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Abstract

In this paper, we establish some common fixed point theorems of a new class of compatible mappings
satisfying an implicit relation via inverse C'-class function.
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1. Introduction and Preliminaries

In 1922, Stephen Banach [5] established a fixed point theorem using Picard iteration known as
“Banach contraction principle”, which is one of important result and it is widely used fixed point
theorem not only in mathematical analysis but also in other related branch of applied Sciences. In
1976, Jungck [9] established existence theorems of common fixed point of two commuting mappings
by extending Banach contraction principle. Sessa [20] introduced a weaker hypothesis than commu-
tativity, called weak commutativity of two mappings and generalized the results of Jungck[9] and
Danes [6]. In 1986, Jungck [10] generalized the notion of commutativity and weak commutativity
by introducing the notion of compatible mappings. Further in 1998, Jungck and Rhoades [12] in-
troduced the weaker form of compatibility named weak compatibility. In 2008, Al-Thagafi et al. [2]
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introduced other weaker form of compatible mappings by introducing notion of occasionally weakly
compatible (in short, owc) and proved that weakly compatible mappings are owe, but converse is
not true in general. On the other hand, many authors also introduced different types of compatible
and non compatible mappings to prove common fixed point theorems (for more details and their
relationship, we refer to Jungck et al. [I1], Pathak and Khan [I7, 1], Pathak et al.[I5], Pathak et
al. [16], Singh and Singh[21], 22] and references therein).

In this paper, we establish the existence of common fixed point theorems for six mappings using
a new class of compatible mappings satisfying with an implicit relation via inverse C-class function.
Let A, B and T be self mappings on a metric space (X, d).

Definition 1.1. [10] A pair (A, B) on a metric space (X,d) is called compatible mappings if

lim d(ABz, BAz,) =0,

n——+o0o

whenever {z,} is a sequence in X such that lim,_, . Az, = lim,_,, Bz, = w, for some w € X.
Definition 1.2. [18] A pair (A, B) on a metric space (X,d) is called A-compatible if

lim d(ABz,BBz,) =0,

n—-+o0o

whenever {z,} is a sequence in X such that lim,_, o Az, = lim,_, - Bz, = w, for some w € X.
Definition 1.3. [18/ A pair (A, B) on a metric space (X,d) is called B-compatible if

lim d(BAz, AAz,) =0,

n—-+00

whenever {z,} is a sequence in X such that lim,_, ., Az, = lim,_, ., Bx, = w, for some w € X.

Definition 1.4. [12] A pair (A,B) on a metric space (X,d) is called weakly compatible if they
commute at their coincidence points i.e., Aw = Bw implies ABw = BAw , for some w € X.

We define the notion of S7-compatible mappings.

Definition 1.5. [7]] A pair (A, B) is said to be compatible w.r.t T (in short, Sy-compatible) if there
exists a sequence {x,} in X such that

lim 7z, =w and lim ATz, = lim BTz, =Tuw,

n—-4o0o n—-+00 n—-+o0o

for some w € X.

Example 1.6. Let X = R with usual metric d(z,y) = |x —y|, for all x,y € X. Define A,B,T :
X—>XasAr =2z, Br =3 —x and Tex =z + 1, for all x € X. Consider a sequence {z,} in X,
where x,, = % +ée,n € Nande, — 0 asn — +o0o, then lim, o Tz, = % = w(say). Moreover,
lim, 400 AT, = lim,,,, o BT x,, = % #+ Tw = 'T% = g On the other hand, let {y,} be a sequence
i X, defined by y, = %, n €N, then lim, s o Ty, =1 =w € X and Tw = 2. Also we have,
limy, 00 AT Yy = limy, 0o BTy, = 2 = Tw. Therefore, the pair (A, B) is Sr-compatible for the
sequence {y,} in X.
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Example 1.7. Let X = [0,00) with usual metric d(z,y) = |v —y|. Define A,B,T : X — X as
Az = x, Bx = 2°, Tx = 3x, for all z € X. Consider a sequence {x,} in X, where x, = %,
n € N. Then lim, , o Tz, = 0 and also lim, . ATz, = lim,_, . BTx, = T0. Moreover, if
{yn} be a sequence in X such that y, — % as n — +oo. Then, lim, . Ty, = 1 = w(say) and
limy, o0 ATy = limy, 0o BTy, = 1 # 3 = Tw. Therefore, the pair (A, B) is Sr- compatible for

the sequence {x,} in X.

We define the above definition for a pair of mappings (A, B) on a metric space (X, d) as follows:

Definition 1.8. A pair (A, B) is said to be S4-compatible if there exists a sequence {x,} in X such
that lim,, ., o Az, = w and lim,,_, ;. AAzx, =lim, ., BAzx, = Aw, for some w € X.

Definition 1.9. A pair (A, B) is said to be Sg-compatible if there exists a sequence {x,} in X such
that lim,, ., o, Bz, = w and lim,,_, ;. ABx, = lim,_, ., BBz, = Bw, for some w € X.

Example 1.10. Let X = [1,00) with usual metric d. Define self mappings A, B: X — X as:

o %—1,$€Dj); gy 31 well2)
4, x € [2,00) r+2, x€200).

Choose x, = 1+ ¢€,, n € N, where ¢, — 0 as n — +oo, then lim,_, ., Bz, = 2 = w(say). Also
lim,, o ABx, = lim, o BBz, =4 = Bw, then (A, B) is Sg—compatible.

Example 1.11. Let X = [1,00) with usual metric d. Define self mappings A, B: X — X as:

sz{L xeﬂﬂ%; B$:{$+L z€[1,2)

3, z€[2,00 iz e [2,00).

Choose x,, = 1+ €, in X such that €, — 0 as n — +oo, then lim,,_, ., Bx,, = 2 = w(say). Moreover
lim, o ABx, = 3 = Bw. Since lim,_, ., BBzx, = Bw = 3 as B is continuous. Then (A, B) is
Sp-compatible.

Proposition 1.12. Let A and B be self mappings of a metric space (X, d).

(1) If (A, B) is compatible (resp. B-compatible) and A is continuous, then the pair (A, B) is Sa-
compatible;

(17) If (A, B) is compatible (resp. A-compatible) and B is continuous, then the pair (A, B) is Sp-
compatible.

Proof . (i) Suppose(A, B) is compatible, then lim, ., d(ABx,, BAz,) = 0 whenever {z,} is a
sequence in X such that lim,,_,., Az, = lim,_,, Bx, = w, for some w € X. By continuity of A, we
have lim,,_,o, AAz, = lim,,_,., ABx, = Aw and consequently, we have lim,,_,., BAx,, = Aw. Thus,
(A, B) is S 4-compatible. Again suppose that (A, B) is B-compatible, then lim,, ., d(BAz,, AAx,) =
0, whenever {z,} is a sequence in X such that lim,,_,., Az, = lim,_,., Bz, = w, for some w € X.
Since A is continuous, then lim,_,. AAx, = Aw. Thus, lim, . AAz, = lim,_ . BAz, = Aw.
Therefore, (A, B) is S4-compatible.

(7¢) Similarly, one can prove as in (7). O

Definition 1.13. [3/ A continuous function K : [0,00) x [0,00) — R is called a C-class function if
for any s,t € [0,00), the following conditions holds:

(1) K(s,t) <s;

(17) K(s,t) = s implies s =0 ort = 0.
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Definition 1.14. [19] A continuous function F : [0,00) x [0,00) — R is called an inverse C-class
function if for any s,t € [0,00), the following conditions holds:

(1) F(s,t) > s

(17) F(s,t) = s implies s =0 ort = 0.

Denote Cj,,, the set of all inverse C-class functions. For more examples on C-class and inverse
C-class functions, we refer to Ansari [3] and Saleem et al.[19].

Definition 1.15. [153] A function ¢ : [0,00) — [0,00) is called an altering distance if ¢ is continu-
ous, non-decreasing and p(0) = 0.

Definition 1.16. [3] A function ¢ : |0, ) [0,00) is called an ultra altering distance if ¢ is
continuous, ¢(t) > 0, for allt > 0 and (0) > 0. We denote ®,, the set of all ultra altering distance
functions.

An implicit relation, which was used by Djoudi[7, [§] is as follows:

Let Ry be the set of all non-negative real numbers and g be the set of all continuous functions
g(t1, ta, ..., t6) : RS — R that satisfies the following conditions:

(g91) : g is non decreasing in variables t5 and t4;

(g2): There exists h € (1,00) such that for every u,v > 0 with

(924) : g(u, v, u,v,u+v,0) >0, or (gap) : g(u,v,v,u,O,u+v) > 0, we have u > hwv;

(g3) : (quOuu)<Of0reveryu>0

_ ta(h+1)

f)x)an}fle 1b17 Define g(t1,tq,....,t6) = 1 — max{tht;t&u’ts“ﬁ}, where h € (1,00).
is obvious;

(92): Let u,v € Ry, for h € (1,00), we have

(924): g(u,v,u,v,u+0,0)=1— % =1- ”Sf:vl) >0, then u > hv;

(920): g(u,v,v,u,0,u+v) =1— max{u”y;fz) el (hjl) >0, then u > vh,

(93): g(u,u,0,0,u,u) = 1—%:1— (h+1)<0 for all u > 0.

Example 1.18. Define g(ti,ta, ..., te) = aty — bty + c(t3 + t4) — min{ts, tste}, where 0 < ¢ < ¢ and
h = a+c > 1.

(g1): It is obvious;

(92): For u,v >0 and h € (1,00), we have

(924):9(u, v, u,v,u+v,0) = au — bv + c(u+v) > 0, then u > hv;

(920): g(u,v,v,u,0,u+v) = au —bv + c¢(u+v) >0, then u > hv;

(93): g(u,u,0,0,u,u) =au —bu=—(b—a)u <0, for all u > 0.

For more examples and fixed point results, we refer to Akkouchi[l] and Djoudi [7), 8] and references
therein. Motivated by Ansari et al.[4], we extend an implicit relation of Djoudi [7, 8] by using the
inverse C-class function.

Let Gc be the set of all continuous functions G(t1, ts, ..., tg) : RS — R satisfying the conditions:
(G1): G is non decreasing in variables t5 and tg;

9): There exists F' € Cjy,, such that for every u,v > 0 with

o) G(u,v,u,v,u+0,0) >0, or (Gyyp) : G(u,v,v,u,O,u +v) >0, we have u > F(v, p(v));

3) : G(u,u,0,0,u,u) <0, for every u > 0.

(G
(G2
(G
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2. Main Results

Theorem 2.1. Let (X, d) be a complete metric space and A, B,P,T,F,L: X — X be self mappings
that satisfy the conditions:

(i) A and B are surjective;

(17) there exists G € Go such that

G(d(Ax, By), d(PFz, TTy), d(Av, PFa), d(By, TTy), d(Ar, TTy)
d(By,P]::L’)) >0
forall x,y € X;
(i11) (B, TZ) is Sa-compatible and (A, PF) is Sg-compatible.
Then A, B, PF and TZ have a common fixed point in X.

Further, if the pairs (A, F), (P,F), (B,Z), and (T,Z) are commuting at common fized points of
A, B, PF and TZ. Then A, B, P, T, F and T have a unique common fixed point in X.

Proof . Let zy € X be an arbitrary. Since A is surjective, there exists 1 € X such that Az, =
TZxy = yo. For x1 € X and B is surjective, there exists xo € X such that Bxy = PFry = y;.
Similarly, we can choose x3,z4 € X such that Azs = TZxe = yo and Bxy = PFr3 = y3. Inductively,
we can construct two sequences {z,} and {y,} in X such that

Yon = ATont1 = TITon; Yont1 = BTonyo = PFTapq1, where n € N
By condition (i7), we obtain
g (d(AxZn—l-l; B$2n+2); d(Pf$2n+1, TI$2n+2), d(A$2n+17 73-7:$2n+1),
d(39€2n+2, TI!L“QnJrz), d(A$2n+1, TI$2n+2), d(3$2n+2, F$2n+1)>
g <d(y2n, y2n+1), d(yan, Z/2n+2), d(me y2n+1), d(y2n+1, y2n+2), d(y2n, y2n+2), d(y2n+1, y2n+1)>

Q(d(yzn, y2n+1), d(yan, Z/2n+2), d(y2n, y2n+1)7 d(y2n+17 y2n+2), d(’y2m y2n+2), O) > 0.

By triangle inequalitY7 we have d(y2n7y2n+2) S d(y2nay2n+l) + d(y2n+1ay2n+2)- Then by (gl)a we
obtain

g (d(yzn, Z/2n+1), d(y2n+17 y2n+2), d(y2n, y2n+1), d(y2n+1, y2n+2),

d(Yon: Yont1) + d(Y2n+1, Yont2), 0) > 0.
By using (Ga,), we obtain
d(Y2n, Yant1) > F<d(92n+1>y2n+2)7W(d(92n+1>yzn+2))>- (2.1)
Therefore,

d(y2n+1 y2n+2) d(y2my2n+1)
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Similarly, we can show that

d(y2n+27y2n+3) d(y2n+1 y2n+2)

Therefore, {d(yn, yn+1)}, where n € N is even or odd, is a monotone decreasing sequence and there
exists 7 > 0 such that lim, o d(Ypn,ynr1) = r. Now we claim that lim, . d(Yn, Yns1) = 0,
otherwise by (2.1)) letting with n — +o00, we obtain

r>F(r,p(r)>r=F(rer)=r=r=0, o ¢r)=0 = r=0.

This is a contradiction. Therefore, lim,, 1 d(Yn,Ynr1) = 0. In order to show {y,} is a Cauchy
sequence in X, it is sufficient to show that subsequence {y,} is Cauchy. Suppose on contrary that
{y2n} is not a Cauchy sequence, then there exists a number ¢ > 0, and integers (2m); and (2n)y
such that (2m), > (2n), > k, for each even integer k satisfying d(y(m),, Y(2n),) > €. Further assume
that (2m) is the smallest even integer greater that (2n)y, for each even interger k, then we obtain

A(Y(2m)p—2: Yn)) < €
By triangular inequality, we obtain

€< d(y(Qm e Y(2n), ) <d( Yem), Yem),— 2) + d(y(Qm)k Zay(2n)k)
<€+ d(Yem)w, Yem)—1) + AYem)—1, Yem)e—2)

Letting limit as & — +00, we obtain
Jm - d(Yem),, Yen,) = € (2.2)
Also by triangular inequality, we obtain
d(y(Qm)ka y(2n)k) Sd(y(2m)k7 y(2m)k+1) + d(y(2m)k+17 y(?n)k—l) + d(y(%)k—ly y(2n)k)-
Letting limit as & — +00, we obtain

6< lim d( 2m k+1ay(2n)k—1) (23)

k——+o0

On the other hand, we obtain

d(y(2m)k+17y(2n)k—1) < d(y(Qm)k-i—lay(Qm)k) + d( Yem),, Yi2n ) + d( Yi2n k7y(2n)k—1)

Letting limit as k — +o00, we obtain

kggloo d(y(2m)k+17y(2n)k—1) <e (24)
From ([2.3) and (2.4)), we obtain
kgfiloo d( 2m)k+17y(2n)kfl) = €. (2~5)

Similarly, by triangular inequality, we obtain

A(Ym)t1: Yen)e-1) <AYEm)r1: Yen)e) + AU, Yen)—1)
<d(Y@m)e+1: Yem)e) + AYem), Yen),) + AWy, Yen)e-1)-
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Letting limit as k& — +oo with (2.2)) and ({2.5]), we obtain

€< m d(yemyn Yen,) < €= M d(yem),1,Yeo,) = € (2.6)

Also, we obtain

d(Ym)+1: Yen)e—1) <AY@m)et1: Yem)) T AYe@m)e Yen)e-1)
<d< Y2m),+1, y(2m)k) + d(y (2m)> Y(2n ) + d( Y(2n)gs y(2”)k—1)‘

Letting limit as k — 400 with (2.2]) and (2.5)), we obtain

e < lm d(Yem)e Yen)-1) < €= 1m d(Yom) Yen)-1) = € (2.7)

k——+oco n—+o0o

Now from condition (i), we obtain

G (AT, 1 Brony,)s APF 1, TT(am, ), (AT @y 1, PFE gy 1), ABan, TTony ),
A(AT ), 1, TTEn,), By PFEGmy41) ) = 0
g (d(y(2m)k> Yan)e—1)s AY@m) 1, Yen),)s AY@m),, Yemyer1), AYen) 1, Yen),)s AYe@m),, Yen,),
d(Yi2n)p—1; y(2m)k+1>> >0
Letting limit as £k — +oo with , , and , we obtain
G(e, €, 0, 0, ¢, €) >0.

This is a contradiction to (Gs) for € > 0. Therefore, {y,} is a Cauchy sequence in X. Since
X is complete metric space, the sequence {y,} converges to a point w € X. Consequently, the
subsequences {Axa,11}, {Bronio}, {PFroni1} and {TZxs,} also converge to w € X.

From (i), (B, TZ) is S4-compatible, we obtain

lim BAzy, 1 = lim TZAzs,, 1 = Aw.
We show Aw = w, otherwise by condition (i), we obtain
g (d(sznH, BAzyni1), d(PFwoni1, TLAT2m11), d(AT2pn i1, PF2on41),
d(BA$2n+1,TIA$2n+1)7d(A$2n+1,TIA$2n+1)7d(BAx2n+17P-F$2n+1)> > 0.
Taking limit as n — 400, we obtain
g(d(w,Aw),d(w,Aw),d(w,w),d(Aw,Aw),d(w,Aw),d(Aw,w)> >0
g(d(w,Aw),d(w,Aw), 0, 0, d(w, Aw), d(w, Aw)) >0,

This is a contradiction to (G3) for Aw # w and hence, Aw = w.
To show that PFw = Aw, by condition (i7), we obtain

G (d(Aw, Baon), d(PFw, TLaay), d(Aw, PFw), d(Bran, TLxan), d(Aw, TIas), d(Baon, wa)) > 0.
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Taking limit as n — 400, we obtain,

G (d(Aw, w), d(PFw,w), d(Aw, PFw), d(w, ), d(Aw, w), d(w, PFuw)) > 0
Q(O, d(PFw, Aw), d(Aw, PFw), 0,0, d(.Aw,P}"w)) > 0.

By virtue of (Gg), we obtain
0> F(d(P}"w, Aw), go(d(P]—"w,Aw))) > d(PFw, Aw)

yields that PFw = Aw.
Also from (ii7), (A, PF) is Sg- compatible, then

lim ABxs, = lim PFBz,, = Bw.

n—oo

We claim that Bw = w, otherwise by condition (i7), we obtain

G <d(AB:c2n, Baon), d(PFBion, TLwsn), d(ABon, PFBiay), d(Biam, TLwan), d(ABan, TIwam),
d(Bzay, PFBxa,)) > 0.

Letting limit as n — 400, we obtain
Q(d(Bw,w), d(Bw,w),d(Bw, Bw), d(w,w), d(Bw, w), d(w,Bw)) >0
Q(d(Bw,w), d(Bw,w),0,0,d(Bw,w), d(Bw, w)) > 0.

This is a contradiction to (G3) for Bw # w and hence Bw = w.
Now, we show that TZw = Bw. From condition (ii), we obtain

G(d(Awsnsr, Bw), d(PFasnsr, TTw), d(Avanss, PFaansn), d(Buw, TTw), d(Avsnsr, TTw),
d(Bw,PFx2n+1)) > 0.
Letting limit as n — 400, we obtain
g(d(w, Buw), d(w, TTw), d(w, w), d(Bw, TTw), d(w, TTw), d(Buw, w)) >0
G (o, d(Bw, TTw),0,d(Bw, TTw), d(Bw, TTw), o) >0
By virtue of (Ga,), we obtain
0> F<d(Bw, TIw), @(d(Bw,TIw))) > d(Bw, TZw)
yields TZw = Bw. Thus Aw = Bw = PFw = TZw = w.
Further, suppose that (A, F), (P,F), (B,Z), and (T,Z) are commuting at common fixed points
of A, B,PF and TZ. From the pairs (A, F) and (P, F), we obtain

AFw =FAw = Fw and PFFw = FPFw = Fw,where PFw = w.
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We show Fw = w. For this, from condition (i7), we obtain

G (d(Afw, Buw), d(PFFw, TTw), d(AFw, PFFw),dBw, TTw), d(AFw, TTw),
A(Buw, PFFw)) > 0
Q(d(}"w,w),d(]—"w,w),d(fw,]—"w),d(w,w),d(]—“w,w),d(w,]—"w)) >0
g(d(fw,w),d(fw,w),o,o,d(fw,w>,d(fw,w)) > 0.

This is a contradiction to (G3) for Fw # w and hence Fw = w. Consequently PFw = w yields
Sw = w. Therefore Fw = Pw = w. Also from the pairs (B,Z) and (7,Z), we obtain

BZw =IZBw = Tw and TZZw = T Zw = Zw, where TZw = Bw = w.
Now, we show Zw = w. Let on contrary, then by condition (i), we obtain
G(d(Aw, BTw), d(PFuw, TTTw), d(Aw, PFw),d(BTw, TTTw), d(Aw, TTTw),
d(BIw,P]—"w)) >0
g(d(w,zw),d(w,zw),d(w,w),d(zw,zw),d(w,zw),d(zt,t)> >0
Q’(d(w,Iw), d(w,Zw), 0,0, d(w, Zw), d(Zw,w)) > 0.

This is contradiction of (G3) for Zw # w and hence Zw = w. Consequently 7Zw = w yields Tw = w.
Therefore Tw = Zw = w. Thus, A, B, S, T, F and Z have a common fixed point in X.

For the uniqueness, suppose w* € X is an another fixed point of A, B, P, T, F,Z such that w # w*.
By condition (i7), we obtain

G (d(Aw, Buw*), d(PFw, TTw"), d(Aw, PFw), d(Bw*, TTw*), d(Aw, TTw*),
d(Bw*,P]-"w)) >0
G(d(w,w), d(w,w), 0, 0, d(w,w"), d(w,w)) > 0.

This is a contradiction to (G3) for w # w* and hence w = w*. O

Corollary 2.2. Let (X,d) be a complete metric space and A, B,P,T : X — X be self mappings that
satisfy the conditions:

(i) A and B are surjective;
(77) there exists G € Go such that

G (d(Ax, By), d(Pz, Ty), d(Az, Px), d(By, Ty), d(Az, Ty), d(By, m«)) >0

forall x,y € X;
(1ii) (B, T) is Sa-compatible and (A, P) is Sg-compatible.
Then A, B, P and T have a unique common fized point in X .

Proof . Follows from Theorem by taking F = Z = Ix (an identity mapping of X). O
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Theorem 2.3. Let (X, d) be a complete metric space. Suppose A, B, P, T : X — X be self mappings
that satisfy the conditions:

(1) A and B are surjective;

(17) there exists G € Go such that

G(d(Av, By), d(Px, Ty), d(Axv, Px), d(By, Ty), d(Az, Ty), d(By, Pz)) = 0

forallz,y € X;
(7ii) (A, P) is Sa-compatible and (B, T) is Sg-compatible. Then A, B, P and T have a unique
common fized point in X.

Proof . As in Theorem for any zy € X we define two sequences {z,} and {y,} in X such that
Yon = Axony1 = T, and Yo, = Bropio = Pxosi1, where n € N. Following the same step as
in Theorem [2.1], one can show that {y,} is a Cauchy sequence in X. The sequence {y,} converges
to a point w € X as (X, d) is complete. Consequently, all the sub sequences {Azy,11}, {Brania},
{Pzons1} and {Tx9,} converge to w € X.
Form (7i1), (A, P) is Sa-compatible, then

lim .AAIEQTL_H = lim PA$2n+1 = Aw.
n—o0 n—oo

We show that Aw = w. From condition (i7), we obtain

g <d(¢4¢4932n+1, Boni2), d(PAxops1, Txons2), d(AATs 11, PAT,11), d(Bronto, T Ton2),
d(AAzn 11, Tront2), d(Bran,a, 7)«4372n+1)) > 0.

Letting limit as n — 400, we obtain

g(d(Aw,w),d(Aw,w),d<Aw,Aw),d<w,w),d(Aw,w),d(w,Aw)) >0
g(d(.Aw,w), d(Aw,w), 0,0, d(Aw, w), d(w,.Aw)) > ().

This is a contradiction to (Gsz) for Aw # w and hence Aw = w. Now we claim that Sw = Aw,
otherwise from condition (iz), we obtain

G (d(Aw, Bra,), d(Pw, Tz, d(Aw, Pw), d(Bran, Taan), d(Aw, Tazn), d(Bian, Pw)) > 0.
Letting limit as n — 400, we obtain
g(d(Aw,w),d(Pw,w),d(Aw,Pw),d(w,w),d(Aw,w),d(w,Sw)) >0
g(o,d(Pw,Aw),d(Aw,Pw),0,0,d(Aw,Pw)) > 0.

This is a contradiction to (Ggp) for Pw # Aw and hence Pw = Aw = w.Also, from (éii), (B,T)
is Sg-compatible, then

lim BBxo,o = lim T Bro,1o = Bw.
n—o0 n—oo
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We show that Bw = w, otherwise by condition (ii), we obtain

G (d(Aw, BBions), d(Pw, TBanss), d(Aw, Pw), d(BBaansa, TBronss), d(Aw, TBronss),
(BB o, Pw)) > 0.

Letting limit as n — 400, we obtain
G (dw. Bw). dw, Bw).d(w, w), d(Buw, Bu), d(w, Bw),d(Buw,w)) =0
Q(d(w,Bw), d(w, Bw), 0,0, d(w, Bw), d(Bw, w)) > 0.
This is a contradiction to (Gs) for Bw # w and hence Bw = w. Again by condition (ii), we obtain

g<d(Aw, Bw),d(Pw, Tw),d(Aw, Pw), d(Bw, Tw), d(Aw, Tw), d(Bw,Pw)) >0
Q(O,d(w,Tw),O,d(w,Tw),d(w,Tw),()> >0,
By (Ga,), we obtain that 0 > F(d(w,Tw),gp(d(w,Tw))) > d(Pw,w) yields Tw = w. Conse-

quently Bw = Tw = w. Thus Aw = Bw = Pw = Tw = w. Uniqueness of common fixed point can
be proved as in Theorem O

Example 2.4. Let X = [0, 12] with usual metric d(x,y) = |x —y|. Define A,B,P,T : X — X as:

5 0<z<6 2z, 0<x<6
Ap =70 7 =" . Br={8 (<z<12;
z, 6<xr<12
12, x=12
5, 0<2<6 5, 052 <6
Pr=<¢6, =6 ;o Tx=4¢6, =6
0, 6<ox<12 3, 6<zx< 12

Clearly, A and B are surjective. Let {x,} be a sequence in X, where z, = 6—1—% > 06, foralln € N
such that x,, — 6 as n — 4+o00. Then, lim,_, . AAx, = lim,_, . PAx, = Aw, where Az, — 6 = w
as n — +oo. Further, lim, ... BBx, = lim, . . TBx, = Bw, where Bz, — 6 = w as n — +00.
Therefore, the pairs (A, P) and (B,T) are respectively S- and Sg-compatible. Setting F(s,t) = hs
and G(t1,ta, ..., t6) = 1 — ta(ht1) where h € (1,00). Then F € Cyy,, and G € Go. Taking

maX{tl,tQ,tg,t4,t5+t6}7
with h = %, we have the following cases:
Case-1: For all z,y € [0,6), we obtain

h+1
(;)!w—y!

3
=§|x —y| < 2]z —y| = |Az — By

(h+1)d(Pz, Ty) =(h+1)|Px — Ty| =

< max (d(Az, By), d(Pa, Ty), d(Av, Px),d(By, Ty), d(Ar,Ty)+ d(By, Px)).
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Case-2: For all x € [0,6) and y = 6, we obtain
3
(h+1)d(Pz, Ty) =(h+1)|Pz —T6| = §|x — 6|

<2l — 6] = [Ar — Byl
< max (d(Av, By), d(Pz, Ty), d(Av, P),d(By, Ty), d(Az,Ty)+ d(By, Px)).

Case-3: For all x € [0,6) and y € (6,12), we obtain

0<3|5-3/<9,3<22—-3]<9and3 < \y;G — 51 <9. Consequently, we obtain

x y+6 =z
3= —3|<9=3+3< 2z —3|+|—— — =

Furthermore, we obtain

(h+1)d(Pz, Ty) =(h+ 1)|Pz — Ty| = 3% 3]

y+6 =
<or—3 4122
<|2x — 3| + | ) )
=d(Azx, Ty) + d(By, Px)

< max (d(Az, By), d(Px, Ty), d(Av, Px),d(By, Ty), d(Ar,Ty)+d(By, Px)).

Case-4: For all x € [0,6) and y = 12, we obtain

(h+ (P, Ty) =35 — 3 = Sl —6
<L)z — 6| = |2z — 12| = | Az — By|
< max (d(Az, By), d(P, Ty), d(Az, Px), d(By, Ty), d(Az,Ty)+d(By, Pz)).

Case-5: For all v € (6,12) and y = 12, we obtain

(h+ 1)d(Pz, Ty) =30 — 3] = 9
<max(|r —12|,3,|z|,9, |z — 3] + 12)

= max (d( Az, By), d(Px, Ty), d(Av, Px), d(By, Ty), d(Az,Ty)+d(By, Px)).
Combining all cases for all x,y € X, we obtain
(h+ D)d(Pe, Ty) <max (d(As, By), d(P, Ty), d(Az, Px), d(By, Ty),

d(Az, Ty) + d(By, Px)) = Qz.y)(say)
= G(d(Ax, By), d(Px,Ty), d(Az, Pz),d(By, Ty),d(Az, Ty) + d(By, Px))
h+ 1)d(Pz, Ty)
Q(z,y) -

where, Q(z,y) # 0. Thus all the conditions of Theorem are satisfied and hence, x = 6 is a unique
common fized point of A, B, P and T.

S

e
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Theorem 2.5. Let (X, d) be a complete metric space. Suppose A, B, P, T : X — X be self mappings
that satisfy the conditions:

(1) A and B are surjective;

(17) there exists G € Go such that

G(d(Ax, By), (P, Ty), d(Ax, Px), d(By, Ty), d(Az, Ty), d(By, Pz)) = 0

for all x,y € X. If either one of the following holds:

(a) (A, P) is Sg-compatible and (A, P) is weakly compatible;
(b) (B, T) is Sa-compatible and (B,T) is weakly compatible.
Then A, B, P and T have a unique common fixed point in X .

Proof . As in Theorem for any zp € X we define two sequences {z,} and {y,} in X such that
Yon = Axony1 = Txo, and Yo7 = Broyio = Swoni1, where n € N. Following the same step as
in Theorem [2.1], one can show that {y,} is a Cauchy sequence in X. The sequence {y,} converges
to a point w € X as (X, d) is complete. Consequently all the sub sequences {Aza,.1}, {Brani2},
{Pxons1} and {Txs,} converge to w € X.

To prove A, B,P and 7 have a common fixed point, it arises the following two cases:

Case (i): Form (a), (A, P) is Sg-compatible, then

nh_{go ABxo, 0 = 7}1_)1(120 PBro, 2 = Buw.
From condition (ii), we obtain
G(A(ABan 12, Bran ), d(PBrznsa, Tansz), d(ABTan sz, PBran 2),
d(Bonsz, Taonss), d(ABonsa, Taamss), d(Braonso, PBx2n+2)> > 0.
Letting limit as n — 400, we obtain
Q(d(Bw,w), d(Bw, w), d(Bw, Bw), d(w,w), d(Bw,w), d(w, Bw)) >0
G(d(Buw,w), d(Bw,w),0,0,d(Bw, w), d(w, Buw)) > 0.

This is a contradiction to (G3) for Bw # w and hence Bw = w. Now we claim that Tw = Buw,
otherwise from condition (iz), we obtain

G(d(Awsn, Buw), d(Py, Tw), d(Avsn, Pry), d(Buw, Tw), d(Avsy, Tw), d(Bw, Przy)) > 0
Letting limit as n — +o0, we obtain
G(d(w, Buw), d(w, Tw), d(w,w), d(Bw, Tw), d(w, Tw),d(Bw, w)) >0
g(o, d(Bw, Tw),0,d(Bw, Tw), d(Bw, Tw), o) > 0.

This is a contradiction to (Gy,) for Bw # Tw and hence Bw = Tw = w. Since A is surjective
and Bw = w, then there exists u € X such that Bw = Au = w. We claim that Au = Pu. For this,
from condition (7i), we obtain

G (d(Au, Buw), d(Pu, Tw), d(Au, Pu), d(Bw, Tw), d(Au, Tw), d(Buw, Pu)) >0
Q(O, d(Au, Pu), d(Au, Pu), 0,0, d(Au,Pu)) > 0.
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By virtue of (Gg), we obtain that 0 > F(d(Au,Pu), gp(d(Au,Pu))) > d(Au, Pu) yields Au =

Pu = w. Suppose the pair (A, P) is weakly compatible, then APu = PAu i.e., Aw = Pw. We show
that Aw = w, otherwise from condition (i7), we obtain

G (d(Aw, Baay), d(Pw, Taan), d(Aw, Pw), (B, Ton), d(Aw, Twan), d(Bon, Pw)) > 0.
Letting limit as n — 400, we obtain
Q(d(Aw, w), d(Pw,w), d(Aw, Pw), d(w, w), d(Aw, w), d(w,Pw)) >0
Q(d(Aw, w), d(Aw,w), 0,0, d(Aw, w), d(Aw, w)) > 0.
This is a contradiction to (G3) for Aw # w and hence Aw = Pw = w. Therefore, Aw = Bw =
Pw=Tw=w.
Case (ii): Form (b), (B,T) is Sa-compatible, then

lim BAzg,.1 = lim T Azxg,, 1 = Aw.
n—oo

n—oo

From condition (i7), , we obtain

g (d(ADCQnH, BAI2n+1)7 d(P$2n+1> TAZE2n+1), d(A372n+17 73$2n+1),
d(BAwon i1, T ATany1), d(Ax, T ATon 1), d(BAZ, 41, Px2n+1)> > 0.

Letting limit as n — 400, we obtain
g(d(w,Aw),d(w,Aw),o,o,d(w,Aw),d(Aw,w)) > 0.
By (Gs), we obtain Aw = w. Further from condition (i7), we obtain
G (d(Aw, Bitonss), d(Pw, Tonss), d(Aw, Pw), d(Baansa, Tanis), d(Aw, Tronss),
A(Brsnsz, Pw)) = 0.
Letting limit as n — 400, we obtain

g(d(O,d(Pw,w),d(w,’Pw),O, O,d(w,Pw)) >0,

By G), we obtain that 0 > F(d(Pw, w), e(d(Pw, w))) > d(Pw,w) yields Pw = w. Therefore

Aw = Pw = w. Since B is surjective and Aw = w, there exists u € X such that Aw = Bu = w. To
show Bu = Tu, from condition (ii), we obtain

G (d(Aw, Bu), d(Pw, Tu), d(Aw, Pw), d(Bu, Tu), d(Aw, Tu), d(Bu, Pw)) >0
Q(O, d(Bu, Tu),0,d(Bu, Tu),d(Bu, Tu), 0) > 0.
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By (Ga,), we obtain that 0 > F(d(Bu, Tu), gp(d(Bu,’Tu)) > d(Bu, Tu) yields Bu = Tu. Since
(B, T) is weakly compatible, BTu = T Bu i.e., Bw = Tw. By condition (ii), we obtain

G <d(Aw, Buw), d(Pw, Tw), d(Aw, Pw), d(Bw, Tw), d(Aw, Tw), d(Buw, Pw)) >0
g(d(w,Bw),d(w,Bw),o,o,d(w,Bw),d(Bw,w)> >0,

By (Gs) it leads to obtain Bw = w and hence Bw = Tw = w. Therefore, Aw = Bw = Pw =
Tw = w. Thus we conclude from Case (i) and (ii) that A, B,P and T have a common fixed point
in X. Uniqueness of common fixed point can be proved as in Theorem 0
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