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Abstract

In this paper, a prey-predator-scavenger model is proposed and analyzed. It is assumed that the
model considered the effect of disease on the prey. Firstly, the existence, uniqueness and boundedness
of the solution of the model are discussed. Secondly, we studied the existence and local stability of
all equilibrium points. Furthermore, some of the Sufficient conditions of the global stability of the
positive equilibrium are established using suitable Lyapunov functions. Finally, those theoretical
results are demonstrated with numerical simulations.
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1. Introduction

The eco-epidemiology is an important branch in mathematical biology which focus both the
ecological and epidemiological situations simultaneously. In addition to other factors that affect prey
such as harvesting, predation, migration, the impact of disease on the ecosystem is also an important
factor from a mathematical and ecological perspective. In recent time many researchers were keen to
explore the ecological system subject to epidemiological aspects such as Kermack and Mckendrick [10]
illustrated a SIRS system in which the development of disease which become transmitted by direct
contact was described. At first the disease factor effect in the predator-prey system were considered
by Anderson and May [3]. In [7], Hadeler and Freedman studied a prey-predator model with disease
in prey. Mohsen and Aaid introduced prey-predator model with SIS epidemic model in predator [17].
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Naji and Ridha proposed and studied an ecological model consisting the dynamics of a prey-predator
model incorporating SVIS-type of disease in prey [I8], moreover, see [5], 8, [0} [10] 25] [11].

In addition, the functional response has an important role to study the dynamics of a predator—
prey modeling. The predators and the preys carry a dynamic relationship among themselves. And
for its universal existence and importance, this relationship is one of the dominant themes in theo-
retical ecology for example Kumar et al. [21] studied a two species prey predator eco system having
Holing type III functional response under stochastic influence is investigated. Kang [13] formulated
a Rosenzweig-MacArthur prey-predator two patch model with mobility only in predator and the as-
sumption that predators move towards patches with more concentrated prey-predator interactions.
Claudio [4] analysis a modified May-Holling-Tanner predator-prey model considering an Allee effect
in the prey and alternative food sources for predator. Slimani et al. [23] studied a modified version of
a prey-predator system with modified Leslie-Gower and Holling type II functional responses studied
by Alaoui and Okiye. Suryanto and Darti [24] discuss a fractional order predator-prey model with
ratio-dependent functional response.

Also, an important factor is migration. Migration usually occurs due to the loss of water or
food or changes in climatic conditions. So, It is considered one of the important factors and there
are many literatures on this field such as Kumar and Kharbanda [I5] formulated and analyzed eco-
epidemiological model consisting of susceptible prey, infected prey, vaccinated prey and predator.
Abdulkadhim and Al-Husseiny [I] proposed and analyzed a predator-prey model with disease effects
in predator as well the immigration. Kant and Kumar [14] formulated and studied a predator-prey
system with migrating prey and disease infection in both species.

Many researchers in the field of prey- predator modeling have studied a new species called the
scavenger, which is an animal that lives from consuming cadavers i.e. animals which starve naturally
or are killed by other animals. There were several authors have studied the models with different
assumptions in relation to the presence of the scavenger. Panja [20] developed a prey, predator
and scavenger interaction dynamical model .Jansen and Gorder [I2] studied an ecosystem model
consisting predator-prey-quarry-resource-scavenger. Gupta and Chandra [6] proposed and analyzed
an extended model for the prey-predator-scavenger in presence of harvesting to study the effects
of harvesting of predator as well as scavenger. Abdul Satar and Naji [22], proposed and studied a
prey-predator-scavenger food web model and considered the effect of harvesting and all the species
are infected by some toxicants released by some other species. Ali and Mustafa [2] formulated the
dynamics of scavenger species in a web food model incorporating time delay and prey harvesting
mathematically. In this work, eco-epidemiological model consisting of susceptible prey, Infected
prey, predator and scavenger is proposed and studied. So, this paper rest be order as following
The next Section is concerned with the model formulation. Discusses the existence, uniqueness
and boundedness of the solution in Section 3. The stability conditions are established about all
equilibrium points in Section 4. Finally, to confirm the analytical results numerical simulation is
carried out in Section 5, and the last section included the discussion and conclusions.

2. Model Formation

In this section an eco-epidemiological system consisting of prey, predator and scavenger incor-
porating infection disease in prey species is proposed. In order to formulate the dynamics of such
system the following hypotheses are considered.

1. The existence of disease in prey species divided the prey population into two classes, namely
susceptible prey that denotes by X;(7)and infected prey denoted by X, (7)) . It is assumed
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that in the absence of predator the susceptible prey logistically with intrinsic growth rate r > 0
and carrying capacity k > 0.

2. The susceptible prey becomes infected by contact with infected prey at a rate a; > 0.

3. The predator which denoted by Y3 (T") consumes the prey according to lotka — volttera functional
response with positive attack rates s , 31 for susceptible and infected prey respectively.

4. The scavenger which denoted by Y2(7T") consumes the prey according to lotka — volttera func-
tional response with positive attack rates s , 85 for susceptible and infected prey respectively.

5. It is assumed that there is enter-specific competition between the predator and scavenger with
intensity of competition rates y; > 0 and 7, > 0 respectively, and the completion is exploitive.

6. The food is up taken by the predator with up take rates 0 < ey <1 and 0 < ey < 1.

7. The infected prey facing death with natural death rate d; > 0.

8. In the absence of the prey the predator and scavenger decays exponentially with natural death
rate dy, d3 respectively.

9. Prey (susceptible and infection) may have out migration ,they can migrate to other geographical
zone. Let m; and my are the rate of migration of susceptible and infective populations, respec-
tively. Also ecology suggested that m; > my. It is natural factor that susceptible (healthy/
sound). Prey are more strong as compared to infected one therefore the probability of migra-
tion of healthy prey is more than that of infected prey. Further the positive parameters ms, my
represent the coefficients of migration of predator and scavenger, respectively.

10. ¢;,7 = 1,2 represent the scavenger befits rates from naturally died predator to susceptible and
infective prey, respectively.
11. 0,1 = 1,2 represent the scavenger befit rates from the killed prey by predator.

According to these hypotheses, when X; (T'), X3 (T),Y; (T') and Y5 (T') represent the density of
susceptible prey, infected prey, predator and scavenger at time T, the dynamics of the susceptible prey,
infected prey. Predator and scavenger model can be described using the following set of differential
equations:

dX X1+ X

— =rX; 1_& — o X Xy — anXiY) — a3 XhYs —mi Xy
dT k

dXs

d_T = a1 X1 Xy — 51 XoV] — o XoYo — ma Xy — d1 Xy

dY; 2.1
d_Tl =1 X1Y1 + a1 XoY1 — 1 Y1Ys — maYi — doYh 1)
dY:

d—rI? = ClOégXlYé + 02/82X2}/2 + 0161052X1}/1}/2 + 0262BIX2}/1}6 + 73Y71Y72 - 72}/1}/2

— myYs — d3Ys.

With initial conditions X; (0) >0, X3(0)>0, Y;(0) >0, Y5 (0) > 0.
In order to study the above system of equations more generally, we drop all the units from it by
using the following dimensionless variables and constants.
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T T o
Xi=p, Xo=kZ,, Yi=—13 Yo=—2;, t=rT, u=k—,
(6D) a3 r
_my _ﬁl _52 L _dl —k o)
Uy = 5 Uz = —, Uy = —, Us = 3 U = —, U7 = K€ 1—,
T le%) Q3 T T T (2 2)
1 B " mg 2 kcl kCZ '
ug = kea—, ug=—, Up=—, Un=—, Ug=k—a3g, ugz=k—/,
r Qg r r r r
_ 02 M3 M2 My _d3
U4 = K 01€1, Uis = —6251 , Ue = —,U17 = —, Uig = ——, U9 = —
[6%) (67) (6%) T T
The dimensionless of system ([2.1)) becomes
dZ1
E =21 [1 — (Zl + ZQ)] — ULR1R9 — Z1R3 — %124 — UgZy
dZ2
E — U1R129 — U3R223 — UgZ224 — UrZ2 — UgR2Q
(2.3)
ng
_dt = U7Z123 + UgZ223 — U9Z324 — U1023 — U123
dZ4
_dt = U122124 + U132224 + U14212324 + U15222324 + U162324 — U172324 — U1824 — U1924

Therefore, system ([2.3]) has the following domain:

Ri = {(217ZQ7Z37Z4) € R4|Zl Z 07 22 Z 0723 Z 0724 Z 0}

Theorem 2.1. All solutions of the system (2.3) with the initial condition belonging to R are uni-
formly bounded.provided that the following sufficient condition holds.

u

Ug + U7 > Uig + U4 + % (24)
Where L is given in the proof
Proof . Since the prey species consisting of two compartments, namely susceptible and infected
population respectively. Then the total prey population is given by N = zy + 2o, which is growing

logistically in the absent of predation . Therefore, it is easy to verify that
dN B d21 dZQ

I = 2~ _
7= a g SNA-N)

Straightforward computation gives that
limsup N(t) <1, Nit)y=z(t)+2(@) <1, t>0

Let M (t) = 21 (t) + 22 (t) + 23 (t) + 24 (t) , then from system (2.3)) we obtain that

dM U5
— <z — Uz — (us + ug) 22— (uro + u11) 23 — (Urs + Urg) 24 — {U9 + U7 — (U16 + U4 + —> } 23 24

dt — L
L={uy, us+ug }
dM
e < 2z — Uz — (us + ug) 22— (Ur0 + u11) 23 — (U1s + U1g) 24
dM 1 .
TE < 17 qM, q = min {uyo + u U1 + Urg }

Thus M (t) < ﬁ] Y t >0 and hence the proof is complete . [J
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3. Existence of Equilibrium Points

It is observed that, system has almost nine biologically feasible equilibrium points, namely
E;,1=0,1,2,3,...,8. the existence conditions for each of these equilibrium points are derived in the
following. The vanishing equilibrium point Ey = (0,0, 0,0) always exists. And prey free equilibrium
point Ey = (21,0,0,0) where

Zvl =1- U2 (31&)
exists under the condition

uy < 1. (3.1b)

The first two species equilibrium point Fy = (24, 24, 0,0) , where

2, = Us + Ug and 2z, = Uy — (U1UQ + us + u6) (32&)
(51 Ul(l + ul)
Exist under the condition
Uy > Ugls + Us + ug (3.2b)
The second two species equilibrium point F3 = (21,0, z3,0), with
2 = Ugp + U1l and % — Uz — (Ugty + Uro + U11) (3.3)
U7 Uy
Exist under the condition
Urp + u
(1—uy) > 21 (3.3b)
Uz
The third two species equilibrium point £y = (27,0 ,0, z; ). where
+ J—
2= Uu1g + Urg and 7= U1g — (U2 + s + Uig) (3.40)
U192 U2
Exits under the condition
Uig +u
(1—uy) > ——1 (3.4b)
Uy2
Moreover, the first three species equilibrium point E5 = (21, 2, 23, 0) where
- U3§3 + Us+ Ug
Z1 =
U1
2 _ U110 -+ Uil — Uy (U3Z3 + Us -+ Ug )
? Uyus
5. Us (us+ ug) + (14 uy) (wauro + urusr) + urugug — uy (14 uy) (us+ ug) — uy ug (3.50)
3 — .

Uy (1 + ul) — us (Ul + Ug)
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Exists under the following sets of conditions

ug (us + ug) + (1 + 1) (wawio + urunr) + uyugug > ur (1 +uy) (us + ue)

+ugug ur (14 uy) > ug (ug +uz) ugug + wgug > uy (uz 23+ us + ug )

The second three species equilibrium point Fg = (Z1, 22,0, Z4)where

5 Uy (14 wy) (urs + urg) — (uguns + ugs (us + ug)) + Ustiguys
1
Uy (1 + Ug) U2 — <U4U13 + ululg)
- g + urg — urafug (1 4 uy) (urs + urg) — ugunz + urg (us + ug) + ugtgiyy

w3 [ug (1 4 ug) urg — (ugtsg + ugtg)]

- uy (g (1 4+ up) (wis + wig) — (uytag + uig (us + ug)) + ustatng] — (us + ue)

Uy [U4 (1 + Ug) U2 — (’LL4U13 -+ Ululg)]

Exists under the following sets of conditions

Uy (1 + U1> (u18 + Ulg) + UgU4U13 > ULU3 + Uy <U5 + Uﬁ) Uy (1 -+ UQ) U12
Uus + Ug <3 < U1g + Ui

z1
Uy U12

> UgU13 + UTULS

The third three species equilibrium point F; = (21,0, Z3, 24)

g . UJ9§4 —+ (um —+ UH) 2 o Uy — {UIO + U11 + UoU7 + (Ug —+ U7) 54}
1 — ) 3 —
U7 Uz

While Z4 represents a positive root of the following second order polynomial equation
Alzi + A22’4 + Ag =0
Here
Al = —ugliyy (Ug + U7) <0
Ag = {ugurg + (1 — ug) uruguis — 2uguiy (w10 + u11) — (u1o + u11) urtig
— (u16 — uy) (ug + ur)}

Az = {(1 — ug) uruiours — (U%O + Ufl) U1y — 2wt tg + (1 — ug) uru iy

+ up2 (w10 + u11) uy (uis+urg) + (wg—urr) (ur — (uro+urr + usur))}

Clearly, E; exists uniquely in interior of R*, provided that the following conditions hold

A3>0

(3.5b)

(3.6a)

(3.6b)

(3.7a)

(3.7b)

(3.7¢)

(3.8a)

The positive equilibrium point Fg = (zi, 2o, 23, zZ) of system ([2.3) can be determined by equating
the right hard side of system to the zero and save the resulting algebraic system. Straight forward

computation gives second order polynomial equation

o Az, +B

2] = ——
! C

Lo (Cug — urA) zZ—I—C(Um—Fun)— ur B
y =

CUS
o (ugA— Cuy)zy + (u1 B — C (us + ug))
OU3

(3.8D)
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While z, represents a positive root of the following second order polynomial equation

D123 + Dyzy+ D3 =0 (3.8c¢)
Where

Dy = (u1 A — Cuy) (ugura A + uis(Cug — urA)) > 0
Dy = Cuguguis A + Cugugz (Cug — urA) + ugurgA (u1 B — C (us + ug))
+ w15 (Cug — uzA) (u1 B — C (us + ug)) + w5 (C(uro + u11) — urB) (ug A — Cluy)
+ Cug (uig — urr) ( ug A — Cuyg) + ugus B( ug A — Cuy)
D3 = Cuguguia B + Cuguyz (C (u1p + u11) — ugr B) + uguisB (uy B — C (us + ug))
+ g5 (O (uyo + u11) — urB) (w1 B — C (us + ug))) — C?usug (u1g + o)
+ Cug(urs — ur7)(unn B — C (us + ug)

Where

A= (]_ + Ul) U3Ug + UIUS — UgUg
B = Us (1 + Ul) ( Ui + U11> + UiuzUg — UzUg — Ug (U5 + u6)

C = uzuy (14 uy) — (ugug + uyug)

Clearly, z, unique positive root if the following condition hold Ds < 0

4. The Stability Analysis

In the section, the local stability of the equilibrium points of system ({2.3)) is investigated using
the linearization method. It is easy to verify that the jacobian matrix of system (2.3). At the general
point (21, 22, 23, z4), can be written as

‘]: (aij)4><47 1,] = 172a374 (41&)
Where
apn=[1—z1—(14wu)z—2z3— 24 —us| — 21, a2=—1+w)z, a3=-—z2, a=—2z,
Q21 = U122, OG22 = U121 — U3R3 — U424y — (U5 + U6) , @23 = —U3Z2, Q24 = —U4Zy,
a3zl = Urz3, Q32 = UgZ3, (33 = UrZ1 + UgZa — UgRy — (Ulo + Ull) , a34 = —U9Z3,

ag = (w12 + u1423) 21, Qo = (Urz + U1p23) 24, Qaz = [U1421 + U522 + (W16 — Ur7)] 24,

aga = [U1221 + U1322 + U142123 + U152223 + (U1 — Ur7) 23 — (U1s + Uig)]

Therefore, the Jacobian matrix of system (2.3 at the equilibrium point Ej is

1—us 0 0 0
B 0 —Us — Ug 0 0
J(Eo) =1 0 i — s 0 (4.1Db)

0 0 0 —U1g — U1y
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Thus the eigenvalues of J (Ey) are:

)\1:1—u2<0, )\2:_u5_UG<O,
)\3 = —Ug — U < 0, )\4 = —U18 — U9 < 0 (41C)

All the eigenvalues of J (FEy) have negative real parts if the following condition hold:

uy > 1 (4.1d)

Therefore Ej is locally asymptotically stable.

The jacobian matrix of system ([2.3) at E; is written by

—z1 —(1+w)2y —z1 —z1
0 ’Uqul — (U + Uﬁ) 0 0
J(Ey) = 5 3 4.2
(&) 0 0 gz — (g +un) 0 (4.22)
0 0 0 w1221 — (u1s + ugo)
Thus the eigenvalues of J(E,) are:
)\vl = _va )\VQ = ulz] — <U5+U6) y
A3 = uzz1 — (U0 +u11), Xy = w1221 — (U1 + o) (4.2b)
E is locally asymptotically stable under the condition
2 < {U5+U67 U10+U11’ U18+U19} (4.2¢)
Uy U7 U12
The jacobian matrix of system (2.3) at Es is written by
-z — (1 + Ul) 21 —21 —2
Ulzg 0 —U322 —U422
E)) = 4.3
J( 2) 0 0 U721 + UgZo — (Ulo + ull) 0 ( a)
0 0 0 U127 + u13Za — (U1 + 1)

Accordingly the characteristic equation of J(E,) can be written as

(w1271 4 wisZs — (wis + wig)) — Al [urZi + ugZo — (w10 + ui1)) — A [N + AA+ Ay] =0 (4.3b)
Here
Al =—{an+ap}=—a1=—(-2)=2>0, Ay=u (1+u) 5z >0

So either

[<U1221 =+ U1322 — (u18 + Ulg)) — )\] [U721 + Ung — (Um -+ UH)) — /\] = O (43C)
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Which gives two of Eigen values of J(E,) by
Al = u12Z) + UiaZs — (s + wig) Ao = urZ; + ugZy — (u1g + u11) (4.3d)
Or
N+ AN+4,=0

Which gives the other two eigenvalues of J(E,)

A S . AL
)\3 = 5 + 5 _Al - 4A2, )\4 = 9 - 5 _Al - 4A2 (436)

Therefore, all the above eigenvalues have negative real parts if the following conditions hold

U1221 + 1322 < U1g + Ui

u7Z) + ugZy < uip + U (4.3f)

The jacobian matrix of system (2.3) at Ej3 is given by

—21 —(1 + Ul)/Z\l —Al —/Z\l
B 0 oo 0 0
J(ES) o U7/Z\3 Uggg 0 —Uggg (44&)
0 0 0 o
Qg = U2y — UgZz — (Us + Ug) ,  Gaa = UppZ1 + U142123 + (U16 — Ur7) Z3 — (U1g + U1g)
Therefore the characteristic equation is
[Gag — A [@zz — A [N+ Bid + Bo| =0 (4.4b)
Here B\l = /Z\l >0 and BQ = U7/Z\123 >0
So either
[644 - )\] [EL\QQ - )\] =0 (44(3)
Which give the eigenvalues of J (E3)
X1 = U122 + 142123 + (U1 — Ur7) 23 — (Us + o) X2 = w21 — usz3 — (us + ug) (4.4d)

)\2 + B\l/\ + BQ = O (446)
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Which gives the other two eigenvalues of .J (Es)

~ -3 1 /= = ~ — 1 /= =
A3271+§ 2 _ 4B, >\4:Tl—§ 2 _ 45, (4.4f)

Straightforward computation shows that all the eigenvalues of J (Es3) have negative real parts if the
following conditions hold:

uig + U19 -+ (U17 — U16) Z3 Us + Ug + U323
= , ; Ure < U1y (4.4g)
U1 + U423 Uq

Z2 < min{

Hence Ej is locally asymptotically stable. However, it is a saddle point otherwise.
The jacobian matrix of system (2.3) at £, can be written as

—z5 —(14wuy)zf —2f —2f
- 0 C59 0 0
J(Ey) = 0 0 ¢, 0 (4.5a)
U122 U132 Cis 0
Here

Coo = U12] —ugzy — (Us + Ug), Ci3 = uz2y —ugzy — (U +u11), Cig = w4272 + (u1e — ury) 2
The characteristic equation of J(Fy)is given by
[(ur2} — ugzf — (w10 +ur1)) — A[(wr2] — szl — (us +ug)) — AJ[N2 +CA+C3] =0 (4.5Db)
Here
Ci=21>0 and C; =upziz; >0
So either
[cis = Al [ 3= A =0 (4.5¢)
Which give the eigenvalues of J(Ej)
Al = urz] —ugzy — (U0 + u11), Ay =u12] — ugzy — (us + ug) (4.5d)
Or
A+ ciA+c =0 (4.5¢)

ok ]_
AL = % £ 5/ — 4o (4.5f)

Accordingly, it is easy to verify that all these eigenvalues have negative real parts if the following
conditions are satisfied

% . U9 + U1 + UQZZ Us + Ug + U4ZI
zZ; < min ,
uz Uy

(4.5g)
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Hence, Ej is locally asymptotically stable. However, it is a saddle point otherwise.

The jacobian matrix of system (2.3) at E5 can be written as

—5} —(1+w)z —21~ —§1~
JE) = | 2 u§§3 L (4.6)
0 0 0 T
Here
Qg = U1221 + U132y + U1aZ173 + UisZoZs + U123 — U723 — (Uig + Uig)
The characteristic equation of J(Es) is given by
(Gas — A) </\3 + AN+ A\t 213) —0 (4.6b)
Where
A =— (a11 + age + azz) = —ay = 71 > 0, Ay = ay1a2 — a12a21 + a11a33 — a13a31 + A22033 — A2303:
Ay = —a11G90033 — A12023031 — Q13021030 + Q13022031 + Q11023032 + Q12021033
While
A= A Ay — A (4.60)
So the eigenvalue in the fourth direction
A2y = w191 + uisZa + urati s + uisFads + uieds — urrFs — (uig + i) (4.6d)
Or
N AN+ AN+ A3 =0 (4.6¢)

However the other eigenvalues represent the roots of the third order polynomial which have negative
real parts if the following conditions are satisfied

(1 + Ul)U3U7 < UuUjug

U1221 + Ur3Ze + U14Z1 Z3 + Ur5 202 + U1eZ3 < U723 + (Urs + Uig) (4.6f)

So, Ej5 is locally asymptotically stable, however, it is saddle point otherwise.
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The jacobian matrix of system (2.3) at Eg can be written as

—51 —(1 +U,1)§1 —51 —51
. ul,?g 0 —Uggg —U452
J(Eﬁ) = 0 0 533 0 (47&)
U1224 U1324 43 0
Q33 = U721 + UgZy — UgZa — (U1 + U11), Q43 = U142124 + UisZ224 + (W16 — Ui7) 24
The characteristic equation of J(Eg) is written as:
(6:133 - )\) ()\3 + 51)\2 -+ 52)\ + 6:13) = O (47b)
Where
/_11 = — (all + Q9o + (L44) = — (—El) = 51 > 0,
Ay = a11a92 — Q19021 + Q11044 — Q14041 + 22044 — G24042
Az = —a11020044 — Q12024041 — Q14021042 + Q14092041 + Q11024042 + Q12021 A4y
While
N S (17¢)
Therefore the eigenvalue
j\ == ’LL7§1 + ’LL8,§2 — ’LL9§4 — (’LL10 + Ull) (47d)

However the eigenvalue represent the roots of the third order polynomial which have negative real
parts iff a3 >0, as >0, ,a3 >0 and A > 0. So straight forward computation shows that all the
eigenvalues of J(Es) have negative real parts if the following conditions are satisfied:

(1 + Ul) UgU12 < ULTU13, U7§1 + USEQ < U9§4 + (Ulo + Ull) (476)

So, Eg is locally asymptotically stable, however, it is saddle point otherwise.

The jacobian matrix of system (2.3) at £ can be written as

—Z —(1+w)z —Z1 =
J(E ) . 0 Ulél - U323 - U454 - (U5 + u6) 0 0 (4 8&)
7) — = = o~ .
U723 UgZ3 0 —ugzs
1224 + U142324 U13Z4 + U1523%24 43 0

Here

Ag3 = U142124 + (W16 — U17) 24
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The characteristic equation of J (E7) is given by

(G2 = A) (X + A2+ Do)+ Ay ) =0 (4.8D)
Where

A= — (a11 + ass + ag) = —ay = % > 0,

1212 = (11033 — G13031 + Q11044 — A140471 + A33044 — 034043,

1213 = —@11033044 — Q13034041 — Q14031042 + Q14033041
While

A = AIAQ - Ag (480)

Therefore the eigenvalues
/N\ = ulgl — U3§3 - U4§4 - (U5 + u6) (48d)

However the eigenvalue represent the roots of the third order polynomial which have negative real
parts iff

f:11>0, f:12>0, 14:13>O and A >0

So straightforward computation shows that all the eigenvalues of J (E7) have negative real parts if
the following are satisfied:

UgU12 + UQ’U/1423 < U7U13 + ’U/7U1553, U151 < U3§3 + U424 + (U5 + 'U/G) (486)

So, F; is locally asymptotically stable, however, it is saddle point otherwise.

(4.8f)
The Jacobian matrix of system (2.3)) at Eg can be written as
o o o o
Ay Qrp Qg3 Gy
o 0 ay, as
a
J(Eg)=| % o " " (4.9a)
ag; Gz 0 agy
o o o
Ay Gy Qg3 0
o o o o o o o o o o
Ay =3 =y = —2, G =—(1+u)z, ,ay=uzy, an=0 ay3=—usz,
o o o o o o o o o o o o
(py = —UaZy, Qg = UrZy, gy =UgZy, gz =0, 3= —Ugzy, g = (wra +unaz3) 2y,

gy = (u13 + u15z§) 2 aZ3 = (u14z; + U152y + (U1 — Ur7) ZZ) . Gy =0
The characteristic equation of J (Eg) is given by

MAEGIN+ G +GsA+Gy =0 (4.9b)
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Where

Gy =— (ai1 + aZQ + a;,g + aZA) = — (—z;) = z; >0,

(e} (e} (e} (e} o o o o o o (e} (e}

Ga = —a1509) — Q13031 — G140y; — o303y — Ugylyy — Agqay3 > 0

o o o o (e} (e} (e} o o o o o o o o o o o o o o
G3 = 011093037 — Q91 A13a35 — A31019053 + Q1103403 — A31014043 — Gg1Q13034 + Q1094040

o o o (e} o o o o o o o

= Q91A14040 — Ay Q19004 — Q39094043 — Ay0lo3A34

o o o o o o o o o o o o o o o o o o o o o o (e} o

G4 = a11A39094043 + 1104909303, + Q9101903043 — (913901403 — Qg1 Qu9ly3034 — (3101509403

o o o o o o o o o o o o o o o o

o o o o
+ 31049013004 — A31049014093 — Oy Q19093034 — Qg1 A39013094 + Qg3 Q39014093

A:Gg (GlGQ—Gg)—G%G4 :H1 (HQ—H1)+H3

Here

H o o o o o o (o] (o] (o] o (o] o [e] o o o o o
1= Q11093039 — U9 Q3035 — U310 9093 + Q11034043 — A310140y3 — (g1 013034
o o o o o o o o o (e} (e} (e} o (e} o

T Q11 A94049 — O Q14049 — Qg1Q 9094 — U390o40y3 — QynUozlsy

o o o o o o o o o o o o o
Hy =z (_a12a21 — Q13A31 — Q14041 — Q93lgz9 — Ugqlyy — a34a43)

02 (e} (e} o o (e} (e} (e} (e} o (e} o o o o o o o o o o o o (e} o
Hz =z (a11a32a24a43 T Q11 Gy9093034 + A9y Q19QsyQy3 — Qg1 Uz9Q40y3 — (g1 AyQ130sy — Qg1 o003

o o o o o o o o o o o o o

o o o o o o o
+ 31049013094 — A31049014093 — (g1 019093034 — g1 03501309, + a41a32a14a23) (4.9¢)

Now, the region of global stability (basin of attraction) of each equilibrium points of the system ([2.3))
is presented as shown in the following theorems

Theorem 4.1. Assume that Ey is locally asymptotically stable in R% and the following condition
hold

u
Ug + Uiy > Ui + Urg + % (4.10)

Then the equilibrium point Ey is globally asymptotically stable.
Proof . consider the following function
Vo (21, 22, 23, 24) = 21 + 22 + 23 + 24
Clearly, Vo : RL — R is a continuously differentiable function such that V4 (0,0,0,0) = 0 and
Vo (21, 22, 23, 24) > 0, Y (21, 22, 23, 24) # (0,0,0,0).

Furthermore by taking the derivative with respect to the time and simplifying the resulting terms, we
get that

d V.
dto ={z1[1 = (21 + 22)] —w12122 — 2123 — 2124 — U221 } + {U12120 — U32023 — Ug202y — (U5 + Ug) 22}

+ {urz123 + ugzoz3 — Ugz3z4 — (U0 + u11) 23} + {w192124 + Ut32024 + U14212324 + U14222324
+ui62324 — Ur72324 — (Urs + Utg) 24}
Now, by using the given condition we obtains that

d Vo
dt

< —(u2 — 1) 21 — (us + up) 22 — (w10 + u11) 23 — (w1s + Ug) 24

U1s
— {Ug + Uiy — <U16 + Uq + —> } 2324

L
Now, it’s easy to verify that % s negative definite.

Thus Eqy is a globally asymptotically stable and the proof is complete.[]
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Theorem 4.2. Assume that E; is locally asymptotically stable in R% and the following condition
hold.

U5+U6
1+U1

Then the equilibrium point Ey is globally asymptotically stable.
Proof . consider the following function

Z1 < min { , U1 + Y11 , U8 + Uig } (411)

. . 21
Vi(z1,20,23,24) = |21 —21—21In — | + 20+ 23+ 24
21

Obviously, Vi : R} — R is a continuously differentiable function such that

V1(21,0,0,0) =0, while
Vi (21, 22,23, 24) > 0 for all (z1,20,23,24) € Ri and (z1, 22, 23, 24) # (21,0,0,0) .

Furthermore by taking the derivative with respect to the time and simplifying the resulting terms, we
get that

avy AR
dt

Z1
+ [urz123 + ugzozs — Ugzzzy — (U1 + U11) 23] + [U122124 + U132224 + U14212324 + U15222324

+ (u1e — ur7) 2324 — (18 + U1g) 24]

) [Zl (1 — 21 — R —U1R2 — 23 — 24 — UQ)] + [u1z122 — U3R223 — UgR224 — UrZ2 — UgR2Q

Therefore, by using the condition (4.11)) the derivative % becomes

% < — (21— 21)" = {(us +ug) — (1 +ur) 21} 22 — {(wro +unr) — 21} 2

5 U
—{(u1g + u19) — 21} 24 — {Ug + Uiy — <U16 + u1q + %) } 2324

Now, it’s easy to verify that % 1s negative definite.

Hence the solution of system (2.3) will approach asymptotically to Ey from any initial point satisfies
the above condition and then the proof is complete. [

Theorem 4.3. Suppose the point of equilibrium Eo 1s asymptotically locally. So, it is asymptotically
globally stable in the sub region of R’ if the following conditions hold:

21 < min{z, ur0 + U1 — usa, Urs + Urg — Uga} (4.12a)

Proof . considering the positive following definite being a faction

21 22
Vo (21, 22, 23, 24) = <Z1 — 2 —§1lnz—> + (22 — 29 —ézlﬂz—) + 23+ 24
21 Z9

Obuiously, Vo : R} — R is a continuously differentiable function such that Vs (1,2,0,0) = 0 while

Va (21, 22, 23, 24) > 0V (21, 22, 23, 24) € R} and (21,22, 23, 24) # (1,2,0,0).
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Furthermore by taking the derivative with respect to the time and simplifying the resulting terms, we
get that

av: z — 29 —
dt2 = < 12 1) [21 (1 — 21 — k2 —U1Z9 — 23 — 24 — Ug)] + < 22 2) [22(’11421 — U323 — UgZy — <U5 + U6)]
1 2

+ [u7z1z3 + Ugzo23 — U9R3Zy — (Ulo + UH) 23] + [U122124 + U1322%4 + U142173%24 + U15222324 + U1623%24

—uy72324 — (U1s + Uig) 24]

Consequently, due to conditions (4.12a])-(4.12b)), we have

dV;
7; < — (=1 — 1)2 — (21— 1) (22 —2) = {wo +un —usa — 1} 23 — {wis + U9 — 1 — Wa} 2
U1s
- {Ug + U7 — (Ulﬁ + U + T) } 2324
Obuviously % 1s negative definite and hence Vs, is a Lyapunov function with respect to Eo in the sub

region in R:. So Es is a globally asymptotically stable. O

Theorem 4.4. Suppose the point of equilibrium Es is asymptotically locally. So, it is asymptotically
globally stable in the sub region of R’ if the following conditions hold:

~ . Us + Ug + ngg ~
zZ1 < miny 2,

< 4.13
1 + (751 =3 =3 ( )

Proof .considering the positive following definite being a faction

~ 1 ~ o~ Z3
Vi (21, 29, 23, 24) = <21 —Z1—z1Ilnln — > + 25 + (23—z3—231n1n - ) + 24
21 Z3

Obviously, Vs : R} — R is a continuously differentiable function such that Vi (Z1,0,23,0) = 0 while
‘/3 <Z17 22, 23, Z4) > 07 V(Zh 22, 23, Z4) S Ri and (Zh 22, %3, Z4) 7é (/2\1707237()) .

Furthermore by taking the derivative with respect to the time and simplifying the resulting terms, we
got that

Vs _ (a3
dt

> ) [Zl (1 — 21— k92 —U1R9 — 23 — 24 — Uz)] + [Ulleg — U3R223 — UgR224 — (U5 + UG) 22]
1

23 — 23
+ < 2 ) (23 (ur21 + ugze — ugzg — (U1g + u11))] + [w122124 + U132024 + Ura21 2324 + Ur5 222324
3

+ (16 — u17) 2324 — (U1s + U19) 24]

Now, by using the given condition we obtains that

A% R - - ~ ~ ~
Ttg <—(z1—2)— (1 —uy) (21— 21) (23 — Z3) — {(us +ug) +usZs — (1 +u1) 21} 22 — {urzy — 21} 23
~ u
— {(u1g + u19) — w9z — 21} 24 — {ug + w17 — (w16 + v14 + %)}2324
Obuviously % 1s negative definite and hence V3 is a Lyapunov function with respect to Es in the sub

region in Ri. So Es is a globally asymptotically stable. [
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Theorem 4.5. Assume that Eyis locally asymptotically stable in R, then following condition hold.

Us + Ug + ulgz;‘;
1 + Ui

2 <{

, Uro + Ui + (wie — uir) 25, wis + o} (4.14)

Then the equilibrium point Ey is globally asymptotically stable.
Proof . consider the following function

21 24
Vi(z1, 20, 23, 24) = (zl—z’f—zflnln e ) + 204+ 23+ (z;;—zj[—zj{lnln ;)
1 4

Obviously, Vi : R} — R is a continuously differentiable function such that Vy(27,0,0,2;) =0 While
Vi(z1, 2o, 23, 24) >0 for all (z1, 2o, 23, 24) € Ri and (z1, 22, 23, 24) # (27,0,0,2}) .

Furthermore by taking the derivative with respect to the time and simplifying the resulting terms, we
get that

Wi _ (2=
dt 21

> [21 (1 — 21 — 29 —U1R9 — 23 — 24 — Ug)] + [u12122 — U32223 — U222, — UrZ2 — UgR2Q

24 — 2

. ) [z4(u1221 + w1322 + U1a21 23 + Ur5 2223
4

+ [urz123 + ugzazs — Ugz3zs — (Uro + Uur1) 23] + (
+ (u16 — u17) 23 — (18 + w19)]

Therefore, by using the condition(#14) the derivative 2%  becomes

dt

dV, * * * * *
7; S —(21 — 21)2 — {U1324 — (1 + Ul) 21 + (U5 + u6)}z2 — {<U16 — U17) 2y + (Ulo + Un) — Zl} zZ3

. u
— {(u1g + u1g) — 27} 24 — {Ug + U7 — <U16 + u1g + %) } Z324

Now its easy to verify that % 1$ negative definite.

Hence the solution of system (2.3) will approach asymptotically to E, from any initial point satisfies
the above condition and then the proof is complete. [

Theorem 4.6. Suppose the point of equilibrium Es is asymptotically locally. So, it is asymptotically
globally stable in the sub region of R’ if the following conditions hold:

P {22 + (1 - U7) 23 51 + (Ug - u8> 22} (4 15&)
’ (1—wuy) 7 (uz—ug) '
U1g + U9 > 21 + UgZo + UgZ3 (415b)

Proof . consider the following function

Vs (21, 29, 23, 24) = <Z1—51—511H§ ) + (22—52—52111? ) + (23—53—53111? > + 24

21 29 zZ3
Obuviously, Vs : Ri — R is a continuously differentiable function such that Vs (Z1, 22, 23,0) = 0 While

Vs (21, 22, 23, 1) >0, V (21, 22, 23, 24) € Ri and (21, 22, z3, 21) # (%1, %2, 23, 0)
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Furthermore by taking the derivative with respect to the time and simplifying the resulting terms we
get that:

v,
dt

21— Z
:(12 1>[Zl(l—21—22—U122—23—24—U2)]
1

29 — Z
-+ ( 2 > 2) [22 (u121 — U3R3 — UygZy — (U5 + U6))]
2

23 — 2
+ ( 5 . 3) (23 (ugz1 — ugze — ugzy — (U10 + u11))]
3

+ [u192124 + U132224 + U121 23 24 + Uis22 23 24 + (Uie — Ur7) 23 24 — (Urs + Uig) 24

Consequently, due to conditions (4.15a))-(4.15b)), we have

dV: N - - - -
Tts S —(21 — 21)2 — {(1 — U7) 23 — 29 — (]. — U7) 23} 21 — {(Ug — Ug) 23 — 21 — (U3 — Ug) 23}22 — Z1%k2
U1s
— {U9 + uir — <U16 + u1g + T> } 2324
dVs ~ 2 - .. . . N N ~
I <—(znn—2)" —{wz — (1+w) 2o — Z3+urZs}or — {usZs — (1 +w1) & + w2 —uzZs} 2o
— {u721 — 21 — U322 —+ Uggg} zZ3 — {u18 —+ U9 — 21 — U422 — Ugfg} Z4

U5
— {Ug + w7 — (U1 + u1g + T)} 2324

Now it is easy to verify that % 1s negative definite.

Hence the solution of system ([2.3|) will approach asymptotically to Es from every initial point satisfies
the above condition and the proof is complete. [

Theorem 4.7. Assume that Eg is locally asymptotically stable in R | then it is globally asymptot-
ically stable in the sub region of R% that satisfies the following conditions:

= 1 _ = = —_— =
2y > maz {22 + (1 — us2) 247 Z1 + (uyg _ u13) 24} (4.16a)
o) (o woFs = )
. _ B _
. (1 — ui2) Z1 + (ug — uy3) 22 (4.16b)
Ug — U13
g+ 510 + gy > By (4.16¢)

Proof . considering the positive following definite being a faction

V6(21,Z2,Z3,Z4)= <Z1—21—Z11n§+ > + <22—22—221n2 > + 23+ (24—24—241112)

21 Z2 Z4

Obuiously, Vs : RY — R is a continuously differentiable function such that Vs (Z1, Z2,0,z4) = 0
while

‘/6(Z17 29, 23, 24) > 07 \V/ (Zh 29, 23, Z4) S Ri and (Zh 29, 23, Z4) 7é (5175270754)

Furthermore by taking the deriwvative with respect to the time and simplifying the resulting terms we
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get that

dV; Z21— 2

7:—( 12 1>[21(1—21—(1+u1)zz—z3—24—U2)]
1

29— 2
+ ( 2 > 2) [22 (ZLlZl — U3R3 — Ug2y — (U5 + uﬁ))] -+ [U721 z3 + UgZy 23 — U9R3 24 — (um + UH) 23]
2

Z4 — 54
+ 2 [24(u1221 + w1322 + U1421 23 + Uis2223 + (U16 — Ui7) 23 — (U1s + Uig)]
4

Therefore, by using the conditions (4.16al)-(4.16¢)) the derivative % becomes

dV; _ _ _ _ _ _ _ _
7: < —(z1—21)* —{wize — (14 u1) Zp — 24 Furoa}zr — {urzr — (1 +uy) 21 — uaZy + ui3Zs} 29
—{uro + U1 — Z1 — usZa + u1eZs — ur724} 23 — {U1221 + U13Z2 — UsZ2 — Z1} 24

Uis
- {U9 + U7 — <U16 + U4 + T> } 2324

Obviously % is negative definite and hence Vi is a Lyapunov function with respect to Eg in the

sub region in RY. So Eg is a globally asymptotically stable. [

Theorem 4.8. Suppose the point of equilibrium E; is asymptotically locally .so, it is asymptotically
globally stable in the sub region of R’ if the following conditions hold:

2o > (uy — 1) Z3 + (w12 — 1) 24 (4.17a)
Us + Ug + UsZs + Usza > 21 4 U2y (4.17Db)
UrZ1 + U4 > 21 + UgZg + U724 (4.17¢)
U921 + Uia2125 + Uie23 > 21 + Ug2s + U123 (4.17d)

Proof . considering the positive following definite being a faction

x P 21 =z p zZ3 = x Z4
V7<Zl, 29, 23, Z4> = (21—21—21111:—) + 29 + (23—23—23111:— > + (24—24—24111:—
<1 z3 2!

Obuiously, V7 : RY — R is a continuously differentiable function such that Vz (51, 0,3, 54) = 0 while
V7 (21722723724) > 07 v (217 29, 23, 24) S Ri a’nd (Zlu 29, 23, 24) # (5170753754) .

Furthermore by taking the derivative with respect to the time and simplifying the resulting terms we
get that

s > [Zl (1 — Z1 — (]. + Ul) Z9 — 23 — R4 — UQ>] + U1Z129 — U3R223 — UgZoZ4 — <U5 + UG) Z9
1

23— 2
+ < > . 3) [25 (U721 + ugze — ugzy — (U0 + u11))]
3

24— 2
+ < & 2 4) [24 (w1221 + U1322 + U142125 + U152223 + (Ure — U17) 23 — (Urs + U19))]
4
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Consequently, due to conditions (4.17a)-(4.17d)), we have
avr
dt —

— {(U5 -+ Uﬁ) — 51 — Ulél -+ Uggg -+ U13§4} z9

—(21 — 21)2 — {ZQ — {(U7 — 1) §3 + (U12 — 1) 54}} 21

- {U751 — Z1 — UgZy + U624 — U175n} 23 — {U1251 — Z1 — UgZ3 + U142123 + U163 — U1753} 24

U1s
— {Ug + U7 — <U16 + u1q + T> } 2324

Obuviously d7 1s negative definite and hence Vz is a Lyapunov function with respect to E; in the sub
region in R:. So E7 is a globally asymptotically stable. O

Theorem 4.9. Suppose the point of equilibrium Eg is asymptotically locally .so, it is asymptotically
globally stable in the sub region of RY if the following conditions hold:

Zi > 7z, i=1,2,3,4 (4.18a)

(4.18D)

o
1T —wp ug —urz ug + Uy — Ue — U2,
23 < Min , ,
U14 Uys U5

Proof . considering the positive following definite being a faction
Vs (21, 22, 23, 24) = <21 — 2 — 7 lnz—1 +<21 — 2y — 2, lnz—2>—|—(z3 — 23 — 2 lnz—3>+<z4 — 2z, — 2, lnz—4>
23 24
Obviously, Vs : RY — R is a contmuously differentiable function such that Vg (zl, 2oy 23, 24) =0
while Vg (21,22,23,24) >0 forall (z1,2,23,24) € RT and (21, 20, 23, 24) # (21722,z3,z4
Furthermore by taking the derivative with respect to the and simplifying the reselling terms, we yet
that

(2

7 - )%“—“—@—%@—%—a—wﬂ

—_— ZO
+ ( > 2) [z9 (w121 — U323 — uazy — (us + ug))]
2

23 — ZO
-+ ( 3 > 3) [23 (U721 + Ugzo — UgZy — (Ulo + ull))]
3

+ . [24 (U1221 + w1322 + 142125 + Urs2023 + (U — U17) 23 — (U1s + Ugg)]
4

Now, by using the given condition we obtains that

% < —(z1 — 2(1))2 . (21 - Zi) (2’2 — z;) — (1 —uy) (21 — z;) (33 _ Z;)

— (1 — ugg — u1423) (zl — zl) (z4 — zZ) — (u3 — usg) (22 — zg) (z3 — zg)

— (ug — U1z — u1523) (Zz - Z;) (Z4 - ZZ) - <U9 — U + Ui7 — U15Z; - U1523) (Zs - 2’3) (24 - ZZ)

Obuviously d8 1s negative definite and hence Vg is a Lyapunov function with respect to Eg in the sub
region in R4 So Eg is a globally asymptotically stable. [
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5. Numerical Simulation

In this section, the global dynamics of system (2.3 is investigated numerically for different sets
of initial values and different sets of parameters values. The objectives of such investigation are
determine the effect of varying the parameters values and confirm our obtained results. It is observed
that, for the following biologically feasible set of hypothetical parameters values:

uy = 0.1, wuy = 0.03, wuz3= 0.07, wug= 0.05, wus = 0.01,

ug = 0.01, wu; = 0.03, wg= 0.08, wug = 0.04, wuyp= 0.03,
u; = 0.01, wup = 0.02, wuz3= 0.05, wuyu= 002, wuys = 0.06,
ug = 0.03, wuyy = 0.01, wug = 0.02, wuyy = 0.01
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Figure 1: Time series of the trajectory of system ([2.3)) for the data (5.1). (a) Trajectories of susceptible
prey (b) Trajectories of infected prey (c) Trajectories of predator, (d) Trajectories of scavenger.

Obviously, Figure 1. shows the existence of a globally asymptotically stable positive equilibrium
point EFg = (0.289,0.462,0.019,0.152) for system ([2.3]).

However, for the data given by Eq. with varying the parameter uy in the range us > 1 ,then
the trajectory of system , starting from different sets of initial data, is approaching asymptoti-
cally to the vanishing equilibrium point Ey = (0,0, 0, 0) as shown in the typical figure represented
by Figure 2.
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Figure 2: Time series of the trajectory of system (2.3) for the data (5.1)) for uy = 1.5 (a) Trajectories
of susceptible prey (b) Trajectories of infected prey (c) Trajectories of predator, (d) Trajectories of
scavenger.

It is easy to verify that for the data , we have, and the solution approaches to Ey = (0,0, 0, 0).Now
in order to investigate the effect of verifying one parameter value at a time on the dynamical behavior
of system the following result are observed. According to the Figure 2. it is clear that the
solution of System approaches asymptotically to the prey free equilibrium point.

Moreover, for the parameters values given in Eq. with u; = 0.01 the solution of system
approaches asymptotically to £; = (0.9,0,0,0) as shown in the typical figure that given by Figure
3.
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Figure 3: Time series of the trajectory of system(2.3)) for the data(p.1)) for u; = 0.01 (a) Trajectories
of susceptible prey (b) Trajectories of infected prey (c) Trajectories of predator, (d) Trajectories of
scavenger.
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According to the Figure 3., it’s clear that the solution of system approaches asymptotically
to the prey free equilibrium point.
Moreover, for the parameters values given in Eq. with ug = 0.008 and u;3 = 0.005 the solution
of system approaches asymptotically to the first two species Fy = (0.2, 0.7, 0, 0) in the typical
figure that given by Figure 4.
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Figure 4: Time series of the trajectory of system (2.3)) for the data (5.1)) for ug = 0.008 and uy3 = 0.005
(a) Trajectories of susceptible prey (b) Trajectories of infected prey (c) Trajectories of predator, (d)
Trajectories of scavenger.

According to the Figure 4, it’s clear that the solution of system approaches asymptotically
to the first two species equilibrium point.
Moreover, for the parameters values given in Eq. with u; = 0.01 and u; = 0.5 the solution of
system approaches asymptotically to the second two species E5 = ( 0.080, 0, 0.889, 0) as shown
in the typical figure that given by Figure 5.
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Figure 5: Time series of the trajectory of system(2.3) for the data(b.1)) for u; = 0.01 and u; = 0.5
(a) Trajectories of susceptible prey (b) Trajectories of infected prey (c) Trajectories of predator, (d)
Trajectories of scavenger.

According to the Figure 5., it’s clear that the solution of system(?2.3) approaches asymptotically
to the Eg.
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Moreover, for the parameters values given in Eq.(5.1)) with u; = 0.01 and w2 = 0.2 the solution of
system(2.3) approaches asymptotically to third two species E; = ( 0.15, 0, 0, 0.82) as shown in the
typical figure that given by Figure 6.
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Figure 6: Time series of the trajectory of system(2.3]) for the data(b.1)) for u; = 0.01 and w5 = 0.2
(a) Trajectories of susceptible prey (b) Trajectories of infected prey (c) Trajectories of predator, (d)
Trajectories of scavenger.

According to the Figure 6., it’s clear that the solution of system(2.3) approaches asymptotically
to the E;.

Moreover, for the parameters values given in Eq.(5.1)) with u;3 = 0.005 the solution of system([2.3)
approaches asymptotically to the first three species E5 = (0.350, 0.368, 0.214, 0) as shown in the
typical figure that given by Figure 7.
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Figure 7: Time series of the trajectory of system(2.3) for the data(b.1)) for u13 = 0.005 (a) Trajectories
of susceptible prey (b) Trajectories of infected prey (c) Trajectories of predator, (d) Trajectories of
scavenger.
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According to the Fig .(7), it’s clear that the solution of system approaches asymptotically
to the Es.
Moreover, for the parameters values given in Eq. with u; = 0.003 the solution of system
approaches asymptotically to the second three species Eg = (0.277, 0.489, 0, 0.154) as show in the
typical figure that given by Figure 8.
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Figure 8: Time series of the trajectory of system ([2.3)) for the data (5.1)) for u; = 0.003 (a) Trajectories
of susceptible prey (b) Trajectories of infected prey (c) Trajectories of predator, (d) Trajectories of
scavenger.

According to the Figure 8., it’s clear that the solution of system approaches asymptotically
to the Eg.
Moreover, for the parameters values given in Eq. with u; = 0.01,u; = 0.3, and uyy = 0.3
the solution of system approaches asymptotically to the third three species equilibrium point
E; =(0.192, 0, 0.336, 0.440) as shown in the typical figure that given by Figure 9.
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Figure 9: Time series of the trajectory of system(2.3) for the data (5.1) for u; = 0.01 , uy = 0.3
, urg = 0.3 (a) Trajectories of susceptible prey (b) Trajectories of infected prey (c) Trajectories of
predator, (d) Trajectories of scavenger.
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6. Conclusions and Discussion

In this paper, we proposed and analyzed an Eco-epidemiological model that described the Prey,
predator and scavenger with disease in prey. The model included four non-linear autonomous ordi-
nary differential equations that describe the dynamics of four different species, namely Susceptible
prey (Xi), Infected prey( X,), Predator (Y;) and (Y,) which is represent the scavenger. The bound-
edness of system has been discussed. The existence conditions of all possible equilibrium points
are obtained. The local as well as global stability analyses of these points are carried out. Finally,
numerical simulation is used to specific the control set of parameters that affect the dynamics of the
system and confirm our obtained analytical results. Therefore system has been solved numeri-
cally for different sets of initial points and different sets of parameters starting with the hypothetical
set of data given by Eq. , and the following observations are obtained.

1. system do not has periodic dynamic, instead of that the solution of system approaches
asymptotically to one of its equilibrium point.

2. As the value us increasing and keeping the rest of parameters as in eq. the solution of
system approaches asymptotically to the vanishing equilibrium point Ej.

3. Decreasing the value of, u; below the value 0.01 in eq. caused destabilizing to the positive
equilibrium point Fg and the trajectories of system approached asymptotically to the
prey free equilibrium point Ej.

4. Tt is observed that, in case of Decreasing the values ug and uy3 the positive equilibrium point
FEs becomes unstable and the trajectory of system approaches asymptotically to the first
two species Fjs.

5. If we take u; = 0.01 and u; = 0.5 and keeping all the value in eq.,the positive equilibrium
point Fg becames unstable and the trajectory of system (2.3 approaches asymptotically to
the second two species Fs.

6. If we choose the values u; = 0.01 and u;o = 0.2 respectively, keeping other parameters fixed as
given in eq. the positive equilibrium point Eg will be unstable and the solution of system
approaches asymptotically to the third two species Ej.

7. Decreasing the value of, uy3 , below the value 0.05 in eq. caused destabilizing to the positive
equilibrium point Eyg and the trajectories of system approached asymptotically to the prey
free equilibrium point Es.

8. Decreasing the value of, u7 , below the value 0.03 in eq. caused destabilizing to the positive
equilibrium point Fg and the trajactories of system approached asymptotically to the prey
free equilibrium point Fg.

9. If we take u; = 0.01 , u; = 0.3 and uyy = 0.3 and keeping all the value in eq.,the
positive equilibrium point Fg becames unstable and the trajectory of system approaches
asymptotically to the second two species F7.
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