2p2n;Wp2n+l)adb(PVPQnaV2p2n)7db(Q,O2n+1aWp2n+1)>

1 A
5 (ds(V?p2n, Qpant1) + do(PVpon, Wp2n+1)}

Letting n — 400 in the above inequality, we get

A
dy(Va*,z%) < max{db(Vx*,x*),db(a:*,x*),db(;v*,x*) (db(V:E*,:U*)—{—db(Va:*,x*))}

1
"2
= max{dy(Vz*,2*),1}*

= dy(Va*,2¥)
which implies that Va* = 2*. Using the continuity of W, we obtain,
lim W?pani1 = Wa* and lim WQpon 1 = Wa™.

n—-+o0o n—-+00

Since Q and W are compatible,
lim d(QWpani1, WQpant1) = 1.

n——+o0o

So, we have, lirf OWpani1 = Qx*. Putting p = po, and 6 = Wpo,, 11 in (3.4), we obtain,
n—-—+0oo
dy(Ppan, QWpant1) < max {db(szn, W2,02n+1), dy(Ppan, Vpan), dp(QWpan+1, W2,02n+1),

%(db(Vﬂm QWpani1) + dp(Ppon, W?pans1) }A
Letting n — +o00 in the above inequality, we have
dy(z*, Wa*) < max {dy(z*, Wz*), 1,1, %(db(x*, Waz*) + dy(z*, Wa*)) }/\
= dp(x*, Wx*)
This shows that Wz* = 2* and
A(Pe", Qpanpn) < max {dy(Va", Woanin), (P, V'), dy( Qpanis, Wpania).

A
(db(Vx*a Qp?n—H) + db(PI*a Wp2n+1))} .

N | —
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Taking the upper limit as n — +oo and using Vx* = Wx* = x*, we have

A

dy(Px*,z*) < max{db(V:E*,x*),db(x*,x*),db(x*,x*), (db(V$*,x*)+db(7?x*,a:*))}

1
2
< max{dy(z*,2%), dp(Pz*, %)}

= dy(Px*,z%)
which implies that d,(Pz*,2*) = 1 and hence Pz* = z*. Finally, from (3.4) and the fact that
Px* =Va* = Wa* = x*, we have

dp(z*, Qz*) = dy(Pz™, Qz")
< max {dy(Vz*, Wa*), dy(Pz*, V"), dy( Qz*, Wa*),

%(db(S:c*, Qz*) + dy(Px*, Ta")) }/\

max{1, 1, dy(Qx", z"), %(db(a:*, Qr*)+ 1)}
= dy(z*, Qr")

this shows that Qx* = z*. Hence, there exists a common fixed point for the mappings P, @,V and
W. Let, if possible, z € U be another common fixed point of P, @,V and W, then

dy(z*,z) = dp(Pz*, Qz)
< max {d,(Vz*, Wz),dy(Pa*, V"), dy(Qz, W2z), %(db(]}x*, Qz) + dy(Pz*, V\/z))}A

= max{dy(z*, 2),1}*
= dy(z*, 2).

which implies that z* = 2. Hence, P, Q,V and W have a unique common fixed point in U. [J

Example 3.7. Let U = [0,1]. We define a mapping d, : U x U — R* by dy(p,0) = @ O* for all
p,0 € U. Obviously, (U,dy) is a complete b—multiplicative metric space. Consider the self-mappings;

1
Loitpelo,)
Plp)=Q) =14 ] 1
Z_l’ if 1% < [5, 1]
1
g, if pe [O, 5)
and V(p) =W(p) =4
4_17 if p1€ [— ]_} ) )
Since P(U) = QU) = [0’4_1]’ V(U) =wW(U) = |0, 8) U {Z}’ so, we have V(U) C Q(U) and
WU)cCcPU) .
Now we show that {P,V} is a compatible mapping of type (E). For this, we define a sequence
1 . Pn
= — > == _— = _— = —_—
{pn} where py, , for m > 1. Then, n1_1>moo77pn nl—lgloo 2 nl_l)r_{loo o =0 =t. Also we have,

lim PPp, = hm 73'( =) =0, lim PVp, = lim 73( =) = 0,P(0) = 0 and lim VVp, =

n—-+oo n—-+00 n—r—+oo n—-+00 n——+oo
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. Pn . . On
ngrfw V(?) =0, ngrfoo VPp, = ngrfoo V<7) =0,Y(0) =0.
Therefore, {P,V} is a compatible mapping of type (E) and also we have P(0) = V(0), so {P,V} is
a compatible mapping. Also, we have dy(PVp,VPp) < dy(Pp,Vp) for all p € U and hence P and
V are weakly commuting mappings. Similarly, @ and W are also weakly commuting mappings. For

p,0€0,3),
dU(Pp,Q0) < max {db(Vp, WO), dy(Pp. Vp), dy(Q0, W), dy(Pp, W@)Tls,db(QH,Vp)?ls}

— 6(57%)2(1 S max {1, e(g)Q’ e(%)Q’ e(gfg)zﬁj e(gfg)Qi}.
Because 6 = 1n p is an increasing function, so
p 0., P b p 0,1 0 p,l
P2\, < 0. (£ z P2y (Z_Fy
which is true for all p,0 € U. All the conditions of Theorem|[3.1] are satisfied, so by Theorem[3.1], we
obtain a unique common fized point. Here, the unique common fized point is 0.

Example 3.8. Let U = [0,1]. Define a mapping dy : U x U — R by dy(p,0) = e~ for all
p,0 € U. Obuviously, (U,dy) is a complete b—multiplicative metric space. Consider the self-mappings

Plp)= (5" Qp)=(5)% Vip)= (5> Wip) = ()
One can easily see that V(U) and W(U) are continuous mappings also (P,V) and (Q,W) are
compatible. For each p,0 € U, we have

dy(Pp, Q0) = 7O
_ )

—~

IA
3]
—~
—
SIS
—
©
|
wie  wlo
~—
N

db(Vp7 WQ)
A1 (107 0)

Thus, P, Q,V and W satisfy all the conditions of Theorem [3.6. By theorem we will have a
unique common fized point. Here, 0 is the unique common fixed point of P, Q,V and WV .

IN

4. Application

In this section, we study the existence and uniqueness of the solution of a system of multiplicative
integral equations. Consider the integral equation

b
p(t>:/ Ki(t’sup(s))dsa fOI' 22172 a’nd S,tE [a’b] (41)

where a,b € R and K : [a,b] X [a,b] x R. The purpose of this section is to give an existence theorem
for a solution of using Theorem [3.1]

Consider the space U = Cla, b] of real continuous functions defined on [a, b]. Obviously this space,
with the b—multiplicative metric given by

SUD;clq £lt) 2, if 20 > q
dy(p,0) = Peela ‘38’ o(t) is a complete b—multiplicative metric space.
SUP¢e(q,b] ‘m

2 e plt)
,1f%<1
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Theorem 4.1. Assume that

(i) for each t,s € [a,b] and p,0 € U, there exists a constant n > 0 such that

i = ()"

(ii) the constant n is such that n < T a) 1 <gq< oo,
(iii) K : |a,b] X [a,b] x R — R is continuous.

Then the system have a unique common solution in U.

Proof . Consider the two mappings P, Q : U — U defined as
b
Polt) = [ Kaltos,pls))’

b
Qp(t) = / Kot 5, p(s)®, 5.t € [a,b],

The system (4.1]) has a common solution if and only if the self-mappings P and Q have a common
fixed point in U. Since K; are continuous, so P and Q are continuous, then {Zy, P} and {Zy, Q}
are compatible mappings of type (E). Further we have

P = ([ sty
(/( )

< ([ @won®)
((db(/)ﬁ - g>2

= db(p’ ) n(b=a)
dy(p,0)7

(SIS

(p,0)
)b a)

1

<
S max {db(pv 6)7 db<,Pp7 p)7 db(Q07 9)7 db(Pp; 0)%7 db(Q97 p)TIS } q:

where 1 < s < 00.
Therefore

B(Pp.Q0) < max {dy(p.0). d(Pp. ). do(0.6).4(Pp.0) (00, ) }.
where 1 < 5 < ¢ < 00.
for all p,6 € U. Consequently, all the hypotheses of Theorem (with V = W = Zyy) hold. Then P

and Q have a unique common fixed point and so the system (4.1) have a unique common solution.
O
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5. R—multiplicative metric space

In this section, we introduce the notion of R—multiplicative metric space with some examples.
At the end of this section, we have an open question.

Recently, Eshagi Gordji et al. [6] introduced the concept of orthogonal set (for more details, we
refer [2],[5]) and Khalehogli et al. [I4] introduced the notion of R—metric spaces and gave a real
generalization of the Banach fixed point theorem. Inspired by the works of Khalehogli et al. [14] ,
we introduce the concept of R—multiplicative metric space as follows.

Definition 5.1. Suppose (U,d) is a multiplicative metric space and R is a relation on U. Then,
the triple (U,d, R) is called R—multiplicative metric space.

Definition 5.2. [6/ Let U # () and L C U x U be a binary relation. If L satisfies the following
conditions:
dzo = (Vy,yLao) or (Vy,zoly),

then it is called an orthogonal set (briefly O-set) and it is denoted by (U, L).

If R= 1 CUXxU, then we say that the triplet (U, d, L) is orthogonal multiplicative metric space.

Example 5.3. Let U = (0,400) and d : U" x U™ — R be defined by

d(z,y) = I ey
S
where ©x = (X1, Ta, ..., Tn)y, Y= (Y1,Y2,---,Yn) € U" and‘ ) ‘ : Rt — R* s defined by
a,ifa>1
al =9 |
Sifa <1

Obviously, d is a multiplicative metric. Define xRy, xz,y € U™ if |vy| < max{|z|,|y|}. Then
(U™, d, R) is a R—multiplicative metric space.

Example 5.4. Let U = [0,+00) and d : U x U — R be defined by d(x,y) = el ¥ Vo, y € U. Also,
define a relation R on U as {(z,y) : v <y, x,y € U}. Then, (U,d, R) is an R—multiplicative metric
space.

Definition 5.5. Let {z,} be a sequence in an R—multiplicative metric space (U,d, R). Then

(i) {xn} is called an R—multiplicative sequence if x, R,y for each n,k € N.
(i) {x,} is said to converge to x € U if for every e > 1, there is an integer N such that d(x,,x) < €
ifn > N. In this case, we write x, L~
(111) {xn} in U is said to be an R—multiplicative Cauchy sequence if for every € > 1, there exists
an integer N such that d(z,,x,) < € if n,m > N. It is clear that x,Rx,, or x,,Rx,.
(iv) U is said to be R—multiplicative complete if every R—multiplicative Cauchy sequence in U
converges to a point in U.

Definition 5.6. Let A : U — U be a mapping. Then, A is called R—multiplicative preserving if
xRy, then AxRAy for all x,y € U.
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Definition 5.7. Let A: U — U be a mapping. Then, A is said to be R—multiplicative continuous

at x € U if for every R—multiplicative sequence {x,} in U with z, KN x, we have Ax, — Ax. Also,
A is said to be R—multiplicative continuous on U if A is R—multiplicative continuous in each x € U.

Definition 5.8. A mapping A : U — U is said to be an R—multiplicative contraction with Lipschitz
constant 0 < A\ < 1 if for all x,y € U such that xRy, we have

d(Az, Ay) < d(z,y)*

Open question:
Let U be an R—multiplicative metric space. Let A : U — U be R—multiplicative continuous,
R—multiplicative contraction with Lipschitz constant A € (0,1) and R—multiplicative preserving.

Does A has a unique fixed point if 3z, € U such that zoRy for all y € A(U)?
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