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Abstract

The main purpose of this paper is to study and investigate some results of right I'-n-derivation on
prime ['-near-ring G which force G to be a commutative ring.
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1. Introduction

Throughout this paper, a I'- near ring is a triple (G, +,T"), where (i) (G, +) is a (not necessarily
abelian) group; (ii) I is a non-empty set of binary operations on G such that for each v € T, (G, +,7)
is a left near-ring (iii) sy(rpc) = (syr)uc, for all s,r,c € G and v, € ' [5,[7,§]. And G will denote
a zero—symmetric left I'- near ring with multiplicative center Z(G). For a I'-near-ring G, the set
Go={s € G:0ps=0,Yp e} is called zero symmetric part of G. If G = G, then G is called zero
symmetric [8 O]. A D-near-ring G is said to be prime I'-near-ring if sI'GI'r = 0 implies s = 0 or
r = 0, for every s, € GG and it said to be semiprime if sI'GI's = 0 implies s = 0 for every s € G
[7,8]. The other commutators are; [s, 7], = spr—rps and (s,r) = s+r—s—r denote the additive-group
commutator [I, 9]. T-near-ring G is called commutative if (G, +) is abelian [2, [3].

An additive mapping h: G X G X -+ x G — G is said to be I'-n-derivation if the relations

h(:xlvx/l,xg, cesy) = h(xy, 0, . .. ,xn)vx; + [El’}/h(ﬂf;,$2, cey )

W@y, oy Ty, - . . Tn) = h(@1, Tay - . ., T )Yy + Toyh(Ty, Ty, . .., T)

h(xy,za,. .. ,xn’yx/n) = h(xy, z2,. .. ,xn)fy:t;1 + xzpyh(xy, 2o, .. 2p)
Hold for all 2y, 27, 29, 25, . .. ,xn,x;l eq.
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An n-additive mapping o : G X G x --- x G — G is said to be right I'-n-derivation if the

n—times
relations
Ma1yEy, Ta, o Tn) = h(@1, Tas - . ., )Yy + B(T), Tas - o o, T )Y
h(z1, xﬂx;, ooy Ty) = h(xy, 2, . ,xn)vx; + h(zq, x;, ey Ty )Y
h(zy,xa, . .. ,:Bn'y:v;) = h(z1, 2o, . .. ,a:n)vx;l + h(xy, 29, ., T )Yy

Hold for all 2,2}, 29,25, ..., 2n, 2, € Gand vy € T

In this work, we defined the concept I'-n-derivation and right I'-n-derivation. Also we investigate
the commutativity of addition and multiplaction of I'-near-rings satisfying certainidentities involving
right I'-n-derivation. And the purpose of this paper is to study and generalize some results of
1, 2, B, 4, 5] on commutativity of prime I'near-ring on which admits suitably constrained right
['-n-derivations.

2. Preliminary results

We begin with the following lemmas which are essential for developing the proofs of our main
results
Lemma 2.1.[5 8] . Let G be a prime I'- near ring. there exists a element u of Z(G) such that
u+u € Z(G), then (G, +) is abelian.
Lemma 2.2. Let G be a I'-near-ring admitting right I'- n-derivation h, then for every sy, s), ..., 8,,7 €
G and v, 0 €T,

{h(Sb 525 . 7871,)75/1 + h’(Sllﬂ 825 .-, STL)VSI}BT - h(slu 8§25+, SH)IYSIIBT + h<5/17 525 .- 78n)781/8r
Proof . Assume that
h((81’78l1)5T7 82y - 7871) = h(SI’YS/D 8§25 ..+, Sn)ﬁr + h(?”, 8§25 - 78n)6(8178/1>
= (h(Sb 52, ... 7Sn)75/1 + h(‘s/l? 52, ... 7Sn)781)ﬁ,r + h(rv 52, ... 7Sn)5(8178/1)'
Also

h(s17(8187), 89,y 80) = h(S1, 82, -+, 80) Y51 BT + h(s187, 59, .., $,)751
= h(s1, S2, . .. ,sn)fysllﬁr + (h(sll, Soy ..y Sp) BT+ h(r, s9, ... ,sn)ﬂs/l)’ysl
= h(Sh 52y . 7871)78/15T + h(sllv 8§25+ SH)BT781 + h(’f‘, 82y, Sn)ﬁsllfysl

Combining the above two relations, we get

(h(sh 82544, Sn)’ysll + h(‘S’l? 525 .- 7371)781)67" - h(817 852y - 7871)78,1/87“ + h(slh 82y Sn),yslﬁr

O
Lemma 2.3.2.3 Let GG be a prime I'- near-ring admitting a nonzero right I'-n-derivation h of G' and
a€G. If h(G,G,...,G)ya = {0}, then a = 0.
Proof . Suppose that h(zy,xs,...,2,)ya =0, for all 1, 29,...,2, € Gand vy €T .

Putting x15s instead of x; where s € G and € I' in pervious equation we get h(z15s, xa, ..., T,)va =
0. So we get h(s,xa,...,2,)[[GT'a = {0}. Since h # 0 and G is a prime I'-near-ring, we conclude
that a = 0. O
Lemma 2.4. Let G be a prime [-near-ring and let h be a nonzero right [-derivation of G' and
a € G. If h(G)ya ={0}, then a = 0.
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3. Main results

Theorem 3.1. Let G be a prime I'-near-ring and h be a nonzero right I'-n-derivation of G. If
hMG,G,...,G) C Z, then G is a commutative ring.
Proof . Sinceh(G,G,...,G) C Zand h is a nonzero right I'-n-derivation, there exist nonzero ele-
ments x1,Zs, ..., T, € G, such that h(zy,xe,...,2,) € Z\ {0}. We have h(xy + z1,29,...,2,) =
h(xy, o, ..., x,) + h(x1,29,...,2,) € Z. By Lemma 2.1 we obtain that (G,+) is abelian.

By hypothesis we get h(y1, Y2, .-, Y)Yy = yvh(y1, 92, ..., Yn), for all y,y1,vys2,...,y, € G and
~v € I'. Now replacing y; by y18s where s € Gin previous equation, we get

(h’(yla Y2, .- 7yn)ﬁs + h(37 Yo, .- ayn)ﬁyl)ﬂyy = yr)/(h<yla Y2, - ayn)ﬂs + h’($> Y2, - yn)ﬁyl) (1)

By definition of h we get h(yl/By,lv Y2, .- - ayn) - h(yb Y2, ayn)/Byll + h(y/h Y2, . .- 7yn)ﬁy1 (2)

Thus h(yllﬁylv Yo, .. 7yn) = h(yllv Yo, .- 7yn)5y1 + h(yla Y2, .- 7yn)/6y/1 (3)
Since (G, +) is abelian, from equation (2) and (3) we conclude that

h(?/lﬁyll’ Y2, ... 7yn) = h(yllﬁylv Y2, ... >yn)

for all y1,9;,v2,...,yn € G and B €T

So we get h([y1, ¥1)g, Y2, - - -, Yn) = O for all y1, 41,92, ..,Yn € G and B €T

Replacing y; by y17y, in previous equation and using it again, we get h(y1,¥a, - - ., ¥n) TG [y1, ¥1]5 =
{0} for all yy,yy, 42, ..., yn € G.

Primeness of G implies that for each y; € G. either h(yy, ya,...,y,) =0 for all yo,...,y, € G or
y1 € Z. If h(y1, 4o, - - -, yn) = 0, then equation (1) takes the form h(y,ys, ..., y) TG [y, v1]8 = {0}.
Since h # 0, primeness of GG implies that y; € Z. Hence we find that G = Z, we conclude that G is
a commutative ring. [
Corollary 3.2. Let G be a prime I'- near-ring and h be a nonzero right I'-derivation of G. If
h(G) C Z, then G is a commutative ring.
Theorem 3.3. Let G be a prime I'-near-ring then G admit no nonzero right I'-n-derivation h such
that z1vh(y1, Y2, - - -, Yn) = h(x1, 20, ..., 2) Y1, for all xy, 29, ..., 20, Y1, Y2, .., yn € G and v € T,
then h = 0.
Proof . Assume that there is a nonzero right [-n-derivation h of G such that x1vh(y1, 92, ..., Yn) =
h(xy, 2o, ..., x0)y00, for all Xy, 29, ..., Zn,y1,Y2, ..., yn € Gand vy €' (4).

Substituting y; 521 for y;, where z; € G in equation (4), we get

$17h(y15217 Ya, - - 7yn) - h<x1a T, ... 7xn)7y1521'

Thus, z17h(Y1, Y2, - - -, Yn) 821 + T1Yh(21, Yo, - - -, Yn) By1 = h(x1, Tay . .., Tp) VY1821

Using equation (4) in previous equation we get x1vh(z1, Y2, - .., Yn)By1 = 0.

By primeness of G implies that h(zq1,ya,...,y,)By1 = 0. Now replacing y; by y1vh(21, Y2, -, Yn)
in previous equation we get h(z1,ys,...,yn)'GTh(z1, Y2, . .., y,) = {0}.Since G is prime I'-near-ring
implies that A = 0. [J
Corollary 3.4. Let G be a prime I-near-ring and h be a right I'-derivation such that xyh(y) =
h(z)yy for all x,y € G and v € ', then h = 0.

Theorem 3.5. Let G be a prime I'- near-ring admitting a nonzero right I'-n-derivation h on G. If
h([z,yly, x2,...,z,) =0 forall x,y,zs,...,2, € G and v € I then G is a commutative ring.

Proof . By hypothesis, we have h([z,yl,,x2,...,2,) = 0 for all z,y,xs,...,2, € G and v €
I'. Replace y by zfy in previous equation and using it again we get h(z,zo,...,x,)0[z,y], =
0. Replacing y by yuz in pervious equation , we get h(xz,xq,...,z,)u[z, 2], = 0 Hence we get
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h(x,xa,...,2,) Gz, 2], = {0}. For each fixed z € G, primeness of G yields either z € Z or
h(z,zy, ..., x,) = Ofor all zo,...,2,G (5).

If first case holds then

h(zvt, zo, ..., x,) = h(tyz, 29, ..., x,), for all t,z9,... 2, € G and v € I

h(z,zg,...,xn)yt + h(t,xq, ..., xn)yx = h(t, xa, ..., xn)yT + h(T, 29, . .., T,

Its mean h(x, s, ..., x,) € Z. And second case implies h(x, s, ..., x,) = 0 thatis h(z,zq,...,2,) =
0 € Z. Including both the cases we get h(z,xs,...,2,) € Z for all z,xs,...,2, € G. That is
hG,G,...,G) C Z, Hence, by Theorem 3.1 then G is a commutative ring. [
Corollary 3.6. Let G be a prime ['-near-ring admitting a right I'-derivations h, If h([x,y]r) = 0 for
all z,y € G, then G is a commutative ring.
Theorem 3.7. Let G be a prime ['-near-ring and h be a no nonzero right I'-n-derivation on G such
that h((x oy),, xa,...,2,) =0 for all z,y,zs,...,2, € G and v € I then G is commutative ring.
Proof . Assume that h((zoy),,x2,...,z,) =0forall z,y,2s,...,2, € Gand y €'  (6).

Replace y by zfy in equation (6) we get h((x o (zyy)),,Z2,...,2,) = 0 Which implies that
h(x, xa,...,2,)B(x0oy) v + h((x oY)y, 22, ..., 2,) Bz = 0.

Using equation (6) in previous equation we get h(z, zs,...,x,)B(x o y), = 0.

h(m,xg,...,xn)ﬁy7x= —h($,$27...,$n)6$’7y (7>

Replacing y by yuz, where z € G, we get h(x,za, ..., x,)Byuzye = —h(x,za, ..., x,) Bryypz.
Now substituting the values from equation (7) in the preceding relation we get

h(x,za, ..., x,)Bypzye = —h(x, za, ..., x,) Byyyxpz
Hence we get h(z,xs, ..., 2,)I'GT'[x, 2], = {0}. Since G is a prime I'-near-ring we get either x € Z or
hz,xs,...,x,) =0 for all x9,...,x, € G, for each fixed x € G.
Which is identical with the equation (5) in Theorem 3.5 Now arguing in the same way in the
Theorem 3.5 .We conclude that GG is a commutative ring. [
Corollary 3.8. Let G be a prime I'-near-ring and let A be a no nonzero right I'-derivation on G
such that h(x oy), =0 for all z,y € G and v € I then G is a commutative ring.
Theorem 3.9. Let G be a prime [-near-ring admitting a right ['-n-derivation h of G. If
[h(x,xa,...,20),y]y € Z for all x,y,z9,...,2,G and v € I" and cyzfy = cfayy for all ¢, z,y € G
and v, 5 € T', then G is a commutative ring.
Proof . Assume that [h(z,zo,...,2,),y|, € Z for all z,y,2s,...,2, € Gand y €' (8).
Therefore, [[h(z, z2,...,22), Y|y, tlg =0 for all z,y,t,29,...,2, € Gand v, €T (9).
Replacing y by h(z,zs, ..., z,)uy in equation (9) , we get

(h(x, xq, ..., x)puh(2, 22, ..., T0), Yy, t]g =0 (10)
In view of equation (8), equation (10) assures that
Wz, z2, ..., 20), YYD G [R(x, 22, . . ., x), t]g = {0}

Primeness of G implies that [h(z, z2,...,2,),yl, =0 for all z,y,zs,..., 2, € G.
Hence h(G,G,...,G) C Zand application of Theorem 3.1 assures that G is a commutative ring.
O
Corollary 3.10. Let G be a prime I'-near-ring and let h be a right I'-n-derivation of G. If [h(x),y], €
Z for all z,y € G, then G is a commutative ring.
Theorem 3.11. Let GG be a prime ['-near-ring, h; and hy be any two nonzero right I'-n-derivations.
If [m(G,G,...,G),h(G,G,...,G)|, = {0} then (G, +) is abelian.
Proof . Assume that [h(G,G,...,G), ha(G, G, ..., G)], ={0}.
If both z and z 4+ z commute element wise with hyo(G, G, ..., G), then
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2yho(x1, o, . .. xy) = ho(x1, T2, ..., xy)y2z  (11)
And (z + Z)’}/hg(fﬁl,/l'g, cos ) = ho(xy, e, .. x)Y(2 + 2) (12).
Substituting =1 + ; instead of x; in equation (12), we get
(z + 2) Yho(zy 4+ ), Ty ..., Tp) = ho(xy + 27, 20, ..., 20y (2 + 2)
From equation (11) and (12) the previous equation can be reduced to
yhy(my + 2y — 2y — ), T, ..., xy) = 0. (ice.) zyho((21,2)), 29, .., 2,) =0

Putting z = hy(y1, Y2, - - -, Yn), We get hl(y/l, Yo, -+ yn)Yha (21, 2)), T2y ..., ) = 0.
By Lemma 2.3 we conclude that ho((x1,2),22,...,2,) =0  (13).
Since we know that for each w € G,

wy(zy, ) = wy(z) + o) — 11 — 7)) = wyT) + wyTr) — WwyT, — Wy, = (WyTy, wyr))

Which is again an additive commutator. Putting wy(zy,z;) instead of (21, ;) in equation (13) we
get ho(wy(xl,2)), T, ..., 2,) =0, for all w, 1,2, 29, ..., 2, € G and v € T. i.e.;

ho(w, o, . .., xp)y(w1, 7)) + ha((w1, 7)), 22, . .., ) yw = 0

Using equation (13) in previous equation yields ho(w, o, .. ., 2,)y(z1, 2;) = 0.

Using Lemma 2.3 we conclude that (z1,2;) = 0. Hence (G, +) is abelain. [J
Corollary 3.12. Let GG be a prime ['-near-ring and h, hy be any two nonzero right I'-derivations.
If [h1(G), h2(G)], = {0} then (G, +) is abelian.
Theorem 3.13. Let G be a prime [-near-ring and h; and hy be any two nonzero right I'-n-
derivations. If hy(z1,xa,. ..., x0)Yha(Y1, Y2, -, Yn) + ho(x1, 22, ..., 20) Y1 (Y1, Y2,y - - -, Yn) = O for all
L1, 22, oy Tpy Y1, Y2, - - - Yn € G and v € T', then (G, +) is abelian.

Proof . By our hypothesis we have

hi(x1, o, .o x0) YR (Y1, Y2, - -y Yn) + ha(x1, T2y ooy 2) YR (Y1, Yoy - -+, Yn) =0 (14)
Substituting y; + y; instead of y; in equation (14) we get

ha (@1, @2, - ) Vo (Y1 + Y1, Yo, -y Yn) + fl2(xlax27 s m) Y (4 Yy Y2, - ye) = 0, for all
T1, T2y Ty Y1, Y1, Y2y -, Un € Gand y € T

.Therefore

hl(xlwav ce 7xn)7h2(y17y27 oo 73/71) + h1<£€1,$2, o 71.71)7}12(3/173/27 v ,yn) +
h2('r17x27 tt 7'Tn>ryh1(y17y27 AR 7yn) + h2(x17:627 R 7xn)7h1(y17y27 R 7yn) = 0

Using equation (14) again in preceding equation, we get

hl(SE’l,QZQ,...,xn)’}/hg(yl,yQ,...,yn)+h1($’1,$2’.. xn)th(yby?’“'ayn)—i_
ha(@1, 2,y wn)vha(=y1, Y2, - Yn) + ha (@1, 22, - xn)vhz( Y1,Y2, - Yn) =0

Which means that hi(x1, zo, .. a:n)'yhg((yl, Y)s Y2y Yn) = 0.

By Lemma 2.3 we obtain hQ((yl,yl) Yo, ...,yn) =0, for all y1,9;,v2, ..., %, € G and v € . Now
putting wy(y1, ;) instead of (y1,,), Where w € G in prev1ous equation and using it again, we get
ho(w, ya, - .., yn)Y(y1, y,) = 0, for all w, y1, Y1, Y2, - -, yn € G and v € I'. Using Lemma 2.3 as used in
the Theorem 3.11 we conclude that (G, +) is abelain. [J
Corollary 3.14. Let G be a prime I'-near-ring and h, hy be any two nonzero right I'-derivations.
If hy(x)yha(y) + ho(x)vhi(y) = 0,for all z,y € G, then (G, +) is abelian.
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