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Abstract

In this paper, we introduce a condition on mappings and show that the class of these mappings is
broader than both the class of mappings satisfying condition (C) and the class of fundamentally
nonexpansive mappings, and it is incomparable with the class of quasi-nonexpansive mappings and
the class of mappings satisfying condition (L). Furthermore, we present some convergence theorems
and fixed point theorems for mappings satisfying the condition in the setting of Banach spaces.
Finally, an example is given to support the usefulness of our results.

Keywords: fixed point, fundamentally nonexpansive mappings, normal structure, Opial’s
condition, quasi-nonexpansive mappings, uniformly convex in every direction Banach spaces,
weakly compact
2010 MSC: Primary 47H09, 47TH10; Secondary 46 TXX

1. Introduction

Let K be a nonempty subset of a Banach space (X, ||.||), and T" be a mapping of K into X. We
denote by K and F(T) the closure of K in the norm topology and the fixed points set of T i.e.,
F(T)={x € K : Tx = z}, respectively. The mapping 7 is called (1) nonezpansive(in short NE) if
Tz — Ty|| < ||z —y|| for all x,y € K; (2) quasi-nonexpansive (in short QNE) if F(T') is nonempty
and [Tz —u| < |[[z —wul| for all x € K and uw € F(T); (3) fundamentally nonexpansive (in short
FNE), see [0], if [|T?z — Ty|| < ||Tx — y|| for all z,y € K.

Recently, Suzuki [§] introduced a condition on mappings which is weaker than nonexpansiveness
and stronger than quasi-nonexpansiveness. Suzuki’s condition was called by him condition (C) which
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is as follows:
Let K be a nonempty subset of a Banach space X and T': K — X be a mapping. The mapping T’
is said to satisfy condition (C) (or it is said an (C)-type mapping) if

3l = Tzl < ||z — y|| implies || Tz — Ty|| < ||z — y|

for all x,y € K. Furthermore, he presented some interesting fixed point theorems and convergence
theorems for such mappings. In particular, he showed that if K is a nonempty weakly compact
convex subset of a uniformly convex in every direction Banach space, then the fixed points set of
self-mappings satisfying condition (C)on K is nonempty.

In this paper, we introduce a condition on mappings which is more general than both condition
(C) and fundamental nonexpansiveness. We also give several convergence theorems and fixed point
theorems for such mappings in the framework of Banach spaces. Hence it is organized as follows:
In Section 2, we recall some definitions, notations and results which will be employed in next sections.
In Section 3, we introduce a new class of generalized nonexpansive mappings which it is called the
class of generalized fundamentally nonexpansive mappings (in short GFNE) and show the class of
such mappings is broader than both the class of mappings satisfying condition (C) and the class of
fundamentally nonexpansive mappings; furthermore, we indicate that it is not comparable with both
the class of quasi-nonexpansive mappings and the class of mappings satisfying condition (L). We also
collect some properties of GFNE mappings. In Section 4, we present some convergence theorems
and fixed point theorems for generalized fundamentally nonexpansive mappings. Specially, we prove
that if range of a generalized fundamentally nonexpansive self-mapping is a weakly compact convex
subset of a Banach space with normal structure, then its the fixed points set is nonempty and closed;
moreover, it is convex if the Banach space is strictly convex. Finally, for illustration of our results,
an example is given.

2. Preliminaries

In this section, we recall the needed definitions, notations and results. Throughout this paper,
we suppose that (X, [.]|) is a Banach space, and K is a nonempty subset of X. We denote by N the
set of positive integers and by R the set of real numbers, respectively. Let {z,} be a sequence in X
and x € X, we denote by x, — z,z, — = the weak convergence and the strong convergence of the
sequence {x,} to x, respectively.

The Banach X is said to satisfy the Opial condition, see [7], if whenever a sequence {z,} in X
converges weakly to z € X, then

liminf ||z, — z| < liminf ||z, — y||
n—oo n—oo

holds for all y € X with x # y.
Example 2.1. All Hilbert spaces and IP(1 < p < 0o) have the Opial condition (see [7]).

The Banach space X is called (1) strictly convex if || 252|| < 1 for each z,y € X with ||z]| = [jy|| =
Land z # y (see [1); (2) uniformly convez in every direction (UCED, for short), see [§], if for any
€ € (0,2] and z € X with ||z]| = 1, there exists 6 = (¢, z) > 0, whenever z,y € X, ||z < 1, |]y|| < 1
and z —y € {tz:t € [-2,—€]U[¢, 2]}, then ||Z2|| < 1—6. It is evident that every uniformly convex
in every direction Banach space is a strictly convex Banach space.

Let K be a nonempty bounded subset of a Banach space (X, ||.||). A point zg € K is called a
nondiametral point of K if

sup{|lx — xo|| : x € K} < diam(K),
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where diam(K) denotes diameter of K (see [I, page 146] for more details).
A nonempty convex subset K of a Banach space X is said to have normal structure if for any convex
bounded subset D of K with more than one point contains a nondiametral point. The Banach space
X is said to have normal structure if each closed convex bounded subset K of X with at least two
points has normal structure (see [1]).

Let T': K — K be amapping. A sequence {x,} in K is called an approximate fized point sequence
(AFPS, for short) for 7" in K if nh_)rxolo |zn — Txy,|| = 0, see [1].

We will need the following two definitions.
Let K be a nonempty closed convex and bounded subset of a Banach space X, and T': K — K be a
mapping. The mapping T is said to have property (A) if for any nonempty closed and convex subset
D of K with T-invariant (i.e., T(D) C D), T has an AFPS in D, see [2]. The mapping T is said to
satisfy condition (L) (or it is said an (L )-type mapping), see [5], if the following hold:

(i) T has property (A).
(ii) For any AFPS {z,} of T'in K,

limsup ||z, — Tz|| < limsup ||z, — ||
n—oo n—oo

holds for every = € K.

Using the part (ii) of the above definition, One can show that every mapping satisfies condition
(L) whose the set of fixed points is nonempty, is a QNE mapping.
Let T': K — X be a mapping. The mapping T satisfies condition (E,) if there exists u > 1 such
that
lo =Tyl < plle = Txf| + [l — yll

holds for all z,y € K. T is said to satisfy condition (E) on K if there exists ;> 1 such that T
satisfies condition (£,,), see [4].

The following results were given in [3] and [5], respectively.
Lemma 2.1. Let {z,} and {y,} be two bounded sequences in a Banach space X such that
Tpt+1 = /\yn + (1 - /\)In and ||yn - yn-i—l” < ||xn - xn—i—l”
for alln € N, where A € (0,1). Then lim ||z, — y,|| = 0.
n—oo
Theorem 2.2. Let X be a Banach space with normal structure. Let K be a nonempty weakly compact

and convex subset of X. Let T : K — K be a mapping satisfying condition (L), then T has a fived
point.

3. Some properties of GFNE mappings

In this section, we introduce a new class of generalized nonexpansive mappings and study basic
properties of its members.

Definition 3.1. Let K be a nonempty subset of a Banach space X. We say that a mapping T :
K — X is generalized fundamentally nonezpansive (in short GFNE) if
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5 1Tz — a2l < ||z = Tyl implies | Tz — T?y|| < ||z — Ty|
holds for all x,y € K.

Example 3.1. Let X =R and K = [0,1]. Define a mapping T : K — K as follows:

el 3 fO0Sw<3
TT10 fb<ae<i

Then F(T) ={3}. We observe that

1 51

_‘( 51
2 100

) 1> 1‘_1
2 100 21 100’

so T is not QNE and hence it is no satisfying condition (L). We now show that the mapping T is

GFNE. To see that, let (z,y) € [0,1] x [0,1] and consider the following two cases.
Case 1. If () € (10, ] x [0, 3]) U (0, 1] x (3, 1) U ((3,1] % (3, 1])u

({1} x [0,3]), then |Tx — T*y| < |x — Ty| holds.
Case 2. If (z,y) € (3,1) x [0, 1], then |Tx — T?y| > |v — Ty| implies
$|Te— x| > |z —Ty|.
These mean that T is GFNE. On the other hand, we have
|7(0.51) — T*(0.5)| > [0.51 — T(0.5)|.
Hence T is not FNE. We also have
1|T(0.5) — 0.5 < [0.5—0.6| and |T(0.5) — T(0.6)| > 0.5 — 0.6],

these mean that T dose not satisfy condition (C). Briefly, T is not QNE, FNE and satisfying condi-
tions (C) and (L), but it is GFNE.

Example 3.2. Let X =R and K = [0,1]. Define a mapping S : K — K as follows:

0 dfr#l
Sx_{og if = 1.

Then F(S) = {0} and S is QNE. Because ‘S:v — 0{ < |{E — 0} holds, for all x € K. Also, we have
HS) =1 < |1 =51)| and |S(1) — S*(1)] > [1 = S(1)|.

Therefore, S is not GFNE. Here, we show that S satisfies condition (L). Suppose D is a nonempty
closed convex and T-invariant subset of K, then 0 € D. Thus there exists some k in N such that
the sequence {122, is an AFPS for S in D. It is obvious that the sequence {}°2, is an AFPS for
S in K. These imply that S satisfies condition (L). Briefly, S satisfies condition (L), but it is not
GFNE.

We now gather some basic properties for generalized fundamentally nonexpansive mappings.
The following propositions are easy to verify.
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Proposition 3.2. Let K be a nonempty subset of a Banach space X and T : K — X be a mapping
satisfying condition (C). Then T is a generalized fundamentally nonexpansive mapping.

Proposition 3.3. Let K be a nonempty subset of a Banach space X and T : K — X be a funda-
mentally nonexpansive mapping. Then T is a generalized fundamentally nonexpansive mapping.

Remark 3.4. Ezample (3.1 shows that the converse of Propositions and[3.3 are not true in gen-
eral. Therefore, the class of generalized fundamentally nonexpansive mappings is broader than both
the class of mappings satisfying condition (C) and the class of fundamentally nonexpansive mappings;
hence, it is broader than the class of nonexpansive mappings. Moreover, it shows that the class of
(L )-type mappings is not larger than the class of generalized fundamentally nonexpansive mappings.
By attention to Fxamples and [3.3, we observe that the class of generalized fundamentally non-
expansive mappings and the class of quasi-nonexpansive mappings are not comparable, whereas both
the class of (C)-type mappings with a fized point and the class of fundamentally nonexpansive map-
pings with a fixed point are contained in the class of quasi-nonexpansive mappings (see [6] and [§],
for more details). Furthermore, from Examples and we realize that the class of generalized
fundamentally nonexpansive mappings and the class of (L)-type mappings are not comparable.

The following lemmas are useful to prove our results.

Lemma 3.5. Let K be a nonempty subset of a Banach space X and T : K — X be a generalized
fundamentally nonexpansive mapping. Then for all x,y € K, the following statements hold:

(i) |ITx = T?z|| < ||lz — Tx|.
(it) Either §||Tx — z|| < ||z — Ty|| or 1 ||T?x — Tz|| < || Tz — Tyl
(111) Either |Tx — T?y|| < ||z — Tyl or |T%x — T?y|| < ||Tx — Ty|| .

Proof . (i) Let z € K. As i |Tz — z|| < ||z — Tz|, the generalized fundamental nonexpansiveness
of T" implies
||Ta7 —T%z|| < ||z — Tz||.

(ii) Suppose, for contradiction, that
31Tz —z| > [l = Ty|| and 5 [T — Tx|| > || Tz - Ty],
whenever z,y € K. This and (i) yield
[ =Tl <z =Tyl + [ Te = Ty
1 1
< Z|lo=Tz||+ = || Tz — T?||
2 2
< g llo = Tal| + 3 llo = Tal
<zlle—=Tzx||+ < ||lo —Tx
2 2
which is a contradiction. (iii) Follows from (ii). Therefore, we get the desired result. [J

Lemma 3.6. Let K be a nonempty subset of a Banach space X and T from K into X be a generalized
fundamentally nonexpansive mapping with F(T) # 0. Then

17?2 — uf| < || T2 — ull
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holds for all x € K and uw € F(T).

Proof . Fix z € K,u € F(T). Since 3 |[u— Tu|| < |ju— Tz||, the generalized fundamental nonex-
pansiveness of 7' implies that |72z — u|| < [|[Tx — ul|. O

Lemma 3.7. Let K be a nonempty subset of a Banach space X and T : K — X be a generalized
fundamentally nonexpansive mapping. Then

lz = T?y|| < 3llz — Tl + ||z — Ty||
holds for each x,y € K.

Proof . Let 2,y € K. By Lemma [3.5| (iii), we have either
[T — T?y|| < llz — Tyl or | Tz — T?y|| < [|Tz — Ty

We consider the following two cases:
Case 1. Assume that |72 — T?y|| < ||z — Ty|| holds. Then we obtain

Hx—TQyH x—T:I:H+HTx—T2yH
z—Tz|| + ||z — Tyl

< |
< |
<3|z =T + [|l= — Ty .

Case 2. Suppose that ||[T?z — T?y|| < ||Tx — Ty|| holds. This and Lemma [3.5] (i) imply

|z — T?y| < ||z — Tx|| + || Tz — T?x|| + || T?z — T?y||
< 2|z =Tzl + [Tz = Ty|
< 3o — Tall + o — Tyl

Therefore, we get the demand result in both cases. [
The structure of the fixed points set of a generalized fundamentally nonexpansive mapping is
studied in the following proposition.

Proposition 3.8. Let K be a nonempty subset of a Banach space (X, ||.||), and T : K — K be

a generalized fundamentally nonexpansive mapping with F(T) # 0. Then the following statements
hold:

(i) If the closure of F(T) is included in T(K), then F(T) is closed. In particular, if T(K) is
closed, then F(T) is closed too.
(i) If X is strictly convex and T(K) is convez, then F(T) is convex too.

Proof . (i) Let u € F(T), then there is a sequence {z,} in F(T) such that z,, — u as n — oc.
Lemma [3.6{ implies that the inequality

[0 = Tul] < [len — ull

holds for each n € N. Because x,, — u as n — oo, the above inequality implies that u is a fixed point
of T. Therefore, F/(T) is closed.

(ii) Let u,v € F(T) with u # v. Fix A € (0,1), and put z = Au+ (1 — A)v. Since T'(K) is convex,
z € T(K). Hence there exists some z € K such that z = Tx. As u € F(T), Lemma implies
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that || T2z —ul| < |lu—Tx||. So ||Tz —u|| < |Ju— z|. Similarly, we obtain |Tz —v| < ||v — z]|.
Therefore, we have

[ =Tz + [lo = T=]|

[ = 2] + [lv = =]

= (1= A [lu = ol + Alju—wv]|

- Hu - UH )
which yields

Ju = vl = flu = T=| + [[o = T2|
= lu =zl +[lv = =] (3.1)
Since X is strictly convex, it follows that there exists some p € (0, 00) such that Tz —v = pu(u—T2%).

This implies
7 1

Tz = u+ v. 3.2
1+p IT+u 3:2)

On the other hand, since ||u — Tz|| < ||u — z||, equality (3.1)) implies
[ =Tz = [lu— =[] (3.3)

From this and equality (3.2), we get

Hmu—f—mu— ﬁu— mv” = [[Au+ (1 = Nu—Au— (1 = N)v|,
which implies A = . From this and (| ., we obtain

Tz:)\u—i-(l—)\)v:z.
Consequently, F'(T) is convex. [J

Example 3.3. Set X =R and K =[0,1]U{1.1}. Define a mapping T : K — K by

o if0<a <],
Tx_{o if v €{1,1.1}.

Then T is GFNE, but it dose not satisfy condition (L). To see this, put
M = ([0,1) x [0,1)) U ([0,1) x {1,1.1}) U ({1, 1.1} x {1,1.1})
and N = {1,1.1} x [0,1). Let z,y € K be arbitrary. If (x,y) € M, then
Tz — T?y| < |z —Tyl.
If (z,y) € N, then
%|x —Tz| < |z — Ty| implies |Tx — T?y| < |z — Ty|.

These imply that T is GFNE. Because 1 € F(T) and |1 — T(1.1)| & ||1 — 1.1], T is not QNE, hence
it dose not satisfy condition (L). It is clear that F(T) is nonempty and conver but not closed, as

T)¢LT(K
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Proposition 3.9. Let K be a nonempty subset of a Banach space X andT : K — K be a generalized
fundamentally nonexpansive mapping with F(T) # 0. Assume also T(K) is convez. Fiz x1 € K and
define a sequence {Tx,} in T(K) by 1 and

Tw, = NP2, + (1= N)Tx, forallnéeN,
where A € (0,1). Then the sequence {||Tx, — u||} is convergent for all u € F(T).
Proof . Fix u € F(T). By Lemma [3.6, we have

1T %011 — ull = [ ATz — u) + (1 = N) (T, — v)|
<A |TP2y —ul| + (1= A) | T2, — ul|
STy —ull + (1= A) | Tz — ull

— | T2, — ul

for all n € N. Thus, {||Tz, — u||} is a bounded decreasing sequence. This completes the proof. [

4. Convergence theorems and fixed point theorems

In this section, we give some convergence theorems and fixed point theorems for generalized
fundamentally nonexpansive mappings.
The following lemmas are useful to prove our main results.

Lemma 4.1. Let K be a nonempty subset of a Banach space (X, ||.||), and let T : K — K be a a
generalized fundamentally nonexpansive mapping whose the range is convex. Fix x1 in K and define
a sequence {Tx,} in T(K) as follows:

Txp1 = NP2, + (1 — \)Tx, for all n €N, (4.1)
where X € [3,1). It is an AFPS for T if the sequence {Tx,} is bounded.

Proof . By the assumption, we have
LT, — Taull < AT20, — Tanll = [ To0i1 — Tay|
for all n € N. Since T is generalized fundamentally nonexpansive, it follows that
| T%xp 1 — T?x,|| < || T2ps1 — Tyl for all n € N.
The above inequality along with Lemma [2.1{ implies 7}1_)1{)10 | Tz, — T?z,|| = 0. Therefore, the proof of

the lemma is completed. [J

Lemma 4.2. Let K be a nonempty subset of a Banach space (X, ||.||) and T : K — X be a generalized
fundamentally nonexpansive mapping. If {z,} is an AFPS for T in K, then the following statements
hold:

(i) If {x,} converges strongly to some uw € T(K), then u is a fized point of T
(i) If {xz,} converges weakly to some v € T(K) and X has Opial condition, then u is a fized point
of T.

Proof . (i) According to Lemma [3.7, we get
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|en — Tul|| < 3|y — Tzy|| + ||zn — u|| for all n € N.

Taking the limit as n — oo, we obtain T'u = u.
(ii) As lim ||z, — T'z,|| = 0, In view of the above inequality, we have
n—o0

liminf ||z, — Tu|| < liminf ||z, — u|| .
n—00 n—00
From this and the Opial condition, we conclude that Tu = u. [J

Theorem 4.3. Let K be a nonempty subset of a Banach space (X, ||.||), and let T : K — K be a
generalized fundamentally nonexpansive mapping whose the range is convex. Assume {Tx,} is the
sequence defined by . If T(K) is compact, then the sequence {Tx,} converges strongly to a fized
point of T'.

Proof . As T'(K) is compact, there is a subsequence {T'z,, } of {Tx,} such that {T'z,, } converges
strongly to some u € T(K). By Lemma [1.1] {Tz,,} is an AFPS for T. So using Lemma (i),
we deduce that u is a fixed point of 7. This along with Proposition [3.9] implies the sequence
{||Tx, — ul|} is convergent. Suppose nhﬁr{.lo |Tx,, —ul| = r. Since kh_}rgo |Tx,, —ul =0, consequently,

r = 0. Therefore, the sequence {T'z,} converges strongly to u. This completes the proof. [J

Theorem 4.4. Let K be a nonempty subset of a Banach space (X, ||.|| with Opial condition, and let
T : K — K be a generalized fundamentally nonexpansive mapping whose the range is convex. Assume
that {Tx,} is the sequence defined by , and T(K) is weakly compact. Then the sequence {Tx,}
converges weakly to a fixed point of T'.

Proof . The weak compactness of T'(K) yields that there exists a subsequence {T'x,, } of {Tx,} such
that {T'z,, } converges weakly to some u € T'(K). According to Lemma 4.1} {Tz,,} is an AFPS for
T. Applying Lemma [4.2(ii), it follows that u is a fixed point of 7. We next show that the sequence
{Tw,} converges weakly to u. Suppose, for contradiction, that there is a subsequence {12, } of
{Tx,} such that converges weakly to some v € T'(K) with u # v. Similarly, one can prove that v is
a fixed point of T'. By the Opial condition and Proposition [3.9] we have

lim || Tz, — u| = liminf ||Tz,, — ul
n—00 k—oo
< liminf ||Tz,, — v
k—oo
= lim inf HTxmj — ’UH
j—00

< lim inf HTmm]. - uH

Jj—o0

= lim || Tz, — v,
n—oo
which is a contradiction. Therefore, Tz, — u as n — oo, and the proof is complete. [

Theorem 4.5. Let K be a nonempty subset of a Banach space X with normal structure, and T :
K — K be a generalized fundamentally nonexpansive mapping. If T(K) is weakly compact and
convezx, then the fixed points set of T' is nonempty and closed. Moreover, if X is strictly convex, then
the fixed points set of T' is convex as well.
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Proof . Using Lemma , Lemma and [0, Proposition 3.5], we deduce that T satisfies condition
(L) on T(K). It follows from Theorem that the fixed points set of T' is nonempty, and by the
part (i) of Proposition we conclude that F(T') is closed. Also, if X is strictly convex, the part
(ii) of Proposition |3.8 implies the convexity of F(T"). O

An immediate conclusion of the preceding theorem and Theorem 3.3.6 of [I] is the following.

Theorem 4.6. Let K be a nonempty subset of a UCED Banach space X, and let T : K — K be a
generalized fundamentally nonexpansive mapping. If T(K) is a weakly compact convex subset of X,
then the fized points set of T is nonempty, closed and convex.

The following example supports the usefulness of our results.

Example 4.1. Let X =R and K =[0,1] U (%, 2]. Define a mapping T : K — K by

|2 f0<x<1
T“’”‘{o if 3 <2<

for all x € K. Then T(K) = [0,1] is a weakly compact convex subset of the UCED Banach space
X, but K is not weakly compact and convex. We also observe that F(T) = [0, 1] and it is closed and
convetz.

We now show that T' is GFNE. In order to see this, let (x,y) € K x K and consider the following

two cases:
Casel. If (z,y) € ([0,1] x [0,1]) U ([0,1] x (£,2]) U ((3,2] x (2,2]), then

|T£L' — T2y| < |3: — Ty’.
Case 2. If (z,y) € (%,2] x [0, 1], then we have the following implication holds.
%‘x — Tx‘ < ‘x — Ty‘ implies ‘Tx — T2y| < |:L‘ — Ty|.

These imply that T is a FNGE mapping. Since 1 € F(T) and 1 =[1-T(3)| £ |1 -3| =3, T is
not QNE, T is FNGE, but it is neither QNE nor satisfying condition (L). We also observe that the
domain of T is neither closed nor convez.
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