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Abstract

In this study, a mathematical model consisting of four species: first prey and second prey with stage
structure and predator in the presence of toxicity and anti-predator has been proposed and studied
using the functional response Holling’s type IV and Lotka Volttra. The solution’s existence, unique-
ness, and boundedness have all been studied. All possible equilibrium points have been identified.
The stability of this model has been studied. Finally, numerical simulations have been used to verify
our analytical results.
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1. Introduction

In population dynamics, a mathematical model that used understand certain occurrences preda-
tion interactions are represented mathematically by interactions between predatory and prey animal
species living in the same environment. The prey predator model featured prey density-dependent
growth and functional responses.

When a population biologist starts evaluating a population of organisms, they employ a variety of
tools to collect data. Experiments and observations are used to build mathematical formulas and
models, which are then utilized to make forecasts. Essentially, the researchers must consider aspects
that influence the population.

Some types of prey have already been studied that are capable of fighting predators, whether with
chemicals, through community defines, or by excreting harmful substances. Many animals can escape
by fleeing quickly, defeating or outnumbering their attacker. Some species are able to escape even
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when they catch them by sacrificing certain body parts: crabs can get rid of their paws, while lizards
can shed their tails. Predators are often distracted long enough to allow prey to escape.

The anti-predator behaviour always influences more than one predator and also make the preda-
tor’s competition become more complex [15].A response based on the density of prey only was con-
sidered. In (1989), Arditi and Ginzburg [1] propose a ratio — dependent function response which is a
particular type of a predator dependence. Banerjee [3] constructed a prey and predator model, and
there are some ratio-dependent mathematical models [I6] .There are very few mathematical model
[T7] in which anti-predator behaviours have been.

The anti-predator behaviour property of first prey population has been introduced in our proposed
mathematical model. Here, Holling’s type IV functional response has been used on the basis of ratio-
dependency of prey and predator [17] [2].

One of the most important problems that face the dynamic of the ecosystem is the effects of toxic
substances. Defining a toxic substance as any human toxic substance released into an environment
through human activities, for example, are the rodents in poultry farms, causing the presence of
rodents in poultry breeding facilities. Large economic losses, so the farmer uses toxic pesticides for
rodents and carefully follows the instructions for use.

It is necessary to assess the risk to living organisms exposed to toxins and to find relevant factors
that determine the persistence of the organisms. Hallam and Deluna [8] discussed the effects of the
toxin through a population food chain. Hallam and Clark [9] studied the effect of a toxic substance
on populations, while Friedman and Shukla [6] developed a prey and predator pattern based on the
toxicity of one species. Chattopadhyay [4] studied the effect of toxic substances on two competing
species. And montoya et al [I4] two types of factors were considered, such as (anti-predator behaviour
and collective defines in the stage structure model), some researchers in mathematics have looked at
prey and predator models in the effect of toxicity [10], [I1], [12].

In recent years, many prey and predator models have been studied on the basis of the age structure
[5], [13]. In many cases, the lifestyle of different species passes through two stages of life (mature and
immature), the fully immature prey depends on its feeding on the mature prey in order to describe
the interactions.

In this paper, mathematical model of four species with stage- structure and anti-predator be-
haviour have been proposed to study.

2. Model formulation

In this section, an ecological model consists of four species have been proposed : the first prey
and second prey which have a stage- structure with only one predator , which are denoted to their
populations sizes at time Ey(t), Fa(t), E5(t) and E4(t), respectively .

1. The first prey grows logistically with intrinsic growth rate S; > 0, and carrying capacity
Ly > 0, the second immature prey arose to mature with a growth rate D > 0, respectively
and immature prey depends entirely on its feeding on mature prey that grows logistically with
intrinsic growth rate Sy > 0 , and carrying capacity L, > 0, in the absence of predator.

2. The predator also consumes first prey according to the response of the Holling type- IV with
maximum attack rates C; > 0, and measure the extent to which the environment provides
protection to the prey and predator m > 0, a portion of this food contributes to a conversion
rateA; > 0, with a normal mortality rate k3 > 0, the predator faces death when deprived of
food, at the same time, mature and immature prey are consumed, depending on the predator. to
the response of the Lotka Volttra functional with consumption rates on the C; >0, = 2,3,
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respectively, a portion of this food contributes to a conversion rates A; > 0, @ = 2,3, it is
referred to as a natural death for mature and immature prey is denoted by k; >0, i=1,2.

3. It assumes that the function response to the predation of the first prey is taken as Holling type-
IV response function because it describes a group defense phenomenon where it represents

n > 0, the rate of anti- predator behavior of first prey to predator.

4. Finally, a; > 0, 7 =1,2,3, the toxicity represents the mature and second immature prey and

predator respectively.

dE1 E1 C1E1E4
L o5E(1-2) -2
e~ ! 1( L1> m+ B2’

dE E.
—2:SQE3 1——3 —DE2—02E2E4—051E22—K1E2,
dt Lo
dE
d—;:DEQ—CQE3E4—Oé2E§—K2E3,
dE4 A1E1E4
= AsEyEy + AsEsEy — nEV\Ey — asEy — K3E)y.
o m+E%+224+334n140434 3Ly

(2.1)

With initial condition FE; (0) >0, E5(0) >0, E5(0) >0, E4(0) > 0. Therefore these functions

are Lipschitzian on R?%, and therefore the solution of the system (2.1)) exists and is unique.

Theorem 2.1. All the solutions of system(?2.1)) with initial condition belonging to Ri are uniformly

bounded.

Proof . Let Fi(t), Ex(t), E5(t), E4(t) be a solution of system(2.1)) with an initial non-negative con-

dition (El( 0 ),EQ( 0 ),Eg( 0 ),E4(O)) c Ri
Now according to the first equation of system(2.1)) we have:

dE, B
< 5E (1-2).
dT—S“( 11)

By comparison theorem [7] for solving this differential inequality, we get:

lim sup E;(t) < L.

n—oo

Now consider a function:
N@t)=Ei(t)+E(t)+ E5(t) + E4 (1),

then after take the function’s time derivative along with the system (2.1)) solution, we get:

AN E E
— =8B (1= 2 ) + 8,8 (1 -2 ) — KyEy — KyBs — K3y — (Cy — Ay) By By
dt L1 L2

E\EBy

—(C;—-A
(& 1>m+E%

— (03 — Ag) E3E4 — (OélEQQ + OJQE?% —|— CY3E4 —|— ’I’LElEg) .

So according to the biological facts always C; > A; , 1 =1,2,3, we get:

dN E
i < 25,E + S3E5 (1 — L—g) — (S1E1 + K\ Ey + KyEs + K3 Ey).
2
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Now since the function f(FE3) = SoFs ( — f—j) in the second term represents a logistic function
with respect to F5 and hence it is bounded above by the constant %. So,

% <2S,L; + 52l — (S1+ Ky + ko + k3) N.

% + SN < 2S,L, + SQ4L2 , where N = min {5, K1, Ks, K3} .

% +SN < H, where  H = (2SIL1 + 524[/2 ) :

Again, by comparison theorem to solving this differential inequality for the initial value N(0) = Ny,

we get:
H H

<_ _ —st
N(t>_s+<N0 S) € s

t—o0

So, all solutions of system (2.1)) are uniformly bounded. [

H
TwmhmfigS@ 0N <Z ., vVi>o.

3. Existence of Equilibrium Points

In this section, we see that model ([2.1)) has discussed all the points of equilibrium that can check
the conditions of existence , as shown below:

1. The equilibrium point Q; = (0,0,0,0 ), which known as trivial point always exists.

2. The equilibrium point @; = (L1,0,0,0) always exists, as the prey population grows to the
carrying capacity in the absence of predator.

3. The free second prey equilibrium point Qs = (E4,0,0, Ey) exists uniquely in Int. R} of
E| E,—plane if there is positive solution to the following of equations

SlEl C’1FJ‘4
S1 — - =0 3.1
A By
m—}—E% —nEl—ag—ngO, (31b)

From equation (3.1a)) we have,

. S1 (m + E%)(Ll — El)
E, = CiL, , (3.1c)

From equation ([3.1b|) we have,
f(x) = BLE} + BB} + BBy + 4 =0, (3.1d)

where: f; =-n <0, [Bo=—(ag+ks) <0, [Bz=A—nm, py=—(azm+ksm) <0,

By discarte rule Eq.(3.1d) either has no positive root or it has two positive root, denoted by
Qs = (El, 0,0, E4) and Q3 = (E; ,0,0, E; ) , depending on the following conditions:

Ly > E17 (316)
Ay >nm (3.1f)
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4. The equilibrium point @, = (0, By, B, 0) exists uniquely in Int. R} of EsEs;— plane if there
is positive solution to the following equations:

2
D(E,) — ayE; — KyFB3 =0 (3.2b)

E
SQEg <1 - L—3> - DE2 - OzlEg — K1E2 =0 (32&)

From equation (3.2bf) we have

(aaFE3 + Ky)Es

E2: D 9

(3.2¢)

By substituting (3.2¢)) in (3.2a]) and then simplifying the resulting term we obtain that:
f(2) = RiE5 + RoE5 + RsEs + Ry = 0, (3.2d)
where

Ry = —aqaily <0,

Ry = —20100 K50y < 0,

Ry = —(D?Sy + D? Loy + ay Lo K3 4+ K1 DLyas) < 0,
Ri= LoD (D (Ss — Ks) — KoK

By discarte rule Eq. (3.2d]) unique positive root, namely Eg provided that:

52 > KQ, (326)
D (SQ — K2> > KQKl. (32f)

So, Q4 = (0, Eg, Eg, 0) where Eg = EQ(Eg) exists, provided that the above conditions hold.
5. The free predator equilibrium point Q5 = (E\, E», Fs5, 0) exists uniquely in Int. R} of EyEyEs —
space if there is positive solution to the following set of equations:

S1E,y
Sy — =0 3.3
1 Ll ) ( a)
E.
SQEg <1 - L—g) - DEQ - 061E22 - K1E2 == 0, (33b)
2
DE; — ayFE; — KyF3 = 0, (3.3¢)

From equation (|3.3a)) we have
Ey = L.
From equation (|3.3c|) we have

Es+ Ko)E
g, = (0l OB (3.34)




1866 Kareem, Majeed
By substituting in and then simplifying the resulting term we obtain that:
f(x) =0,E3 + 0,F2 + 03E5+ 64, = 0, (3.3¢)
where

0 = —ozloz%Lg <0,

09 = —2a1a9 K5 Ly < 0,

63 = —(D?Sy 4+ D?Loay + ay Lo K3 + K1 DLyas) < 0,
64 = LoD (D (Sy — Ky) — Ky K))

By discarte rule Eq. (3.3¢) has unique positive root, namely Ej, provided that (3.2€) and (3.21)
hold. So, Q5 = (El, Es, Es, 0) where Ey = FEy <E3> , exists under the above conditions.

6. The free first prey equilibrium point Qg = (0, l:?z, Eg, E:’4) exists uniquely in Int.Ri of By s By —
plane if there is positive solution to the following set of equations:

E
SQE:J, (1 - L—3> - DE2 - CQE2E4 - C(lEg - KlEQ = 0, (34&)
2
DE2 - 03E3E4 - OézEg - K2E3 = 0, (34}3)
A2E2 + A3E3 — Q3 — Kg = O, (340)

From equation (3.4c|) we have

_az+ K3 — AzE;

E. 3.4d
? Ay ! (3.4d)
Now by substituting (3.4d)) in (3.4b)) we get
D
B — 43+ Ky — A3E3) — (ao B3 + KQ)E?)’ (3.40)
C3E;

By substituting (3.4¢]) and (3.4d)) in (3.4a)) and then simplifying the resulting term we obtain
that

f(x) = BiE; + ByF; + BsFs + B, = 0, (3.4f)
where

By = —(S,A4505 4+ g Ay A3Cy Ly + o Lo C3A3) < 0,

By = Ly (Cs (a3 + K3) an Ay — Az (A3 + A2 K»)) + C3 (A2 A3 (D + Ky) 4 5243 + 2(as + K3)ag A3))
B3 = Ly (a3 + K3) (A3Cs) (24 ko) — C3 (A2 (D + k1) + o (a3 + K3))

Bs = —CyLyD (a3 + k3)* < 0.
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By discarte rule Eq.(3.4f) either has no positive root or it has two positive root, denoted by
Q¢ = (0, E,, Es, E4) and Q7 = (O, E,  E, ,E4) , depending on the following conditions:

as + K3 > A3E3, (34g)
D
7 (ag + k’g — A3E3) > (OégEg + Kg) FEs , (34h)
2
(Oég + Kg) g Ay > A3 (Ag + AQKQ) , (341)
A3Cy (2 + ko) > C3( Ay (D + ky) + ay (a3 + K3)) . (3.4)

7. Finally the positive equilibrium point Qg = (El, E’g, Eg, E4> exists in the [ nt.Ri if and only

if there is appositive solution of the following set of equations:

SlEl 01E4
Sy — - = 3.5
E
Sy By (1 — L—3> — DEy — CyByEy — oy E2 — K1 Ey = 0, (3.5b)
2
DE2 — C3E3E4 — OéQEg — KQEg = 0, (35(3)
AlEl
L AyBEy+ AsEs—nEy —as— Ky =0 3.5d
(m—{—E12)+22+33 nky —ag 3 ; (3.5d)

From equation (3.5a) we have
S1 (Ll — El) (m + E%)

E, = 3.5
From equation ([3.5d|) we have
. E1<n—<m‘i—gf)>+a3+K3—A2E2 .
Subtitling (3.5¢]) and (3.5f)) in (3.5b)) and then simplifying the resulting term we obtain that:
Ay
Fi (Ey, BEy) = A3leSy | Ery(n — ———~ K3) — AyE
1 (B, Bs) 3l2 2(1(” (m+Ef))+(a3+ 3) 22)
Ay
-S| By(n — ——= K3) — Ay E
2( 1(n (m+E%))+(a3+ 3) 2 2)
C!
— By (D + o By + Ky + & z (SiLym + S1L1E} — SymE; — SlEf)) =0, (3.5g)
111
Now, by subtitling (3.5¢]) and (3.5f) in (3.5¢) and them simplifying the resulting term we obtain
that:
Ay 9
FQ (El, EQ) = DEQ — 03A3 El(n — —2) + (063 + Kg) — AQEQ (Slle + SlLlEl
(m + EY)

A
— SymEy — S1E3) — ayCy L (E n———— )+ (g + K —AE>
1 1 1 1) 2141 1( (m+E12)) (3 3) 21452
A
— ClAngKQ (El(n — m) + (043 + K3) — AQEQ) = O, (35h)
1
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Now from ({3.5¢g)) we notice that, when Ey — 0, E} — E\, where Ejis the unique positive root
of the equation.

F(EL) = ME} + E} + »Ef + 1B} + 5 Ef + ¥ By + 77 = 0, (3.51)
where

71 =-n"<0,

Yo = n(LaAsz — 2 (a3 + K3)),

v3 = (a3 + K3) (Lo Az — (a3 + K3)) + 2n (A —nm),

Y4 = (LaAs — 2 (a3 + K3)) (2nm — Ay),

75 = 2m (as + K3) (LaAs — (a3 + K3)) +nm (A, — nm) + A7,
Y6 = (A1 — nm) (m (L2As — 2 (a3 + K3))),

7 =m? (a3 + K3) (Lo Az — (a3 + K3)) .

If in addition to condition (3.1f]), the following conditions hold:

L2A3 > max{(a3+K3), 2(0&3+K3)}, (35J)
Ay < 2nm. (3.5k)
Fy
Moreover from Eq.(3.5g) we have % = — ( 3?3) . So, % > 0 if one set of the following set
BB,

of conditions holds. 1

8F1 8F1 8F1 aFl

—>0,—<0 Or —<0,=—=>0 3.51
0B, ~ " OF " 0B, T oE, (350

Further, from Eq. (3.5h) we notice that, when Fy — 0, E; — E; , Where E; is the unique
positive root of the equation.

f(Er) = pLEY + paE] + psEY + paEY + ps EY + peEY + pr B} + ps By + po = 0, (3.5m)
where

p1 = S1A3nCs > 0,

po = S1C3A3 ((a3 + K3) — nly),

p3 = S103A3 (3nm — (a3 + K3) L) — ayCyLin?,

p1 = 38:CsAgm (o + K3) — nLy) — As (S1C5As + KoCrLy) — 200Ch Ly (as + K3) |

ps = asCiLy (2n (nm—A,)) + (KyA3 — as (a3 + K3))

C1Ly (a3 + K3) + S1C3A5 (m (3nm — (a3 + K3) L) + A1 Ly)

pe = C3A3mS; (3m ((az + K3) — nLy) — 24;1) + 202C1 Ly (a3 + K3) + KoC1 L1 As) (nm — Ay),
pr =2mC1 Ly (a3 + K3) (KoAs — as (as + K3) + aeCh Ly ((A1 —2nm) — n2m)

4 3C3A3m?*S; (A — (a3 + K3)),

ps = C3Asm?®S) ((as + K3) — nLy) + 2050, Ly (a3 + K3) + KoC1 L1 As) (nm—A;) — C5Asm*S) Ay,
po = C3A3m?>S) (A; — (a3 + K3)) — O1 Ly (a3 + K3) m? (Ko As + s (a3 + K3)) .
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If in addition to conditions (3.1f) and (3.5kl), the following conditions hold:

as + K3 < nly, (3.5n)
3nm < (a3 + K3) Ly, (3.50)
KAz < ag (a3 + K3), (3.5p)
A (s + K3), (3.5q)

Moreover from ([3.5h)) we have % = —g—g g—g. So, % < 0 if one set of the following set
of conditions holds.

aFQ (9F2 3F2 aFl

— <0, =— <0 Or —>0, — >0 3.5
OE, ok, " OFs 0F; ( I')
Then the two isoclines (3.5g) and (3.5h)) intersect at a unique positive point (El, E2> in the
Int.R} of E1Ey,— space. If in addition to condition (3.1¢]), the following conditions hold

A1E1
n > m, (358)
AlEl
E D —t K3 > AFE 3.5t
1(71 (m_'_E%))JrOtsﬂL 3 2L, (3.5t)
E, < E| (3.5u)

So, Qs = (El, E,, Fs, E4> where E; = Fj <E1, ]_:72) and Ey = FE, (El, Eg) exists under above
conditions.
4. Local Stability Analysis

In this section discusses the local stability analysis of the system (2.1]) for each of the previous
equilibrium points have been discussed by computing the Jacobean matrix J(Ey, Ey, E3, Ey) of the

system ([2.1)) as follows:

2
S1(L1—2E7) 01E4<W7E1)

CyEy
) ° ° AGE)
J— 0 —D—CyE4—2a1 Es— Ky %(L%i;w&) —CoEy 0
0 D —C3E4—200FE3— Ko —C3E3
A1E4(m—E%) A E
“Tf_nEél Ao FEy AszEy ﬁ—i—AgEg—&-Ag,Eg—nEl—ag—K&
m 1 m 1
(4.1)
4.1.  Local Stability Analysis of Qo
The Jacobean matrix at Qo= (0,0 ,0,0 ) is given by:
St 0 0 0
B |0 -D-K; 5 0

0 0 0 —ag — K3
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Then the characteristic equation of Jy is given by:
(S1 = A) [N+ (K1 + Ko+ D) A+ (D (Ky — So) + Ko K))] (—as — K3 — \) =0,
So, either (S; — \) (—a3z — K3 — A) = 0, which gives

)\OEl = Sl > 0,
Mg, = —(ag + K3) <0,

Or [N+ (K; + Ky + D)X+ (D (Ky — Ss) + KyK1)] =0, wich gives

Xog, + Mgy = —(K1 + Ko+ D) <0,
/\()E2 [ ] )\0E3 = D (KQ — 52) -+ K2K1
Hence @)y is saddle point, and it is (unstable).

4.2.  Local Stability Analysis of ()4
The Jacobean matrix at Q1 = (L1,0,0,0) is given by:

—Si 0 0 — Al

(m+L%)
B 0o -D-K 3 0
0 0 0 (;‘+—LL) —nL; — a3 — Ks

Then the characteristic equation of J; is given by

(=51 = A) N2+ (Ky + Ky + D) A+ (D (Ky — Sy) + Ky K1) <—a3 — K3+ Ll((m’i—ly) —n) - A) —

So, either (—S; — \) <—a3 — K3+ Ly (ﬁ — n> - )\> = 0, which gives
maby

>\1E1 = —Sl < 0,

A
>\1E4:L1 (m—n) —Oég—Kg

Or [N+ (K + Ky+ D)X+ (D (Ky — S3) + K2 K7)] = 0, which gives

AME, + Mg, = — (K1 + Ky + D) <0,
ME, @ Mg, = D (Ky — S2) + K1 Ko

Hence ) is locally asymptotically stable if in addition to conditions (3.2€) the following conditions
hold.

D (SQ — KQ) < KlKQ, (44)
AlLl

— 4.

1y " )
AlLl

—_— — K. 4.

CEYE) n < oag + Ks, (4.6)

Otherwise it is unstable.
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4.83.  Local Stability Analysis of Qo
The Jacobean matrix of ()3 = (El, 0,0, E4) , similarly for Q3 = (E; ,0,0, E, ) , is given by

S1(11—28,) C1Ba (m*E%)

C1E
D ° )
0 —D—-CrEs—K S 0
Jo = J(Q2) = 0 D Bk 0 (4.7)
(‘m_n) B Aoy AsEs (21?2) By a3 K
m 1 1

Then the characteristic equation of .Js is given by
[)\2 + (v11 + vaa) A + (v11) (Vaa) — (v14) (U41)] P\Q + (Va2 + 33) A + (v22) (v33) — (v23) (U32)} =0,
So, either [A? + (vi; + vag) A + (v11) (vag) — (v14) (v41)] = 0, which gives

. Sl (L1 - 2E1) 01E4 (m — E12) Al —

/\2E1 + >\2E4 — ( L1 (m i E%) + m n E1 Q3 K3
. Sl (Ll - 2E1) 01E4 (m — E_'12) Al —

/\2E1 o >\2E4 - ( Ll (m+ E’%) (m T E12) n El ag K3

Ay (m — E}) CE,
+< (m+E2)° n) Fa ((m+E12))

Or [N\ + (va2 4 vs3) A + (v22) (v33) — (v23) (vs2)] = 0, which gives

Nop, + Aap, = —(D + CoEy+ Ky + C3Ey + K) < 0,
Ao, ® o, = (D + CoEy + K1) (03E4 + K2) — DS,

So, all the eigenvalues of J; have negative and hence ()2 and ()3 is locally asymptotically stable
provided that the following conditions hold.

(D + 02E4 + Kl) (03E4 + KQ) > DSQ, (48&)
L, < 2F,, (4.8b)
m > E}, (4.8¢)
AlEl
—_— — < ag+ K3, 4.8d
( (m + E%) n) e ’ ( )
AE A — B?
n < min - 12 , = (m — 12> (4.8¢)
(m+E2)" (m+E})
Otherwise it is saddle point.
4.4. Local Stability Analysis of Q4
The Jacobean matrix at Q4 = (0, Es, E3,0) is given by
Sh 0 0 0
D -9 FE, — Sa(Ly—2F3) _C.E
J4 _ J(Q4) _ 0 D 2@1E2 Kl I 0252 (49)
0 D —20é2E3 — K2 —CgEg

0 0 0 AQEQ + AgEg — (3 — Kg



1872 Kareem, Majeed

Then the characteristic equation Jy is given by
(d11 — A) [)\2 + (dag + dss3) A+ (da2) (dsz) — (das) (dsz)} (dgs — ) =0,
So, either (dy; — A) (dyy — A) = 0, which gives

>\4E1 = Sl > 0,
ME, = A2E2 + A3E3 —az — K,

Or [A? + (dag + ds3) A+ (da2) (ds3) — (das) (d32)] = 0, which gives

)\4E2 + )\3E3 = —(D —+ 20&1E\2 + Kl + 2@2E3 + KQ) < 0,
DS, (L2 - 2E3>

AiE, ® A3p; = (D + 20, B, + Kl) (2042E3 + Kz) -

Lo ’
Hence @4 is saddle point, and it is (unstable).
4.5.  Local Stability Analysis of Qs
The Jacobean matrix at Qs = (Ey, Ey, F3,0) is given by:
51(L1—2E) 0 0 1B
Ly m+E2
0 D201 By I, S2(F2~2Fs) (c El)
Jo = J(Qs) = 0 o 0;1) o 2 ?52 K 7021; (4.10)
—202E3— K> ) —C3L3
0 0 0 (AiiEE}Q)+A2E"2+A3E'37TLE'170¢37K3
mTEy

Then the characteristic equation of J5 is given by
(u11 — ) [/\2 + (uaz + uss) A + (ug2) (uss) — (uss3) (U32)} (ugga — A) =0,

So, either (u;; — A) (ugg — A) = 0, which gives

N 2E))
5F1 Ll )
A : . :
Mg, = | /< —n | 1+ AyEs + AsEs — ag — K3,
(m + E%)

Or [)\2 + (UQQ + Ugg) A+ (Ugg) (U33) — ('LL23) (U32)] = O, which gives
/\5E2 + >\4E3 = —(D + 2a1E2 + K+ 2@2E3 + KQ) < 0,
DS, (L — 213)
Lo ’

>\5E2 [ ] )\4E‘3 = <D + 2&1E2 + K1> <2a2E3 + Kg) —
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Hence Q5 is locally asymptotically stable provided that the following conditions hold.

AE
/1 s (4.11a)
(m + Ef)
: AE . :
E1 ; -—n |+ A2E2 + A3E3 < a3+ Kg, (411b)
(m + E12>
Ly < 2E3, (4.11c)
: : DS,y (Ly — 2
<D + 20 Ep + K1> <2a2E3 + K2> . DS - 2 (4.11d)
2
Otherwise it is saddle point.
4.6.  Local Stability Analysis of Qg
The Jacobean matrix of QY = (0, EQ,E;;, E4>, similarly for Q7 = O E E E , 1s given
by
5, — 1k 0 0
— J(Qﬁ) — 0 7D72O{1E:'2702E:'47K1 S'2=(L17;2E:;3) 702E2 4 12
_ 0 D —2a9FE3—C3FE4—Ko —03E3
4B nE, AsEy A3E,4 AsEo+ A3 Ez—az—Ks
Then the characteristic equation of Jg is given by
(611 - )\) [)\3 + §1>\2 + ég)\l + §3 ] =0 (413&)
So, either (e;; — A) = 0, which give \gg, = 51 — Clrfﬁ which is negative provided that :
C\E
S < = (4.13b)
Or
)\3+§1/\2+.§2)\1+§3 :O, (413C)
where

é1 = —(exx+e33+e€44) >0

?2 = (€2 + e33) €44 + (€22) (€33) — (€34) (€43) — (€23) (€32) — (€24)(€42)

B3 =ewu [(€e23) (e32) — (€22) (es3)] + (ea2) (€34) (€a3) + (€24)(ea2) [(e33) — (e32)]
— [(e23)(€34)(ea2) + (e32) (€24) (€43)] > 0,

By the Routh-Hawirtiz criterion, equation (1.13c) has real negative parts, if B; > 0, i=1, 3 and
A = (Bléz — Bg) B > 0. Clearly, B; > 0 if the following conditions hold

AQEQ + A3E:'3 < a3+ Kg, (413d)
Ly < 2F;, (4.13¢)

S5C5As(Ly — 2E5)E3Ey
Lo

< D02A3E2E2'47 (413f)
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Straightforward computation shows that A=P — P, where

Py = (e, + e + e33) [(e21) (€42) + (eas) (e34) — (22 + €33)eas] + (€22 + €33) [(€23) (€32) — (e22) (€33)],

and

P, = [(623) (634) (642) + (632) (624) (643)] - (634) (643) (622) - (624) (642) [633 - 632] )

Hence, A will be positive if in addition of conditions and (4.13d))-(4.13f) the following condition
holds

P > P, (4.13g)

So, all the eigenvalues of Js have negative real parts under the above conditions, hence Qg and Q)7
are locally asymptotically stable. It’s unstable otherwise.

4.7. Local stability Analysis of Qs
The Jacobean matrix at (g = (El, EQ, Eg, E4) is given by

Sq1(L1—2E7) 01194("“@%)

_ __C1E
N O : 0 (m24)
—D—CoFu—9a1 Fo— Sa(Ly—2F3) o F
Js = J(Qg) = 0 D—C2Ey—2c1 E2— K1 - 7 - 02?2
0 D —C3E4—2asE3—K> —C3 B3
T
AlE‘l(~ 21)_nE4 AsEy AsEy A | B+ AgFa+ AsEs—as—Ks
(me20) (+3)
(4.14)
Then the characteristic equation of Jg is given by
X+ 51X + 5o X + ps A+ fu] =0, (4.15a)

pr = — (o + p1) > 0,

P2 = flopr + o+ p7 — Hg — fla — H5 — [,

p3 = i [pa — piz] + po [pe — pi2] + pspis + pspto — pliz — paz > 0,
pa = fi1o [y — pra] + pa [pe — pi2] — proprr + (har) [pas + pia]

— paps > 0.

with

fo = hog 4+ hsz <0, 1 =hii +has ,  po = hithas, pg = hgahaz <0, g = hoghss,
ps = hoshao <0,  pe = hiahar, 7 = haohgs >0, pg = hit + hao,  pig = hiy + haz, o = hahoo,
pi1 = hiihss,  pi2 = hoghgahas,  p13 = haahgahas < 0.
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By the Routh-Hawirtiz criterion, equation (4.15a)) has real negative parts, if p; >0, i=1,3 and 4
and A = (p1ps — p3) ps — pips > 0. Evidently, p; > 0, i« = 1, 3 and 4 if the following conditions
hold

m > E?, (4.15b)
Ly < min{2FEy,2FEs}, (4.15¢)
- AE . -
E 1—1 —-n + A2E2 + A3E3 < +o3 + Kg, (415d)
(m + E%)
n < min = ( - 2> , (4.15e)
(m + E%) (m + Ef)
5:CsAs(Ls = 2E5) Bsby_ DCy A3 By By, (4.15¢)

Ly
Straightforward computation shows that A = H; — H,, where
Hy = p3 (po + ) (3 — w7 + pis — popn) — Hopin s (fo + 2401) + pslpopa + pu (e — po2)],  and

Ho = [(pa2 + p13) — pafis — pspo) f3 + 13 (pepir + paips) — (po + M1)2
[0 (7 — p1z) + pa (16 — pr2) + (hn) (a2 + paa)] + pr (wghs + 113)

A > 0 if in addition to the condition (4.15b])-(4.15f) the following conditions hold

paz > 2, (4.15g)
H, > HQ, (415h)

So, all the eigenvalues of Jg have negative real part under the given conditions hence (g is locally
asymptotically stable. However, it is unstable otherwise.
5. Global Stability Analysis

In this section, the global stability of the equilibrium points of system ({2.1]) is investigated by
using the lyapunov function as shown in the following theorems.

Theorem 5.1. The (EP) Q1 is a globally asymptotically stable on any subregion € C Ri that
satisfies the mext condition

CiEWE,  S)L S
m1+4E1; 24 2 - |:L—1 (Ey — L1)2 + K By 4+ Ky B + K3E4:| . (5.1a)

Proof . Consider the following function

E
Ny (Ey, By, Es, Ey) = <E1 — Ly —LiIn L—l) + By + B3+ By
1
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Clearly Ny : R} — Ris a Ny € C' positive definite function.
Now, by differentiating N1 with regard to time t and some algebraic manipulation, gives the following

dN1 Sl 2 E3 OIE4L1
W:_L_I(EI_LI) +52E3(1—L—2 +m—|—E12_K1E2_K2E3_K3E4
EyE, (Cy — Ay) — EsEy (Cs — As) £ By (Cy — Ay)
24uy (C 2 3bug (C3 S A — 2 1 1) -
Now since the function f(F3) = SaFE3 ( — f—;) in the second term represents a logistic function with

respect to E3 and hence it is bounded above by the constant % , then according to the biological
facts, C; > A;, 1=1,2,3. Hence,

dN, SpL, CYE\E, S 2

< —|—(Ey—L KiFEy + KoEs + K3Ey | .

7 4+m+E12 Ll(l 1)"+ KBy + Ky B3 + K3B

Hence Ny is strictly Lyapunov function. So, by condition (5.1) Ny is negative definite on the subregion
wy. Thus Q1 is a globally asymptotically stable. [

Moreover since there are two equilibrium point Qs = (El, 0,0, E’4) and Q3 = (E; ,0,0, E, ) in the
interior of RY having exactly the same conditions of local stability but with various neighborhoods of
starting points then it is impossible to study the global stability of them using Lyapunove function.
So we will study it numerically instead of analytically as shown in the next section.

Theorem 5.2. The (EP) Qs is a globally asymptotically stable on any subregion gy C Ri that
satisfies the next conditions:

Sy D SoF DE
<—2 + —> S 2 a1 + 2 .3 Qg + .2 s (52&)
E2 ES E2E2 E3E3
where
2
: Sy F : DE. : S S\ 2
Hl = a1 + 2 .3 (EQ — Eg) - Q9 + .2 (Eg — Eg) + —1 (El — El) + K3E4,
29 3 L3 Ly
_ C1ELE,

: : ELE2  FLE?
) +(03E3+C’2E2)E4+< 278 2 3)52.

m + E% E2 L2E3

Proof . Consider the following function

NQ (El, E27 Eg, E4) = (E1 — E1 *El In —1) + (EQ — EQ*EQ In —2> + (Eg — E3 — E3 In —3) + E4.
En Es Es

Clearly Ny : R} — R is a Ny € C' positive definite function.
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Now, by differentiating No with regard to time t and some algebraic manipulation, gives the following

dN; _ §l<£h__ﬁa)2+-CHEhEl—-<a1+-5255) (E&——E&)z—%(§24—£z)(E&——E&)

dt B Ll m + E% E2E2 E2 E3
. DE -\ 2 : : E\E
(Bs—Bs) = a2+ 22 | (Ba— Bs) + CobigBy+ Calip By — —2=4(Cy = Ay)
33 m + Ej

E,E2  E,E2

EQ L2E3

So, according to condition ([5.2al) with the biological facts in Theorem always C; > A;, 1 =1,2,3.

2
dN S2E3 ( . DEQ . S <\ 2
@ o _ ay + 222 E—E)— oy + —— (E—E) ——(E—E)
7 <1 E2E2> 2 2 2 BB, 3 3 7, \™ 1
C\E,F, : : E,E?  E,E3
—KE+—+(CE+CE>E+ o5 Ss.
3L/4 m—l—E% 3473 2442 4 ( E2 L2E3 2

Then, % < —H, + H, . Hence Ny is strictly Lyapunov function. So, by condition (5.2b) Ny s
negative definite on the subregion $2s. Thus Qs is a globally asymptotically stable. [

Moreover since there are two equilibrium point Qg = <O, EQ, Eg, £:*74> and Q; = (O, , EQ ,E3 ,E4 >

in the interior of R} having exactly the same conditions of local stability but with various neighbor-
hoods of starting points then it is impossible to study the global stability of them using Lyapunove
function. So we will study it numerically instead of analytically as shown in the next section.

Theorem 5.3. The (EP) Qs is a globally asymptotically stable on any subregion Q3 C RY that
satisfies the next conditions

Sy D S,E DE
(—2 + —> <2 a + =22 g+ —— 5 (5.3a)
E2 ES E2E2 E3E3
Ey < Ey, (5.3b
U < &1, 5.3¢
- - 2
. SoF - DE - S N2
iy = i+ 22N (B = B) — |+ 2| (Bs—B)| +7 (Bi- )
EQEQ E3E3 Ll

OBy (B - B1) (B2 - E?)

Uo =

~ + <E1E4 + E1E4> n+ <E2E4 + E2E4) Cy + <E3E4 + E3E4) Cs.
(m+ﬂym+ﬂ)

Proof . Consider the following function:

Ng(El,EQ,Eg,E4):(E1—E1 —E11n~—1)+(E2—E2 —E21n~—2>+(E3—E3—E31n~—3)
E1 E2 E3
. . E,
+(Es—E, —E/n=2).
( 4 4 4 E)

4
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Clearly N3 : RY — R is a N3 € Cy positive definite function.
Now, by differentiating N3 with regard to time t and some algebraic manipulation, gives the following

% :_% <E1 —E1>2— <Oz1+ Szg?;) (Ez—E2)2+ (%22+E23) (E2—E2> (E3_E3)

) <a2 R ) CRARES (El( ?2@5)& ) 6y mmic
m 1

343
By (B - B)) (B - BY)

— E3E, (Cs — As) + -
(m + Ef) (m + E?)

—+ ( E1E4 —+ E1E4> n + ( E2E4 + E2E4) CQ

+ ( EsE, + E3E4) Cs.

So, according to by conditions (5.3al) and (5.3b)) with the biological facts, C; > A;, i=1,2,3.

2
B || (o0 252) (o) - [ (0 22) (- 83)| - 2 (2~ )

2422 343

B (B - By) (B - BY)

<m + Ef) (m + E?)

+ +n < E1E4 + E1E4) + s < E2E4 + E2E4>

+%<&&+E&)

Then, dd—A? = —Uy + Uy. Hence Nj is strictly Lyapunov function. So, by condition (5.3c) N3 is

negative definite on the subregion ws. Thus Qg is a globally asymptotically stable. [

6. Numerical Simulation

In this section, numerical simulations have been used dynamic behavior of system (2.1). For one
set of parameters and different set of initial points. The aim of this study:

1. the effects of parameters on the dynamics of our model.
2. Confirm the analytic results.

Figure 1. (a-d) it appears that the system (12.1)) at the hypothetical set of parameters (6.1)) has global
positive equilibrium point.

Sl = 05, L1 = 05, Cl = 05, m = 05, 52 = 05, L2 = 05, D= 05,
Cy =050, =01, K =01, C3=05 ays=01, Ky=0.1, A, =0.3, (6.1)
A2 = 03, A3 = 03, n = 0]_, g = 01, K3 =0.1

Now, in order to discuss the effect of the parameters values of system on the dynamical
behavior of system, the system solved numerically for the data given in with change one
parameter at each time the obtained results.

The effect of the following parameters summarized in table (1).
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Figure 1: Time series of the solution of system (2.1)) beginning with different initial points (0.5, 1.8, 0.6 , 0.7),
(0.3,0.2, 0.1, 0.9), and (1.9, 2, 0.4, 0.3). (a) Trajectory of E; as a function of time, (b) Trajectory of Ey as a
function of time, (¢) Trajectory of F3 as a function of time, (d) Trajectory of E4 as a function of time.
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Figure 2: Graphical representation of the solution which approaches Qs = ( 0.310, 0.062, 0.133, 0.500).

Table 1:
Range of parameter The stable point Range of parameter The stable point

0.16 < L, < 1 Qs 0.32 < Ky < 0.41 Qs

0.1 <51 <2 Qg 0.1<D<1 Qg
098<m<15 Qs

0.14 < .5, < 0.20 Qs

03<C;<2,0=1,2,3 Qs 0.1 <n<0.261 Qs

01 <Ly<15b Qg 0.1< K3,0é3 < 0.179 Qg

The effect of varying the parameter S5 in the range 0.1 < Sy < 0.14 the solution approaches to )1,
as shown in Figure 3 (a) , for model value Sy = 0.1, increasing further in the range 0.14 < S < 0.21
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the solution approaches to @5, as shown in Figure 3 (b), for model value Sy = 0.18, but in the
0.21 < S5 < 2 the solution approaches to Qg , as shown in Figure 3 (c), for model value Sy = 0.25.

L]
mm |

Popalation
Fapulaton

-1 || —
| -

] BI0 000 1500 2000 SO0 3000 J800 4000 4500 SO0
Time

Figure 3: (a) Time series of the solution of system (2.1)) with Sy = 0.1, which approaches to Q; = (0.5,0,0,0), and
(b) time series of the solution of system (2.1)) with Sy = 0.15, which approaches to Qs = (0.410, 0.032,0.123,0), and
(c) time series of the solution of system (2.1]) with S = 0.25, which approaches to s = (0.410,0.310,0.140, 0.060) .

For the parameter K5 in the range 0.1 < Ky < 0.32 the solution approaches to (g, as shown in
Figure 4 (a), for model value K5 = 0.1, increasing further in the range 0.32 < K5 < 0.41 the solution
approaches to Qs, as shown in Figure 4 (b), for model value Ky = 0.33, but in the 0.41 < ky < 1 the
solution approaches to 1 , as shown in Figure 4 (c), for model value K5 = 0.5.

Populiton

0 2500 0 100 2000 3000 4000 S000 £000 700 BOOD 800D 10000
Time Tima

3 Ll.
To %00 1000 1500 2000 2500 3000 3800 4000 4500 4000
Tirma:

Figure 4: (a) Time series of the solution of system (2.1) with Ky = 0.1, which approaches to Qg =

(0.424,0.050,0.140,0.103) , and (b) time series of the solution of system (2.1) with Ky = 0.33, which approaches

to @5 = (0.410, 0.032,0.140,0), and (c) time series of the solution of system (2.1) with ko = 0.5, which approaches
to @1 =(0.5,0,0,0).
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Finally, change the parameter as, K3, A1, with the rest of parameter as given (6.1)) in the range
0.01 < K3,a3 < 0.015, 0.09 < A; < 0.043, the solution of system ([2.1)) approaches to Qg, as shown
in Figure 5, for model values a3 = 0.01, K3 = 0.01 and A; = 0.09.

m_m m m
A L

Populalion

Figure 5: Time series of the solution of system (2.1)) with K3,a3 = 0.01, A; = 0.09, which approaches to Qs =
(0.012,0.013,0.023,0.392) .

7. Conclusions and Discussions

In this study, a mathematical model that consisting of four species: first prey and second prey
with stage structure and predator in the presence of toxicity and anti -predator has been proposed
and studied by using the functional response Holling’s type IV and Lotka Volttra. The solution’s
existence, uniqueness, and boundedness have all been studied. All possible equilibrium points have
been identified. They stability of this model have been studied. Finally, numerical simulation have
been used to verify our analytical results. With data given in Eq. . Which are summarized as
follow:

1. There is no periodic dynamics for system (2.1J).

2. The parameters Ly, m, Sy, Ko, n, a3 and K3 play an important role on the dynamics of system
(2.1]), while at others parameters S;, o, = 1,2, A;,C;,i =1,2,3, Lo, Ky, D, the solution still
approaches to positive equilibrium point.
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