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Abstract

This paper aims to investigate the geometry of the projective curvature tensor and to obtain some
identities for this tensor. Several three classes of nearly infinite C'(\) are distinguished and studied.
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1. Introduction

D. Janssen and L. Vanheke [2] proposed the concept of almost manifolds —C(\). The authors
defined such manifolds by the Riemann curvature tensor condition, and demonstrated that exam-
ples of almost manifold —C()\) are Sasakian cosymplectic manifolds and Kenmotsu manifolds [3].
Furthermore, Olchek and R. Roska [15] investigated such manifolds, and almost manifold —C'()\) ap-
pear as a subclass of locally conformally almost cosymplectic manifolds in their work and then they
studied f-Kenmotsu manifolds that are manifold —C'(\) of constant curvature. Several researchers
dealt with this class and yielded significant results such as [I} 2 [3, 6] [7, 1T, 4, 5, @]. In this paper,
we study the geometry of the projective curvature tensor of a manifold —C'(\) using the techniques
of [16, [I1], and it is organized as follows: The second section provides the necessary information
on almost contact metric manifolds, specifically the adjoint G-structure of an almost contact metric
manifold. In particular, we construct the adjoint G-structure of an almost contact metric manifold.
The third (main) section defines an almost manifold —C'(\) and obtains some additional Riemannian
curvature tensor identities. We characterize three types of almost manifold —C'(\) and give their
local characterization in the fourth section.
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2. Preliminary information

Let M be a smooth manifold, dim M = 2n+1; X (M) — C*°(M) then the external differentiation
operator comes from the module of smooth vector fields on a manifold M;d—. All manifolds, tensor
fields, etc. Objects are supposedly to be smooth of class C°.

Definition 2.1. [8,[72]. A triple of (n, £,®) tensor fields on this manifold is almost contact struc-
ture on a manifold M, where n is a differential 1-form named a contact form of the structure, £-is a
vector field named a characteristic field, ® is an endomorphism of the module X (M), named struc-
tural endomorphism. Moreover,

n(£), 2)1°® =0, 3)0* = —id+n ) £ (2.1)
If, in addition, a fized Riemannian structure g = (.,.) such that
(DX, DY) = (,y) — n(X)n(Y); X, Y € X(M) 2:2)

a contact metric (in short, AC—) structure is almost the four (n, £, ®, g). The almost contact metric
(in short, AC'—) manifold is a nearly contact metric structure is fizved.

It is easy to check that the skew-symmetric is the tensor Q(X,Y) = (X, ®Y) , i.e. it is a 2-form
on M. It is named the fundamental form structure.

It 1s well-known that the existence of an almost contact metric structure on a manifold re-
quires that it be orientable and odd-dimensional. Assume (n, £,®,g) is a contact metric struc-

ture on the almost manifold M@V . Two mutually complementary projectors m = nQ L and

( =id—m = —®* [1], [13] are defined internally in module X(M). As a result, X(M) = LEP M,
where L = Im® = kern is the so-called contact distribution and M = Im} is the structural vector’s
linear hull (where §§ and € are projectors onto the submodules M and L, respectively). It is obvious
that the distributions are invariant with respect to ® and mutually orthogonal. It is also obvious that
P2 = —id, ((ID,@Y> = (X,Y),X,Y € L where o= ®|.. As a result, if p € M, then an orthonormal
frame (p, e, €1, ..., en, Pey, ..., Pe,,) is constructed in the tangent space T,(M) ,where e = £. This
type of frame is known as a materially adapted frame [19,19]. On the other hand, let L = LEPC
be the complexification of the distribution L. Internally, it defines two mutually complementary pro-
jectors o = $(id — /=1®) and ¢ = 3(id + /—1®) onto the properl submodules ngl and D;/jl
of the endomorphism, which correspond to the eigenvalues (—1) and —(—1), respectively. Hence, it
is possible to construct a frame (p, e, €1, ..., En, €4, ..., €) complexification of the space T,(M), where
g0 = &prea = V20(ea), €6 = V25 (e,), consisting of the operator ®,’s eigenvectors. This a frame is
referred to as an A-frame [14, [153]. It is easy to imagine that the matrices of the tensor components
®, and g, in the -frame take the form, respectively.

. 0 0 0 10
0 0 —v—11, 0 I,

where I,, denotes the order n identity matriz . It has been demonstrated [T}, [13] that the set of frames
determines G-structure on M with structural the group 1 x U(n) represented by matrices such as

0

0
I, (2.3)
0

10
by matrices such as [0 A when A € U(n). A G-structure is called adjoint [14), [13]. Let us
0 0

0
A
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emphasize that the adjoint G-structure space is formed up of complex frames, which are frames of
complezification of the corresponding tangent spaces. As a result, even when dealing with real tensors,
when we speak about their components over the space of an adjoint G-structure, we are referring to
components of complex extensions of these tensors. A tensor of this type is known as real [13]. A
real tensor is defined as the sum of a pure complex tensor and its complex conjugate tensor [13).
Throughout this work, we will assume that the indices i, j,k, .... have values ranging from 0 to 2n,
and the indices a,b,c,d, f, g, ... have values ranging from 1 to n, and that a = a + n,é =a,0=0.

3. Almost manifold —C'())
Let {M@+D) p € ®, g} be an AC-manifold.

Definition 3.1. [10, [15] An almost manifold —C'(X\) is an almost contact metric manifold if its
Riemannian curvature tensor satisfies the relation

(R(Z, W)Y, X) =(R(®Z, W)Y, X) — Mg(X,Y)g(Y, Z) — (X, Z)g(Y, W)
— g(X®,W)g(Y,Z) + g(X,Z)g(Y,PW)} (3.1)

where X, Y, Z, W € X(M), and X in R.
Definition 3.2. [10,[15] A normal almost manifold —C(\) is called manifold —C(\).

Theorem 3.3. [11] An AC -manifold is almost manifold —C(\) if and only if the components of its
of Riemannian curvature tensor on the space of the adjoint G-structure satisfy the relations:
R = A% R&. = \og, Ry -, by virtue of the Ricci satisfying identity,

Ry ;— Rl ;= —\dy (3.2)

where X is a real number, 6% = §20Y — 520, and the remaining components sub are obtained from
the previous identity to the symmetry properties of the curvature tensor or are equal to zero.Using
the Riemannian curvature tensor of the known components on the space of the adjoint G-structure,
expressions for the components of the Ricci tensor of almost manifold —C over the space of the

adjoint G-structure Sog = 2Xn, S ; = Sya = RYy.+ Andg were obtained using the formula S;; = — Ry
in [I1],. The other components are zero. It is easy to notice that
X =2X\n+ 2R} .+ 2X\n” (3.3)

is scalar curvature almost manifold —C'(\) on the space of the associated G-structure
Let {M*"+1 0 & ®, g} be an AC-manifold. [19], Weyl tensor projective recalls that the tensor or
curvature tensor of a pseudo-Riemannian manifold (M", g) is defined as follows
1

n —

P(X,Y)Z = R(X,Y)Z - —=((Q(2),Y)X = (Q(2), X)}Y),

where Q <> Q; = g'*ry; is the Ricci operator. Its disappearance is required and sufficient for the
manifold M™ (locally) to admit a geodesic mapping onto the (pseudo) FEuclidean space R™ (i.e. to be
projectively flat). On the other hand, it is clear that zero of this tensor is equal to the fact that

K

R(X,Y)Z = o

(Z, )X —(Z,X)Y)
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when is the scalar curvature of the metric g, that is equal to the curvature constancy of this manifold.
That is, they are spaces with constant curvature and are only projectively [19]. In terms of its
contravariant components, the projective curvature tensor can be written as

i i 1 i i
ijl = Rjkl - m(sljék - Skj5l>7 (3-4)
or, in terms of its covariant components,
1
Pijii = Riju — m(sljgik — Skigit)- (3.5)
Proposition 3.4. 1. The tensor P is antisymmetric with respect to the second pair of indices;
i.e. Pijiy = —Pijig.
2. Piji + Py + Piji = 0.
Proof . (1) Py = Rijiw — =5 (S0 — Skjga) = —Riji + —5(Skjgix — Sijga) = —Prjur.
(2) is obvious. [J
Proposition 3.5. For a Riemannian manifold M Py = —Pji if and only if M is an Einstein
manifold.

Proof . Taking (3.5) and the properties of the Riemannian curvature tensor in order to obtain:
Pijri = —Pjii < Sjigi — Sikgiu = —Sugjk + Skigji-
The last equality is contracted with the object g". Then we get Si;0F — Si;0r = —Sugixg™ +

S;mgﬂg' We obtain the equality obtained by index k and h, then we obtain Sj(n —1) = —Sj; +
Kgy = Sj = ]l, then M the Einstein manifold.

Conversely, let M be an Einstein manifold, i.e. SZ] Agij- Then P = Riju — ﬁ(Sljgik —
Skigi) = —Rji — =5 (Agjgir — Agrjga) = —Rjim + =5 (Agrjga — Agjugie) = —Rjim + —5 (Sugie —

Sikgj1) = —Pj. O

Proposition 3.6. For a Riemannian manifold M, the projective curvature tensor satisfies the equal-
ity Pijri = Puij if and only if the M-Einstein manifold.

Proof . The proof is carried out in the same manner as the previous Proposition’s proof. Let M be
a nearly manifold —C'(\) choosing the transaction Theorem , the components of the projective
curvature tensor for almost manifold —C'(\) on the space of the adjoint G -structure can be calculated:

1 1
(1) PO _RO - %Sai) = §>\6 Rlc)ac

1
(2) P, =R, + %Sal; = —Rb - §A5;;.

cat

(3) P, —Rgcd (de(sa — 5p6%) = R — (R;fbhag + Mnd?ed).
(4) By =5, (Rgbh(sg + Andloy) — R .. (3.6)
(5) Pbcd _Rl?cd (Sl;dda - 5;,09)

=\ — (R" 08+ Andtsy — RY 6% — Andg?)

hdh"c

1 a a a
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as well as complex conjugate formulas the remaining components are all zero.

1. Consider the equalities Bg, = 0, P4, = 0,P%, = 0, i.e. Pi, = 0, ie. P(£,e)¢ = 0. Since
gy is the basis of the subspace D&F , and the projection onto this subspace is the endomorphism 7 =
ool = —3(®*+/=1®), therefore the resulting equality written as 1)P(§, #2X)E = 0;2) P(£, X)E =
0; VX € X(M). These equalities are equivalent to the following identity

P(£,9°X)E = 0;VX € X(M). (3.7)

Since ®2X = —X + n(X)¢&, can be written in the form P(&, X)¢ = 0;VX € X(M). The procedure
described above is known as the identity restoration procedure [14] [13].

2. Consider the inequalities Py, = 0, P, = 0,P5, = 0, i.e. P, =0, i.e. P(e4, )€ = 0.Since
gy is the basis of the subspace Dg?l , the projection onto, this subspace is the endomorphism 7 =
ool = —%(@2—#\/—_1(1)), therefore equality written as P(®2X 4+ /10X, ®?Y +/—1®Y )¢ = 0,VX €
X (M). In the last equality we select the real and imaginary parts, then we get: 1)P(®2X, 2Y)¢ —
P(®Y,dX)¢ = 0; 2)P(®%Y,0X)E + P(PY, P2X)E = 0;VX,Y € X(M) These equalities are equiva-
lent to the following identity

P(P2X, V)¢ — P(DY, DX)E = 0;VX,Y € X(M). (3.8)

3. Applying the above-mentioned procedure for recovering identity to the equalities P(?aia =0, POCaB =
0, Poéai; = 0, we obtain

P(®*X, P*Y )¢ — P(PY,0X)E = 0; VX, Y € X(M). (3.9)
From (3.8) and (3.9) we have
P(®%X,P*Y )¢ = P(PY,0X)E = 0; VX, Y € X(M). (3.10)

4. If we apply the procedure for restoring the identity to the equality P, = 0, PS5, = 0, P5, = 0,
then we get

P(¢, 82X)3%Y — P(£,DX)DY = 0;VX,Y € X (M). (3.11)
5. Apply the recovery procedure P9 = AL — LS, pe. =0, Paéoi; =0, i.e P(§ e5)ea = 1M (Ea, 5)E —

%S (€a,€3)€. Since g, is the basis of the subspace DQ}F ,€5. Endomorphisms are projections onto

the subspaces that are based on the subspace Dg'.m = g o { = —%(@2 ++v=1®) and 7 = 5ol =

5 (®?4+/—1®) then the resulting equality can be written in P(§, =2 X ++/—10X) (DY +/—1PY) =

INPEX + V10X, P%Y + /—1DY)E — L S(P2X 4 /—10X, Y + /—1DY)E, VX, Y € X(M).
We get the equivalent identity from the obtained equality of the real and imaginary parts.

P(¢, 8 X)D%Y + P(£, X)DY = %Mqﬂx, ¢2Y)£+%)\<<I>X, DY )¢

1 2 2
5 S(P2X, %Y )¢
21 S(®X, DY)EVX,Y € X(M).  (3.12)

n
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By (3.11]), the last identity can be written in the form:

P(¢£, 02 X)P*Y =P(¢, 0X)DY
=MP°X, PPV )E + MPX, DY )¢

_ %S(CDQX, BY)¢ — %S(CDX, BY)E VX, Y € X (M) (3.13)

6. Similarly, from the equalities Pbc = 0, Pdbc = 0, ijc = 0 we get the identity

P(®*X,®*Y)P?Z = P(P*X, ®Y)PZ + P(®X, P?Y)DZ + P(®X,®Y)P*Z; X, Y, Z € X(M). (3.14)

: : 4l 0 __ a _ Pa 1 g Sa a
7. Api)ly the identity recovery procedure to the equalities P, =0, P! . = R} . — 5 deéc,Pbc =0,
we ge

P(®’X,0?Y)D%Z + P(P*X,dY)PZ — P(®X,d?Y)DZ + P(OX, dY)D*Z
=R(®*X, P*Y)P*Z + R(P*X, ®Y)PZ — R(®PX, P*Y)DZ + R(®X, Y )P*Z

- QL{S@?Z, PP X S(B2Z, DY )DX — S(BZ, B X)DY S(9Z, DY )P X}, (3.15)
n

for all X,Y,Z € X(M). It is worth noting that the following equalities hold for the Ricci tensor,
which is almost manifold—C'(\) [18].

1)S(£,€) = 2An;
2)5(¢, X) = 2Ann(X);
)S (P2 X, d%Y) = S(PX, DY);
4)S(®X,%Y) = —S(P2X, DY), (3.16)

for all X, Y € X(M). Then identity [3.15 taking into account [3.14] [3.16, and also applying the
identities of the Riemannian curvature of almost manifold —C'(X) [17], can be written in the following
form:

p(P*X, P*Y)D?Z — P(OX, 9?Y)DZ =R(P*X, ®*Y)D?Z — R(OPX, d?Y)DZ
1
- %{S(qﬂz, PY)P2 X + S(P*Z, dY )P X}, (3.17)

for all X, Y, Z € X(M).
8. Consider the equalities: _Pboéd =0,P,=0PF =R ,— %(deég — Sbé(sg As in the previous
case, we get:

P(®*X,®*Y)P*Z — P(®X,dY)D*Z =R(P*X, ®?Y)D*Z — R(®X, dY)P*Z

- QL{S@?Z, PY)PPX — S(B°Z, D*X) DY + S(92Z, XY},
n
(3.18)

for all X,Y,Z € X(M). Since the manifold —C'()), the identity [17]

R(®*X, 0*Y)P*Z—R(PX, dY)P*Z = MP*X (DY, 0Z) - DX (Y, 0Z) - DY (OX, ®Z)+ DY (X, DZ)};
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for all X,Y,Z € X (M), almost identifies and takes the form:
P(®%X, d*Y)P*Z — P(®X,PY)D*Z
=\ P2X(PY, D7) — DX(Y,®Z) — DY (DX, D7) + Y (X, D7)
— %{S(CDQZ, PY)P*X — S(P*Z, P2 X) DY + S(P*Z, ¢ X)PY 1, (3.19)
for all X,Y,Z € X(M). The preceding theorem can be summarized as follows. O

Theorem 3.7. The following identities are equivalent to the projective curvature tensor of an almost
manifold—C(\):

1. P(€,92X)¢ = 0;2) P(£, X)E = 0: 3)P(P2X, B2Y)E — P(PY, X)E = 0.

2. P(B2X, B2Y)¢ + P(BY, DX)E = 0,

3. P(O2X, %Y )¢ = P(PY,dX)¢ = 0.

6. P(&, 2X)D2Y — P(¢, dX)PY =

7. P(§, 02 X)P?Y = P(£, DX)DY = MP2X, B2V )E+MDX, BY)E— LS(P2X, 32V )¢~ LS(DX, DY)¢;
8. P(P2X, ®%Y)D2Z = P(P2X,9Y)DZ + P(DX, %Y )DZ + P(PX, OY)P2Z;

9. P(9%X, ®?Y)D2Z—P(DX, 9?Y)DZ = R(D2X, DY )P Z—R(OX, DY )DZ— L{5(2Z, 87V )02 X +
S(P2Z,dY) DX }:

10. P($2X, 2V )2 Z—P(DX, DY )D2Z — MO2X (DY, BZ) =X (Y, BZ) =Y (DX, DZ)+BY (X, D7)} —
L{5(927, B2Y )P X — S(D2Z, BY)DX — S(92Z, $2X) DY + S(92Z,dX)BY }; X, Y, Z € X (M)

4. Classes of almost manifold —C ()
The identity

P&, @2 X)P?Y =P(£,0X)PY
_AB2X, B2Y)E + A (DX, DY)E — %S(CI>2X, BY)¢ — %S(CI)X, oY), (41)

for all X|Y,Z € X(M), is the first additional property of an almost manifold’s projective curvature
tensor of an almost manifold C'(X).

Definition 4.1. C(X\) on manifold M that satisfies the first additional identity of projective cur-
vature, or is a manifold of class C'Py if

P& ®*X)P?Y = P(£,0X)PY =0; X,Y,Z € X(M). (4.2)

Theorem 4.2. Almost manifold C(X\) is a manifold of class CP if and only if PO =0, where PO
is the projective curvature tensor component for almost manifold C'(\) on the spa,ce of the adjomt G
-structure.

Proof . Given almost manifold C- is a manifold of class CP;. Then, according to definition [4.2]
there is a space in which the identity is written P(£, ®X)®Y = 0;VX,Y € X(M); in the attached
G-structure written in the form of Py, (®Y ) (®X)/¢ + P, (®Y) (CIDX)jsc + JDZC()J(@Y)i(CI)X)jsé =0,
which, when combined with and , will take the form PL?OBS + Pi)%af =0. ie. P(?oi; = 0.
Conversely, let for an almost manifold C'(A\) —and Pc?oi; = 0. Since for almost manifold C'(\) -we
obtain PC =0 and Pc = 0, using the procedure for reconstructing the identities to the equalities

Pl=0 we get P(€, <I>2X)QJ2Y = P(¢,®X)DY = 0;VX,Y € X(M). O
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Theorem 4.3. Almost manifold C(\), which is a manifold of the class C' Py, must be an Einstein
manifold.

Proof . Let M be almost manifold C'()) - the manifold of class C'P;, that is, Pfoi; = 0. By virtue of
: 1, this is equivalent to %)\63 Rb =0, i.e.

Rt .= \nél. (4.3)

cat

Then for the Ricci tensor we have Sog = 2An, S ; = S;, = RVs + Andl = 2Xndl, ie. S;; = 2nAgy;
i.e. M- Einstein manifold.[]
The second additional property of the projective curvature tensor of an almost manifold C'()\) is
called identity

P(®*X,®*Y)P*Z — P(®X,d*Y)DZ =R(P*X, d?Y)D?Z — R(PX, P*Y)DZ
1
- 2—{5(@22, Phi*?Y)®*X + S(9*Z,dY)0X},  (4.4)
n

forall X,Y,Z € X(M). O

Definition 4.4. The C(\) on manifold M that satisfies the second additional identity of projective
curvature, or is a manifold of classC Py if

P(®*X,®%Y)P*Z — P(®X,d*Y)®Z =0; VX,Y,Zc X(M). (4.5)

Theorem 4.5. Almost manifold C(X\) is a manifold of class C'Py if and only if P =0, where P ;
is the projective curvature tensor component for almost manifold C(\) on the space of the adjoint
G-structure.

Proof . The proof is the same as in Theorem [4.2] [

Theorem 4.6. Almost manifold C(X\), which is a manifold of the class C'P,, must be a manifold of
pointwise constant ®-holomorphic sectional curvature with ¢ = 2\

Proof . Consider M is almost manifold C(\) - of class C'Ps, that is, pt .= 0 By virtue of : 3,
this is equivalent to the fact that P’ .= R} . — —n(Rbeh(Sg + And®sd) = 0, i. e

" RE 5% + And2od

bed 2n ( hbh"c ) (46)

cat

that the manifold is an Einstein manifold. Taking equality into account, R® . = And® identity .
takes the form R} . = = A\§20¢.

The obtained equality is symmetrlzed first with respect to indices a and d, and then with respect
to indices b and ¢, yielding R “(be)) = Aogd that is, 6¢¢ = 626 + 620¢. The manifold of point
constant holomorphic sectlonal curvature ¢ = 2\ [18] is the manifold of point constant.[]

We call the identity

P(®2X, DY) D2Z — P(DX, DY )D2Z =\ [P X (DY, BZ) — DX (Y, DZ) — B2V (DX, DZ) + DY (X, DZ)}

RP . = And? is obtained by reducing equality . 4.9 with respect to the indices a and c. This means

— 21{5@22, PY)D?X — S(P*Z, dY)DX
n
— S(®°Z,9*X)P*Y + S(9*Z,0X)DY}, (4.7)

for all X,Y,Z € X(M). The projective curvature tensor’s third additional property is almost mani-
fold C'(X). O
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Definition 4.7. C()\) on manifold M that satisfies the second additional identity of projective cur-
vature, or is a manifold of classC Ps if

P(®*X,%Y)P?Z — P(®X,dY)D*Z =0, X,Y, Z € X(M). (4.8)

Theorem 4.8. Almost manifold C()\) is a manifold of class CP if and only if P“ = 0, where P“
is the projective curvature tensor component for almost manifold C'(\) on the space of the adjomt G
-structure.

Proof . The proof is the same as in Theorem [£.2 O

Theorem 4.9. Almost manifold C(\), which is a manifold of the class C'P3, must be an Einstein
manifold

Proof . Let M be an almost manifold C' - of class C'Ps, i.e., PP;‘é ; = 0is 0.This equivalents
to $A6% — (R .60 — Rb :03) = 0 according to ' 5.Then we have Sy = 2A\n,S; = S;, =

hdh" ¢
R .+ )xnéb = 2)\n5b ie. SZ] = 2nAg,; for the Ricci tensor, which is M-Einstein manifold. [

cat
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