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Abstract

The aim of this article is to study the dynamical behavior of an eco-epidemiological model. A prey-
predator model comprising infectious disease in prey species and stage structure in predator species
is suggested and studied. Presumed that the prey species growing logistically in the absence of
predator and the ferocity process happened by Lotka-Volterra functional response. The existence,
uniqueness, and boundedness of the solution of the model are investigated. The stability constraints
of all equilibrium points are determined. The constraints of persistence of the model are established.
The local bifurcation near every equilibrium point is analyzed. The global dynamics of the model
are investigated numerically and confronted with the obtained outcomes.

Keywords: Prey-predator, Disease, Stage-structure, Stability, Bifurcation

1. Introduction

The eco-epidemiological model is important in both applied mathematics as well as theoretical
ecology. May and Anderson [I3], were the former who connect epidemiology and ecology and sug-
gested a prey-predator model with infectious diseases in the prey species. Infectious diseases play
a role in eco-epidemiological models. As an outcome, several mathematical models have been ad-
vanced. Most papers have deal with prey-predator models with the disease in the prey see ([10], [17],
[18], [1]). Further, in present years, eco-epidemiological systems with the disease in predator have
become the most interesting part of research among all mathematical models ([I5], [6], [2], [14]).
On the other hand, the effect of disease in both prey and predator species is considered too, see for
example [9, [3] 4, [11].
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In the naturalist world, the species have a lifetime history that contains at least two stages
immature and mature. All stages have different behavioral properties. Many researcher have studied
of stage-structured models[10, 20]. Naji and Majeed [16] proposed a time-delayed prey-predator
model involving stage-structure in the predator. Furthermore, Savitri and Abadi [19] proposed and
studied the dynamical behaviors of a prey-predator model with stage-structure for prey.

In this article, the dynamical behavior of a prey-predator model with infectious disease in prey
and stage-structured predator is proposed. Presume that the infectious disease for prey of type SI,
and the predator splits into two stages immature and mature. The individuals in the immature
stage cannot reproduce and hunt, they rely on their parents (mature). The stability analysis and
persistence of the suggested model are investigated in part (3). In part (4), we study the bifurcation
analysis are interested. Numerical analysis outcomes of the model are introduced in part (5). Finally,
in part (6) we ending with a concise discussion and conclusion.

2. Formulation of Mathematical Model

The dynamics of the prey-predator model involving disease and stage-structure in the prey and
predator, respectively is formulated mathematically. It is assumed that X (7) represents the popula-
tion density of prey at time 7" and divides into two types: S(T') and I(T"), where S(T') represents the
susceptible prey at time T', I(T) is the infected prey at time T'. Let Y (T') represents the population
density of predator at time 7', which split into two stages: mature with density at time T represented
by Y5 (T) and immature with density at time 7" represented by Y (7T'). So, the formulation of the
model mathematically depended on the following hypotheses.

1. The prey growth logistically with intrinsic growth rate » > 0 and carrying capacity K > 0.

2. the susceptible prey S(7T') becomes infected by contact with infected prey according to infection
rate «a > 0. Moreover, it is assumed that the disease causes death with a disease death rate
denoted by D; > 0.

3. It’s assumed that the immature predator grows exponentially depending on their parents with
a growth rate v > 0, whereas portion from it grow up to become mature with grown—up rate
1 > 0. Moreover both the populations facing natural death with death rates Dy > 0 and
D3 > 0for Y, (T) and Y, (T) respectively.

4. Tt is assumed that Y (T') feeding on S(T') and I(T') using Lotka-Volterra type with maximum
attack rates 51 > 0 and 5 > 0 respectively, and conversion rates eq,es € (0,1).

By the suppositions, the model is

ds S+1
dI

dY;

d_’_[} = 616153/1 + 6252[5/1 + /JJYé - D2Y17
dY:

d_T2:7Y1—uY2—D3Y2.

The state space Ry = {(S,1,Y1,Y2) e R*: §>0,1>0,Y; >0,Y, > 0}.



On the dynamical behavior of an eco-epidemiological model 12 (2021) No. 2, 1749-1767 1751

Now, the system (2.1)) contains 12 parameters. we simplify system (2.1)) and reduced to 9 using
the dimensionless as following:

2
K
t=1T, S=sk , I=iK, V=0 y="% ,_08 5 5
61 ﬁl 1 r 51 (22)
D K K D D
d1:_1’01:61ﬁ1 ,92:€2ﬁ2 Cdy = 22, 71:7_2,a:£, dy = =2
T T T r T r

Now, the system ([2.1)) reduces to the dimensionless system as following:

ds _ . :
a :5(1 — (S+Z>) — (181 — SY; :fl (szuybyZ)a

di . ) ) .
a = 181 — Bzyl —dyi = f2 (5, 2, Y1, yz) )
(2.3)

dy . :

d_t1 = Ovsy1 + Oziy1 + y2 — doyr = f3(s,4, Y1, 42) 4
dy -

d_t2 =M1y — 0Y2 — dzya = f1(5,4,41,%2) -

Theorem 2.1. Every solutions of system (2.3)) initiating in RY are bounded if

dy > 1. (2.4)
Proof . Let & < s(1—s).
By using the comparison theory,
1 1
S(t)ém thO, S(O)zsoandc:s—o—l
Hence, s(t) <1, ast — oo. Let
w(t)=s(t)+i(t)+yi(t)+ 2 (t) (2.5)

Now,

d
%—i—png, where p=min{l,dy,ds — v, (0 +d3) — 1}

Grownwall lemma [7] applied in above inequality and get
ot 2 —pt
w(t) < wpe™” +—(1—e ”).
p
Hence, ast — oo, every solutions that initiate in RY confined in region €,

2
Q= {(577:73/173/2) eRi ’U)S —}.
P
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3. Local Stability, Global stability and Persistence
in system ([2.3)), every equilibrium points (EP) are studied as follows
e The vanishing equilibrium point (VEP), 75 = (0,0,0,0) exists.

e The axial equilibrium point (AEP), 11 = (1,0,0,0) exists.

e The predator free equilibrium point (PFEP), 7, = (5,1,0,0) = (i—ll, (Cf(ll—j:flll)> , 0,0), exists
iff the next condition holds.
dl < a1 (31)

e The disease free equilibrium point (DFEP),

(0 +d3) (0h —da) + 11 1 ((0+d3) (01 — da) + 71))
61 (O' + dg) ’ 91 (0’ + d3)2 7

dy (0 +ds — )
91 (0' + dg)

T3 = <§707g17g2) = ( 707

exists iff the next condition holds

gl 01 (0 +d3) +
<dy < . 3.2
(0+ds) ° (0 +ds) (3.2)
e The positive equilibrium point (PEP), 74 = (s*,i*,y},v3) , where
poUrd) s Gra) , of —d o, nos - d) (33)
B(+ar) B B (o +ds)
while, the following polynomial equation of second order has a positive root s* ,
Hys** + Hys* 4+ Hy =0 (3.4)
where
Hy=ay (0 +d3) (018(1+a1) —02(8+ ),
Hy = (02 (0 + ds) (a1 (B + di)) + (1 +ar)) = B(1 +au) (0 + d3) (01dr — daovr)
H3 = dldgﬁ (1 + 061) (0' + dg) — d1 (02 (,B + dl) (0' + d3) + ’}/16 (1 + Oél))
Now, 74 exists iff the following condition holds
_ . B+di
<8 < ga (3.5)

together with the following sets of conditions

H; <0and H3 >0
or (3.6)
H; >0and H3 <0
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The local dynamical behaviors are carried out by calculating J (7;), ¢ =0,1,2,3,4 and then com-
puting the eigenvalues, which specify the stability type of each points.

1 0 0 0
10 —=d; 0 0
0 0 m —(o+ds)
Now, J (79) has a positive eigenvalue A\g; = 1 > 0. Then, the VEP is a saddle point.
-1 —(I4a;) -1 0
0 a1 — dl 0 0
J = 3.8
() =1 0 61 — ds 1 (3:8)
0 0 Y1 - (O' + dg)
The eigenvalues of J (71) are computed by
A1=-1<0 (39&)
)\12 = 1 — d1 (39b)
)\13 + )\14 = (01 — dg) — (O’ + d3) (39C)
)\13.)\14 = — (91 (O' -+ dg) + ”)/1) + d2 (O' + dg) (39d)
Accordingly, all the eigenvalues are negative provided that
o < d1 (396)
0+ — 11 <d, (3.9f)

(0’ + d3)
Clear that, from constraint (3.9¢), the AEP is locally asymptotically stable (LAS) iff the PFEP is

not exist.

1-25—(1+a1)i —(1+aq)s -3 0
_ Oélg aqS — d1 —/BE 0
() = 0 0 015 + 031 — dy 1 (3.10)
0 0 Y1 — (0' —+ dg)
The eigenvalues of J (73) are computed by
d
)\21 + )\22 =1 <0 (3.11&)
aq
d
A2l Aoy = a—l (Oél — dl) >0 (311b)
1
brdy (1+ay) + 6 (a1 — dy)
A Aoy = —(d d 3.11
23 + A24 o (L+an) (d2 + (0 +d3)) (3.11c)
91(11 (1 + Oél) + 92 (Oél — dl)
Aoz Aog = d ds) — d 3.11d
23-A24 2 (0 +ds) ((U+ 3) ( a1 (1+ ) + M ( )

So, the eigenvalues in the s - direction and i - direction, A\y; and Mgy are negative. Whilst, the
eigenvalues in the y; - direction and y, - direction, Ao3 and Aoy are negative. Now the PFEP is LAS
provided that condition (6) in addition to the following condition hold.

(3.11e)

(61d1 (1+a1)+92(a1—d1>)+( Ny, (3.11f)

(651 (1+Oé1) U+d3)
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bll bl2 b13 b14

0 b 0 0
T = by by b (3:122)
0 0 bz by

where

~

b1 =1—-25—11, bia=—(14a1)8s, biz=-8, by=0.
boy =0, bay =015 — By —dy, bag =0, byy =0.

b31 = 0101, bsp = 0291, b3z =018 —dy, b3y =1.

bin =0, bio=0, big=m, bu=—(0c+ds).

Clearly, one of the eigenvalues of J(73) is A2 = 18 — g1 — dy, will be negative if the following
condition holds:

18 < /6:&1 + dl (312b)

However, the other eigenvalues of .J (73) are roots of following equation:

(N + AN + Ao) + A43) =0, (3.12¢)
where
Ay = — (by1 + b3z + baa) .
Ay = (b11b33—b13b31) + (b33044 — b34b43) +b11044.
As = — (b1 (b33baa — b3absz) — bi3bsibas) .
while

A=A Ay — A3 = — (b11bs3—bi13bs1) (b11 + b3z + baa) — b11baa (b11 + bas)
— (b33bag — b3abys) (b33 + baa) — baa (b11b33+b13b31)

By Routh-Hawirtiz Criterion [12], J (73) have negative real parts provided that condition ({3.12b))
with A; >0, A3 >0 and A > 0, as follow

1 <25+ (3.12d)
01§ < dQ (3126)
015 (0 +ds) +m 015(1 — 25 —2g)
d 12f
(0 tdy) T T 12325 (8.12f)

Moreover, the Jacobian matrix at PEP is

J (1) = [aggl s - (3.13)
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Here

* .k * * *
CL11:1—25 —(1+O[1>’l — Y, 012:—(1+(X1)S, aiz = —s , CL14:0,
ok k * -k
o1 = 011, Q92 = 1§ — 5% —di, a3 = —P1", ax =0,
* * * <k
a3y = 9191, a3y = 9291’ asz = 018" + 021" —dy, asy =1,

agn =0, app=0, as=7, au=—(0+ds).

By Gershgorin theorem [§], if the next conditions hold

1 <25+ (1+o)i*+yt (3.142)

o e ) (3.14b)

015" 1 0" < do (3.14c¢)

S (3.14d)

L= =0)yi+) {d1 +(B—)yi o=+ (5+6) i*)} (3.14e)
5 1420 1+6;

Then, every the eigenvalues of J (74) exists in the left half plane. Then, the (PEP)is LAS in Int.R%.

Theorem 3.1. Presume that AEP is LAS, then it’s a globally asymptotically stable (GAS) in the Int. R
provided the following conditions hold.

(1—'—&1) < dl, (315&)

14+0, + 2 < dy, (3.15b)
ag

1< o+ds. (3.15¢)

6, < 5. (3.15d)

Proof . Let wy (s,i,y1,y2) = f,: “T_ldu +i4+y + ys.
Now, straightforward calculations give that:

dwl

o (s — 1)2 —(14+aq)si+ (14 a1)i— sy +y1 + aqsi — Biyy — dyi + O1sy1 + oty

+y2 — doy1 + N1y — oY2 — d3y

we obtain that

%:—(8—1)2—82'—(5—92)2'%—8y1—(d1—(1+a1))z‘—(dz_(1+915+%))y1
—((c+ds) — 1)y
dwl

WS—(8—1)2—(d1—(1+a1))i—(dz—(1+91+%))y1—((0+d3)—1)y2'

when conditions (3.15al)-(3.15d)) are hold, ddﬂ; 18 negative definite. Then wy is Lyapunov function
(L.F.) and AEP is GAS. O
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Theorem 3.2. Presume that PFEP is LAS, then it’s GAS in the Int. R provided that the following
sufficient conditions hold.

S+ Bi+m < dy (3.16a)
1< (0 + ds) (3.16b)

6, < 8 (3.16¢)

(-7 < ((s—3+(i—17) (3.16¢)

Proof . Let

4 ‘u—73 ‘v —1i
W2 (8717y1ay2):/ u du+/ v dv+y1+y2-

Now, straightforward calculations give that

dw2

S (5= = (1) — ) (5= 9) (1= 1) (5= 02) iy — (1= 00) sy

- (d2— (§+55+%))y1—((U+d3)—1)y2

We obtain that

%S —(s—3)*—(s—73) (i—i) = (do— (5+Bi+m))y — (0 +ds) — 1) .
%<—(s—§)2—(s—§) (i—7) = (=7~ (do— G+ Fi+m))y— (0 +ds) — Vg + (i —7)".
%<—((s—§)+(i—€))2—(dQ—(§+ﬁ€+%))y1—((a+d3)—1)y2+(z’—%)z.

when conditions (3.16a)-(3.16€)) are hold, 2 is negative definite. Then, wy is L.F. and PFEP is GAS.C)

7o dt

Theorem 3.3. Presume that DFEP is LAS, then it’s GAS in the Int. RY provided the following
conditions hold.

G12° < 2q1122 (3.17a)

123" < 242233 (3.17b)

0y < (3.17¢)
(1+a1)8 < bt +dy (3.17d)

Proof . Let

(% w

, Su—3§ . Ny—g 2w —
w3 (SvlaylayQ) :[ u du+2+[ yldv+[ 92 dw.
S Y1 Y2

Now, straightforward calculations give that

d’LUg

W:—(5—5‘)2—(1+a1)(5—§)i—(3—§)(y1—?31)+0418i—5iy1—d1i+91(3—§)(y1—ﬁl)

) ¥ ~ y2 gZ ~ yl 'gl
+ 021 (y1 = 91) (1 = §1) (_ - T) + 71 (Y2 — 92) (— - 7) )
yl yl y2 92
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we obtain that

dw . N . . . . .
7; <- (S — 3)2 + (1 + Oél) St + (91 — 1) (S — S) <y1 — yl) — (ﬁ — 62) 1y1—d1@ — @2@y1+
1 . . U2 2N . . MY N2
R — . I — I + - — I —_ — —
" (11 y1) (12 ?J2) Y1 (11 yl) Yo (11 yl) (v2 ?J2) Yala (92 )
dws N2 ~ N ~ N2 N ~ A N2
% <—=4qu (5 — S) + q12 (S — 5) (yl - yl) — (22 (yl — y1) + @23 (yl — fl/1) (y2 — y2) — (33 (y2 — y2)
— (dy + 0251 — (1 + 1) 8) i.
here qu =1, 2 =061 -1, Q22:yleaQQ3:y%+;_;’Q33:%'

%<— (@(s—é)—\/%q%(yl—ﬁl)) _< %q22(y1—g1)—@(y2—@2))

— (d1 + (92?;1 — (1 + CYl) §) 7.

when conditions (3.17a))-([B.17d) are hold, % is negative definite.
Then, ws is L.F. and DFEP is GAS. [J

Theorem 3.4. Presume that, PEP is LAS, then it’s GAS in the Int. R provided the following
conditions hold.

G12” < qu1 22 (3.18a)
(3 < % q11 433 (3.18b)
(23 < § 422 433 (3.18c¢)
G31” < g 433 q44 (3.18d)

2 2
o 1 . 1 o 1 o 1 .
(@—Z)2<< 5 (s —5")+ 24, (l—@)> +< 24, (i —1i") + 5433 (yl—y1)>
(3.18e)

Proof . Let

, Su— s* Cy— g w — V2 2 — s
w4(3,z,y1,y2):/ " du—l—/ . dv—i—/ wyldw—l—/ Z‘%dz.
3% yik y*

.
& 2

Now, straightforward calculations give that
—d; =—(s=8) = (s =) (=) E =) = (1= 0) (s =) (y1 —y7) — (B —6a) (i —i") %
] L v ] o Y w2 Ny N
i—v)+ =+ ) =) =) — 5= (= 1)’ — = (g2 — ")
R1 R2

Y1 Y2
where Ry = y1y7 , Ro = yayp™.

dw4

o - (s—5) —qu2(s— ) (i —i") —qua (i — ")+ (i —i")* —qus (s — 5") (y1 — ¥})

— o3 (i — %) (Y1 — U}) +a3a (y1 — ¥7) (2 — v2") —az3 (1 — U})® —qua (2 — 12")?
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here qu =1, 2 =1, g2 =1, 13 =1 — 01, qo3 = f — b2, ‘134:%1‘*‘%7(]33:%; Q44=%,;-

% < - ( %QH (s —s") + \/ %qzz (i — Z*)) B (\/ %qu (s =57+ %%3 = yl*))
— (\/ %qm (1 —1") + %%3 (y1 — yl*)> - ( éCI33 (Y1 — ") — Vqua (Y2 — 92*)> + (i —i"),

Hence, under condition ([3.18a))-(3.18¢)), ddif is negative definite. Then, wy is L.F.
Therefore, PEP is GAS. [J

Now, the persistence of system ({2.3)) is discussed in the next theorem.

Theorem 3.5. Presume that condition (3.1) along with the following condition holds:

91d1 (1 —+ Oél) + 92 (Oél — d1)> 71
>d 3.19
( aq (1 + 061) + (O' + d3> 2 ( a)
18 > 53}1 + dy (319b)

Then, system uniformly persists.

Proof . Presume that the point P is in the Int. RY and the orbit through P is denoted by o(P).
Let Q(P) be omega limit set of o(P). Note that Q(P) is bounded, due to theorem (1).

Now to show that 7o ¢ Q(P), presume the contrary.

To 1$ saddle point, by Butler-McGhee lemma [5], there exist at least one another point Q; such that
Q1 € wi(m) NQP).

Moreover, since w*(7y) is the R? (iy1y2) space and o(Qy) is the entire orbit through Qy contain in

Q(P).

Now, if Qqon ether boundary azes of R3 (iy1y2), then the positive specific axis is contained in
Q(P) and this is contradicting to it’s boundedness.
Else, Qy € Int. R3 (iy1y2) and there is no equilibrium point in the Int. R3 (iy1ys), the o(Q1) must be
unbounded and this leads to contradiction. We get that 1o ¢ Q(P).
Presently to proof 1, ¢ Q(P), presume the contrary.
71 s a saddle point provided condition (3.1)), by Butler-McGhee lemma Qy € w*(11) N Q(P). More-
over, since w*(11) is R (sy1y2) space.

Now, if Q2 on boundary azes of R? (sy1ys), we obtain the contradiction in above part of proof. In
case of Qo € Int. R3 (sy1y2) there is no equilibrium point in Int. R? (sy1y2) we get 0o(Qs) C Q(P) is
undounded and this leads to contradiction. Then, we get 11 & Q(P).

Presently to proof 75 & Q(P), presume the contrary. 1o is a saddle point provided condition (23a),
by Butler-McGhee lemma Qs € w*(m1) N Q(P). Moreover, since w®(1) is R (siy2) space.

Now, if Q3 on boundary azes of R (siyz), we obtain contradiction in above part of proof. In
case of Qy € Int. R3 (siys) there is no equilibrium point in Int. R3 (siys) we get o(Qz) C Q(P) is
undounded and this leads to contradiction. Therefore, we get o & Q(P).

Finally, 13 is a saddle point provided condition . Similarity, by using the argument we obtain
75 ¢ Q(P). Then Q(P) must be in the Int. RE. O
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4. Bifurcations Analyses

Rewrite system ([2.3]) as the follow:
dX

— = f(X
SR Y
where X = (s,i,y1,12)" and f = (f1, fo, f3, f1)" with fi;i = 1,2,3,4. Then by J of system (2.3),

Let V = (vy,vg, v, v4)Tbe any nonzero vector and the second directional derivative write as follow

—21}12 -2 (1 + 041) V1Uy — 2’011)3
2v1v3 — 2v9u3
2911)1’03 -+ 262?)2?)3
0

D?f (s,i,y1,12) (V, V) = (4.1)

Moreover, the third directional derivative given by
D*f (5,4, 51, ) (V,V;V) = (0,0,0,0)" .
Then, system ([2.3)) has no pitchfork bifurcation.

Theorem 4.1. Presume that condition (13f) holds, system (2.3|) do not undergoes any types of local
bifurcation at AEP when dy passes through di = ay.

Proof . From J (m), system (2.3) at AEP and dy = dj has J (11, d}) = Ji, which has zero eigenvalue,
say A7 = 0.

-1 —(14+a;) -1 0

0 0 0 0
=1y 0 6 —d 1

0 0 o —(o+ds)

T
Now, let UM = (u[l”, u[;], ug], uLH> is the eigenvector corresponding to A} = 0.

T

Now, JiUM = 0 leads to UM = <5u[21],u[21],0,0) , where u[;] is monzero real numbers and 0 =
T

—(14+a) <0 . Let pll= < ﬁ”, g], i[))l], L”) is the eigenvector corresponding to \¥ = 0 of J; .

T

Hence, due to condition (13f), J TN = 0 gives that M= (0,@”, 0, 0) , where wg” 1S any nonzero

real numbers.

Now,

of dfy 0fy Ofs Ofs\" . T
od, Jay (X, dy) (8d1’8d1’8d1’8d1) (0,-4,0,0)

Thus fa, (71,d%) = (0,0,0,0)" , which gives (@D[”)T fa, (11,d}) = 0. By Sotomayor’s theorem system
(2.3) has no saddle — node bifurcation at dy = df. Furthermore

0 0 00
0 -1 0 0
Dla(md) =19 ¢ 0 0
0 0 00

We can show,

T T
()" (g, () U = (0,04,0,0) (0, ~uf,0,0)" =~ 2 0
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Moreover using Eq.([@1) with 7y, d* and UM gives
D2f (r1.di) (U, U1) = ~25 (u ”) (64 (1 +a1),0,0, 0)"

Hence it is obtained that .

()" D*f (. dy) (UM, UM) = 0.
Now, a transcritical bifurcation does not occurs as dy passes through the value di. Therefore, the
AEP has no any types of local bifurcation. [

Theorem 4.2. system (2.3) undergoes a transcritical bifurcation at PFEP when dy passs through

dy = g+d + 0,5 + 01 provided that

(01401 + Oapio] # 0 (4.2)

here py and py are given in the proof.
Proof . From J (1), system (2.3) at PFEP and dy = dj has J (12,d}) = Jo, which has zero eigen-
value, say A, = 0.

1-25—(1+a1)i —(1+aq)s 5 0
J Oélg Oélg— d1 —BE 0
2 = 1
0 0 _(ajrdg) 1
0 0 7 — (0 +d3)

Now, let U = (u[f], u[22], u?}, u?) is the eigenvector corresponding to Ay = 0.

T

Now, JoU? = 0 leads to U = (ulug],uguf],uguf],ug]) , where uf] 15 monzero real numbers,
_ B(o+ds) _ (B+a1)(o+ds) _ (o+ds)

H1 = 011’713 » 2 = 041711(1-1-01153 and H3 = ’YlS :

Let P = < ?}, 5], :[32], 4[12}> is the eigenvector corresponding to A, =0 of ST

T
Jo TPl = 0 leads to P& = <0, 0, mﬁf], Lz]> , where wé[f} is nonzero real numbers and n = (o + ds).
Now,
of Ofy 0fs 0fs Ofi\" T
= X, d —_— = = ] = —
ad fdz( 2) <ad27ad278d278d2 (0707 yho)
Thus fa, (To,d5) = (O,O,O,O)T , which gives (w[Q])de2 (1o, d5) = 0.
By Sotomayor’s theorem, system ([2.3|) has no saddle — node bifurcation at dy = dj.

00 0 O

" 00 0 O

Dfd2 (7—27 d2) = 00 —1 0
00 0 O

Then its obtain that
T
(W) (D, (72 d5) U2) = (0,0, 0wl (0,0, —psel,0) " = = el £ 0
Again by using Eq.(@1)) with 7o, d5 and U gives that

— i [p1 4 (1 + ) pg + pu3)]

2
D2 2 (U2 2y — 9 (42 t3 [ — Bs]
(2, &5) (UF, UF) (u4 ) f3 01401 + Oapio)]

0
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Hence it is obtain that:

2T 2 ) (U2 2y — 2 1)
()" D*f (1o, d5) (UP,UP) = 20 pgipy” [01pa1 + Ozpac] <U4 ) (01111 + O2p10] # 0

Therefore, if the condition (4.2)) satisfies, system (2.3) has a transcritical bifurcation at PFEP as dy
passes through value dj. U

Theorem 4.3. system (2.3 undergoes a transcritical bifurcation at DFEP when oy passs through
ol = ”By1+d1 provided that

& (& —B) #0. (4.3)
here & and & are given in the proof.
Proof . From J(13), system at DFEP and oy = of has J(13,0f) = J3, which has zero
eigenvalue, say \f = 0.
bir b1z b1z 0

g, — 0O 0 0 0
? bs1 b3z b3z b3
0 0 bag bus
where, by =1 =25 — g1, bz = —(1+0a7)s, biz =3, b1 = 011, bz2 = 0afh, baz = 018 — do,

bga =1, biz=v, bu=—(0c+ ds)

Now, let UBl = ( 13 u[23], ugﬂ, uP) is the eigenvector corresponding to A} =0 .

3 3 3] - .
Now, JsUB! = 0 leads to UP (§1u2 ,u2 ,§2u[] §3u[ ]> , where u[Q] s monzero real numbers with
é‘ — b12(baa(b11b33—b13b31)—b11b34b43)+b13bs4a(b12b31—b11b32) é _ ba4(b12b31—b11b32)
1 bga(b11b33—b13b31)—b11b34bs3 ’ ba4(b11b33—b13b31)—b11b34ba3

_ b4z (b12b31 —b11b32)
and 53 T baa(bi1b3z—bi13bs1)—b11b3abasz -

T
Let ¢! <¢[3 [3], [3] F) is the eigenvector corresponding to \i =0 of Js*.

T
JsT Bl = 0 leads to ¢ = <0,1/1£3], 0, 0) , where @3] is nonzero real numbers.
Now,

af _ C(of 0f ofs ofNT .
aa fal( ) 1>_ <aa17aa17aa178a1) _< SZ;SZ7O70)

Thus fOll (T37 Oé)lk) = (Oa 07 07 O)T ’ which gz"ues (¢[3])T fozl (7—37 Oé)lk) = 0.
By Sotomayor’s theorem, system (2.3|) has no saddle — node bifurcation at oy = ay*.

0 -5 00

. 0 s 00

Dfoq (7—37 al) = 0 0 00
0 0 00

Then its obtain that .
(VBN (Df,, (73,00) UP) = sl # 0.
Again by using Eq.(&1) with 75, and UB! gives that
(09" D2f (r3,00) (U, U9) = & (6 - B) o’ () 20

Therefore, if the condition (4.3) satisfies, system (2.3) has a transcritical bifurcation at DFEP as o
passes through value of. U
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5. Numerical Analysis

The aim is the study the impact of changing the value of all parameters on the dynamical behavior
of system ([2.3)). It is spotted that, for the next set of presumptive parameters that satisfies stability
restrictions of the PEP, system (2.3) has a GAS as shown in Figure.1.

ap = 06, 6 =0.1 d3 = 005, 491 = O]., ‘92 = 0.06
dy =01, v =0.05, 0=0.6, d3=0.05

Clearly, Figure.l shows the system has a GAS as the solution of the system which approaches
asymptotically to the PEP = (0.20,0.04,0.72,0.05), starting from three various initial points.

(5.1)

(@ (b)
1 1
sstated st 0.9 istated at 0.7
L) s started at 0.5 | DA istarted at 0.9 [|
— s started at 0.8 tated at 0.5
0.2 : 0.8
0.7 0.7

=
[=1]

Infected prey

=]
Y

Susceplible prey
[=]
o

=}
w
=)
[}

=]
5]

e
=]
i

0.1 1 0.1 LL’rlr
0 L 0 ;
0 5 10 0 g 10
Time =10 Time x 10"
(c) ()
1.8 ]
y1started at 0.5 y2statedsat 0.2
1.4 y1started at 0.7 R-] y2 stated at 0.6 {
: y1started at 0.2 y2 stated at 0.9
07k
1.2 .
= S 08
E ! 505
o, @
o = |
5 os g 04
2 Eoat
08
0.2r
0.4
0.1 R(,
0.2 1 0 1
a 5 10 0 5 10
Time . 13‘ Time =10

Figure 1: The trajectories of system (2.3) using data given by Eq. with different initial points
approach asymptotically to PEP, represented by 7, = (0.20, 0.04, 0.72, 0.05). (a) Time series of
trajectories of the susceptible prey. (b) Time series of the trajectories of infected prey. (c) Time
series of the trajectories of mature predator. (d) Time series of the trajectories of immature predator.

Now, the influence of varying a; on the dynamical behavior in the ranges 0.01< o; < 0.6, and
0.6< ay < 1, is investigated. Note that, the trajectory approaches asymptotically to DFEP and
PEP in the Int.Ri respectively, as shown in Figure.2.
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() (b}
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Figure 2: The trajectories of system (2.3 using data given by Eq. (5.1]) with values of a;. (a) Time
series of the trajectory with a; = 0.2. (b) Time series of the trajectory with a; = 0.8.

The impact of changing of 5 on the dynamical behavior in the ranges 0 < f < 0.2and 0.2 < < 1
is studied. The trajectory approaches asymptotically to PEP in the Int.R% and DFEP, respectively
as illustrated in the Figure.3.

(@) (&)
14 : 1 :
.5 os}
12} =i .
¥Z
! \ 1 o1 -
£ E 06} ==
L nah £ e
= < 05 —
E. E.
o 08 [_—- 2 il
:'.E! L
04
h.
0z
02
0.1
Ll . _ .
% B ) % B 10
Tims 10 Tims 10

Figure 3: The trajectories of system (2.3 using data given by Eq.(5.1)) with values of 5. (a) Time
series of the trajectory with § = 0.05. (b) Time series of the trajectory with 8 = 0.4.

Now, the influence of varying the parameters d; and ¢, in the ranges 0 < d; < 0.07, 0.07 < d; < 1,
and 0.01 < 60, <0.2,0.2 <46, <1, are studied. The trajectory approaches asymptotically to PEP
and DFEP, respectively as shown above in the Figure.3.

The influence of varying 6, in the ranges 0.01 < 8, < 0.03 and 0.03 < 65 < 1is studied. the trajectory
approaches asymptotically to PFEP in the si — plane and PEP in the Int.R} respectively as shown
in Figure.4.



1764 Ibrahim

14
12}
1 L
E E
&£ £ 08
04
02
% 1 2 3 4
Tims w10 Time 10

Figure 4: The trajectories of system ({2.3)) using data given by Eq.(5.1)) with values of 5 (a) Time
series of the trajectory with § = 0.05 (b) Time series of the trajectory with 5 = 0.4.

The influence of varying dy in the ranges 0.08 < dy < 0.1, 0.1 < dy < 0.2 and 0.2 < dy < 1 is
studied. The trajectory approaches asymptotically to the DFEP, PEP in the Int.R% and PFEP in
the st — plane respectively, as shown in Figure.5.

Fpuktom
Fpukitiom
Fpuktiom

Tmm = T zw Term o

Figure 5: The trajectories of system ({2.3)) using data given by Eq.(5.1)) with values of 5 (a) Time
series of the trajectory with § = 0.05 (b) Time series of the trajectory with 5 = 0.4.

The impact of varying 7, in the ranges 0.01 < ~v; < 0.04, 0.04 < v, < 0.06 and 0.06 < v, < 0.07
is studied. The trajectory approaches asymptotically to PFEP in the si—plane, PEP in the Int.R%,
and DFEP respectively, the trajectory of system (2.3) as explained in Figure.6.



On the dynamical behavior of an eco-epidemiological model 12 (2021) No. 2, 1749-1767 1765

e
1=
1

Fipmkitinn
Fipnbition
Fipmkitinn

Figure 6: The trajectories of system (12.3)) using data given by Eq.(5.1)) with values of 71, (a) Time
series of the trajectory with 3 = 0.02 (b) Time series of the trajectory with v; = 0.04 (c) Time

series of the trajectory with v; = 0.06.

Now, the effect of varying ¢ in the ranges 0.5 < ¢ < 0.6, 0.6 < ¢ < 0.9, and 0.9 < ¢ < 1 is studied.
The trajectory approaches asymptotically to DFEP, PEP in the Int.Ri, PFEP in the si— plane, as

shown in the Figure.7.
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Figure 7: The trajectories of system ({2.3)) using data given by Eq.(5.1)) with values of o, (a) Time
series of the trajectory with o = 0.5 (b) Time series of the trajectory with o = 0.7 (c) Time series

of the trajectory with ¢ = 0.9.

Finally, the effect of varying ds in the ranges 0.01 < d3 < 0.4, 0.4 <d3 < 0.3, and 0.3 <d3 < 1
is investigated. Note that, varying d3 has similar effects as shown with varying o.
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6. Discussion and Conclusion

In this article, a prey—predator model comprising infectious disease in prey species and stage—
structure in predator species is suggested and studied. The local and global dynamics of the suggested
model are investigated. The conditions of persistence and the local bifurcation are investigated.
Finally, the global dynamics of the model is investigated numerically and confirmed the obtained
outcomes.

Now, the summary of the numerical simulation outcomes are obtained by using data (/5.1]).

1. The trajectory approaches asymptotically to PEP starting from various initial points, which
refers to existence of GAS.

2. when a; decreases below a particular value, we observed the trajectory approaches asymptoti-
cally to DFEP. While, increasing a; above a particular in the Int.RY.

3. If the parameter [ increases above a particular value leading to approaches asymptotically to
DFEP. Else, the system still persists at a PEP.

4. When d; and 6, decreases below a particular value leads to approaches asymptotically to
PEP. However, increasing these parameters above a particular value leads to approaches
asymptotically to DFEP.

5. When 6, decreases below a particular value, the trajectory approaches asymptotically to
PFEP in the si — plane. Else, the system still persists at a PEP.

6. Decreasing ds below a particular value leading to approaches asymptotically to DFEP. In-
creasing dy above a particular value leads to approaches asymptotically to PEP in the Int.]Ri.
Further increasing leads to PFEP in the si — plane.

7. If 7, decreases below a particular value leads to approaches asymptotically to PFEP in the si—
plane. Increasing y;above a particular value leads to approaches asymptotically to PEP in the
Int.Ri. Further increasing leads to DFEP.

8. Decreasing ¢ and d3 below a particular value leads to approaches asymptotically to DFEP.
However, increasing these parameters above a particular values leads to approaches asymp-
totically to PEP in the Int.RY. Further increasing leads to approaches asymptotically to
PFEP in the st — plane.
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