» IN
MA
A

Representation of solutions of eight systems of
difference equations via generalized Padovan
sequences

Merve Kara®*, Yasin Yazlik®

?Department of Mathematics, Kamil Ozdag Science Faculty, Karamanoglu Mehmetbey University, Karaman, Turkey
bDepartment of Mathematics, Faculty of Science, Nevsehir Haci Bektas Veli University, Nevsehir, Turkey

(Communicated by Madjid Eshaghi Gordji)

Abstract

We indicate that the systems of difference equations

Tp+1 = f_l (le (pn—l) + bf (Qn—Q) )7 Yn+1 = f_l (CI,f (rn—l) + b.f (Sn—Z) )7 ne NOa

where the sequences p,,, ¢, T, S, are some of the sequences z,, and y,, f : Dy — Risa “1 — 17
continuous function on its domain Dy C R, initial values z_;, y_;, j € {0,1,2} are arbitrary real
numbers in Dy and the parameters a, b are arbitrary complex numbers, with b # 0, can be solved in
the explicit form in terms of generalized Padovan sequences.
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1. Introduction and Preliminaries

For the first time, remind that N, Ny, Z, R, C, symbolize natural, non-negative integer, inte-
ger, real and complex numbers, respectively. If k1 € Z, k < [ the notation ¢ = k,{ stands for
{i€Z:k<i<l}.

Nonlinear difference equations or systems of difference equations are a rich area of study in
mathematics. For the last two decades, many papers on these equations or systems that are related
to number sequences such as Fibonacci, Lucas, Padovan, Tetranacci, Horadam, Pell, Jacobsthal, and
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Jacobsthal-Lucas sequences and generalized of these number sequences, have been published (see,
e.g., 3, 4, b, 10, 13, 116, 21, 26, 27, 28, B1, B2, B3, B6]). In addition, other type difference equations
or systems of difference equations were studied in [[11, 12, 14, [17, 18, 20, B0, 34, B5, Bg|.

The equation

ATy —1Tn—k

Tpy1 = , n € Ny, (11)

bry—p £ crp_yg
where the initial conditions are arbitrary positive real numbers, k, [, p, ¢ are non-negative integers
and a, b, c are positive constants, is some of the difference equations whose solutions are related to
number sequences. Several mathematicians have been struggled positive solutions of concrete special
cases of equation () Firstly, Elabbasy et al., in [3, 4], attained positive solutions of some special
cases of equation () by using induction principle. One of the special cases is
Tpn—1Tp—2

Tpt1 = Tt :L‘n_Q’ n € Np, (12)
whose solutions are associated with the well known Padovan numbers in literature. In addition, the
multi-dimensional expansion of the concrete some special cases of equation ([L.1)) can be seen in the

literature (see, e.g., [2, 6, [7, 8, 9, 22, 23, B7]). The another equation

b c
Tp41 = Q@+ — + , n € Ny, (1.3)
L, TnTn—1

where the parameters a, b, ¢ and initial values x_; and xq are complex numbers and ¢ # 0, which is
one of these equations. The solutions of equation () are related to number sequence, has dealt
with in [24]. Unlike in ([L.1)), by using convenient transformation the equation in () reduce to the
next third-order linear difference equation with constant coefficients

Tpil = ATy + by + cry_o, N € Ny, (1.4)
which has actually the general solution
Ty = 0SSy + T_1 (Spy1 — aSp) + cx_2S,-1, n € Ny, (1.5)

where (S,,),~_, of equation (@) satisfying the initial values S_o = S_; = 0, Sy = 1. Recently in
[25], among other things, the next difference equation

Tn = [ af (Xpo1) + 0f (n2) + cf (x4-3) ), n € Ny, (1.6)
where f: Dy — Risa “1—1” continuous function on its domain Dy C R, parameters a. b, ¢ and the
initial values x_3,x_5 and x_; are real numbers, is_a generalization of the equation () Morever,
the authors have got the solution of the equation ([L.6) in relation to the solution given in (|L.5).

On the other hand, one of the popular topics for system of difference equations is also symmetric
and close-to-symmetric systems such as

Ipt+1 = G (pn—kv QTL—l) y Ynt1 =49 (Tn—ka Sn—l) , nE NOJ (17)
where the sequences p,, ¢, Tn, S, are some of the sequences x, and y, and k, [ are fixed natural
numbers. There are some of studies which are some special cases of the system ([l.7) in literature
(see, for example, [, 15, 19, 29, B9]).

Motivated by this line of investigations, here we indicate that the systems of difference equations

To1 = [T (af (Pa1) +0f (Gn-2) ), Y1 = [T (af (ru—1) +bf (50-2) ), n € Ny, (1.8)

where the sequences p,,, ¢, T, S, are some of the sequences z,, and y,, f: Dy — Risa “1 — 17
continuous function on its domain Dy C R, the initial values x_;, y_;, j € {0,1, 2} are arbitrary real
numbers and the parameters and a, b are arbitrary complex numbers, can be solved. To do this, we
will use the solutions given in () and the solutions obtained by rearranging these solutions.
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2. Main Results

In this section, we consider the eight special cases of systems (@), where the sequences p,,, q,,
T, Sn are some of the sequences x, and y,, for n > —2, and initial values z_;, y_;, j € {0, 1,2}, are
arbitrary real numbers.

2.1. Case 1: py =Ty, Gn = Tn, Tn = Tpn, Sp = Yn

In this case, system (|L.§) becomes

T = [7Haf (Tn) +0f (Tn2) ), Yoy = 1 (af (n1) +0f (Yn-2)), 7 € No. (2.1)
Since f is “1 — 17, from (2.1))
f(@pi1) = af (@n-1) + 0f (@n—2), [ (Yns+1) = af (Tp1) +0f (yn—2), n € No. (2.2)
By using the changes of variables
F(@n) =, and f(ga) = vn, 1> —2, (2.3)

system (@) is transformed to the following one
Ups1 = QUp_1 + DUp_2, Vpi1 = aly_1 + bv,_o, n € Ny. (2.4)

By taking a =0, b =a. c=bin (@) and S, = J,41, for all n.> —2, which is called generalized
Padovan sequence, in () the solution of the first equation in (@) as

Up = UoSpt1 + U_1Sp0 + bu_oJ,, n € Ny. (25)
By subtracting the second one from the first equations in (@), we have
Up+1 — Upy1 = b (Un_g — ’Un_g) , N € No. (26)

From (@) we see that the sequence (u, —v,),_, satisfies the following difference equation

wy, = bwy,_3, n > 1, (2.7)
from which it follows that
U3n+4i — Usnti = ot (%‘—3 - Ui—3) ) (2-8)
for n € Ny, i € {1.2,3}.
From (@)) and (@), we get
Ugnsi = Usppi — 0" ug + 0" o,
= Ugsntit1 T U1 S3niv2 + DUz g — 0w g 4 0" g, (2.9)

for n € Ny, i € {1,2,3}.
Employing (@) and (R.9) in (@) and after some calculation, we obtain
Ty = ffl Lf (z0) Jng1 + f(2-1) Jngo +0f (2_3) Ju], n > =2, (2.10
Yant1 = 1 (F (@0) Jango + f (221) Janas + f (w22) (0J3n1 — 0" + 0" f (y_2) ), n> -1, (2.1
Yant2 = [ (f (@0) Jants + f(x-1) (Jangpa — 0" 1) +bf (2-2) Japi2 + 0" f (y-1) ), n>—1,  (2.12
ysnt+3 = f7H(F (o) (Janga — 0"T1) + f(2-1) Jangs + 0f (2-2) Janss + 0" f (o)), n > —1. (2.1
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2.2. Case 2: pp = Yn, Qn = Tn, ™n = Yn, Sn = Yn
In this case, we obtain the system

i1 = [THaf (yor) +0f (@02) ), Y1 = [T (af (yo1) +0f (Yn—2) ), 1 € No. (2.14)

Note that system () are obtained from equations (@) by interchanging letters x and y, from which
all the statements concerning solutions to the equations follow from the corresponding statements in
Case 1 by only interchanging letters d@d 1.

The general solutions to the system (R.14) is given
T3ni1 = (W0) Jant2 + f (Y-1) Janss + f (y—2) (0Jsn1 = 0" 1) + 0" f(z5)), n> -1, (2.15)
T3nt2 = f 7 (f W0) Jsnts + f (y—1) (Jsnga — 0" T1) +0f (y—2) Jsns2 + 0" f (221)), n> -1, (2.16)
z3nt3 = 71 (f (vo) (J3n+4 = 0" + f (y—1) Jsnts + bf (Y—2) Jangs + 0" f (20) ), n > —1, (2.17)
n = FH(f (W0) Jnar + f (y=1) Jnsz +bf (y—2) Jn), n > 2. (2.18)
2.3. Case 3: pn = Yn, Qn = Yn, ™n = Tn, Sn = Yn
In this case, system (@) is expressed as
Tn1 = f(af Wne1) +0f (Yn—2) )y Yns1 = (af (@n-1) +bf (yn—2)), n € No. (2.19)
Since f is “1 — 17, from ()
f@ni1) = af Yn-1) +0f (Yn-2), [ (Ynt1) = af (¥p-1) +0f (Yn-2), n € Ny. (2.20)
By using the changes of variables
f(xn) =up, n>—1, and f(y,) =v,, n> -2, (2.21)
system () is transformed to the following one
Upp1 = AUp_1 + DUp_9, Vpi1 = AlUp_1 + bvy_2, n € Ny, (2.22)
Employing the first equation in () in the second one we get
Upy1 = bUp_o + a*v,_3 + abu,_g4, n > 2. (2.23)
Equation () can be written in the following form
Una1 + avy_1 = a (V1 + avy_3) + b (Vo + avy_4), n > 2, (2.24)
from (@), we can write the solution of equation () as
Upt1 + aVp_1 = Jy (V2 + avo) + Jpi1 (v1 + av_1) + bJp—q (Vg + av_s), n > —1. (2.25)
By using () in (), we obtain
Upi1 = a*Up_3 + b(Jn_3 (vg + avg) + Jno (v1 + av_1) + bJy_4 (Vo + av_s) ), n>1, (2.26)

from equation () we get

Uy = Q2Up_y + b(Jn,4 (v2 + avg) + Ju—s (v1 + av_y1) + bJy_s5 (vo + av_s) ), n > 2. (2.27)
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Equation () is separated to the following four ones
Ugnti = a2v4(n_1)+i + bJanria (Uz + avo) + bJynris (Ul + av,l) + b2J4n+¢,5 (Uo + CLU,Q) , (2.28)

forneN,ie {-2,-1,0,1}.
Telescoping summation of the equalities in () gives

n—1 n—1
—j—1 —j—1
Vingi = (a®)" v + (v2 + avo) bz (@)™ Jajri + (01 + ava) bz (@) Jajpin
=0 =0
n—1 -
+ v? (vo + av—3) (a2)n7]7 Jajti-1, (2.29)
=0

for n € Ny, i € {—2,-1,0,1}.
From () and since

vy = aug + bv_y, and vy = au_; + bv_s.

By using the definition of the (J,), oy, sequence, we have

n—1

Vip+i = (aQ)n v; + (auo +bv_q1 + CL’U()) b Z (a2)n7j71 Jajyi
=0
n—1 - n—1 -
+ (au,l +bv_s + (l’l),l) b Z (a2)n7j7 J4j+i+1 + b2 (’U() + CLU,Q) (CLQ)ni]i J4j+i,1
j=0 =0
n—1 - n—1 —
= (@) vtz [ Y (0*)"TT i tad ] ()" i
7=0 7=0

n—1 . n—1 )
+ v, (az (a2)n—J—1 J4j+i+1 +bz (a2)n—3—1 J4j+z’)

=0 =0

n—1 . n—1 ) n—1 )
+ bl]o a (02)n_]_1 J4j+i + b Z (a2)n_J_1 J4j+z’—1) + abu_1 Z (CLQ)H_]_I J4j+i+1

§=0 §=0 §=0
n—1 )
+  abug (ag)n_j_l Jajvi
=0
B o ) n—1 i1 N n—1 i1 N
= (a ) v, + b%v_g Z (a ) Jajpit1 + az (a ) Jajyi1
j=0 7=0
n—1 - n—1 - n—1 -
+ bv_y Z (aQ)H_J_ Jajyivs + bvg z (az)n_]_ Jajrito +abu_q z (az)n_]_ Jajrit1
§=0 §=0 §=0
n—1 )
+ abuo Z (ag)n—]—l J4j+i, (230)
§=0

for n € Ng, i€ {—2,-1,0,1}.
By using (@) in the first equation in () and the definition of the (J,), oy, sequence, it follows
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that

Ugntitl = (V4nti—1+ bVanti—2

n—1 . n—1 .
= a[(az)n vi—1 + b2’l)_2 Z (a2)n7]71 J4j+i +a Z (a2)n7]71 J4j+i,2
j=0 =0
n—1 _— n—1 o n—1 _—
+ bor > ()" et bvo Y (@) T Habur Y (0)" 7T T
j=0 =0 =0

n—1 . . n—1 .
+ abug Z (a2)n_J_1 J4j+¢71} + b[(a2)n vi—2 + b%v_o (Z (az)n_]_l Jyjric1+a Z (CL2)n_J_1 J4j+¢3>
3=0

=0 3=0
n—1 . n—1 ) n—1 .

+ bv_y Z (a2)"7]71 Jajriv1 + b Z (17L2)717J71 Jajyi +abu_q Z (02)n7J71 Jajri-1
j=0 j=0 j=0
n—1 i

+ abug Z (a2)nﬁ71 J4j+i—2:|
j=0

n—1 . n—1 . n—1 .
= (a®)"uit1 +0%v_2 (Z (@) g ta > (a3 J4j+z') +bvo1 > (@) agrita

j=0 =0 =0
n—1 _— n—1 — n—1 -
+ buo > ()" dagrivs +abus1 Y (a®)"T Jaypige +abuo Y (a®)" T Jajgaga, (2.31)
i—0 =0 =0

for n € ie{=2,-1,0,1}.
From (R.30),(R.31), the definition of the (J,), oy, sequence, we obtain

n—1 . n—1 X — .
U4n—1 = (aQ)n u—1 + b2v_2 (Z (a2)n_]_1 J4j +a Z (a2)n_J_1 J4j2> +bv_q Z (a2)n_]_1 J4j+2
=0 7=0 7=0

n—1 . n—1 i
bug Z ((LQ)”_J_I J4j+1 + abu_q Z (a n i-1 J4J + abug Z 'n i1 J4j_1
= j= 7=0

Il
d
w
M
—
@
§
u
,_.
N
&
+
S}
3
&)
H
)
&
|
N
N————
+
(=
<
L
1M
—
IS)
]
~
3
|
<
—
&
+
N}

+

abug Z ()" Ty, (2.32)

bug Z (a2)n*j*l J4j+1 +u_q ((ag)n +abZ (a2)n7j 1 J4J
j=0 =

i
5 S

(a2)nuo+b2’uz< (ag)n—j—l J4j+1+az (a n i- 1J4J 1| +buv- 12 n i-1 Jaji3

Ugn =
=0 =
n—1 - n—1 . 1
o Z (a®)"77 Jajia + abu—y Z (a®)" 7777 Jajr + abug Z (@)™ - Jaj
=0 = Pt
n-l 1 n—1 - ne1 »
= Voo | > (@) apata ] ()T e | Hboa Y (@) gy
=0 = ot
n-l . n—1 ]
+  bug Z (a2)nfjfl Jajyo +abu_1 Z (,ﬂ)nﬂ—l Jaja1 + uo a "L ab Z n - 1 7 (2.33)
j=0

=0
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n—1 . n—1 . n—1 .
wins1 = (0®)" w1 +b%0_2 <Z @) "7 Jajatad (@) J4j> Hour Y (a®)" T Jajga

j=0 7=0 J=0
n—1 1 n—1 1 n—1 1
n n n —
+ bug Z (a?) T Jajgs +abu_q Z ( 770 Jajio + abug Z 70 Jaj
j=0 j=0 7=0

- . n—1 .
= wv_g ( b4 b2 (Z ' J_1J4j+2+az (zzQ)n_J_1 J4j)>
j=0
n—1 1 n—1 —
+ v a 7 tl-H?Z " - Jajia +bvoz n 7 Jajes

=0 =0
2\n—j—1 = 2\n—j—1
+  abu_1 Z (a ) J4j+2 + abug Z (a ) J4j+1, (2.34)
— )

n—1 ) n—1 . n—1 .
winte = (a®)"ug+b%v_o (Z (@)" 7 Lz ta > (@)t J4j+1) +bv Y (@) Jujus

j=0 =0 j=0
. n—1 . n—1 )
+  bug Z (a2)n7J71 Jajra 4+ abu_1 Z (a2)n7J71 Jaj+3 + abug Z (a2)n7J71 Jajq2
j 3=0 j=0
n—1 . n—1 X n—1 .
= oz (3@ s +a )] ()" g | +vaa (@) 046D (a2)" T s
=0 j=0 j=0
n—1 - n—1 —
+ v (a2)n a+b Z (az)n7]7 J4j+4 + abu_1 Z (az)n7J7 J4j+3
j=0 j=0
n—1 .
+ abug Z (aQ)n_J_l J4j+2, (2,35)
n—1 — n—1 — n—1 -
Vin—2 = (!12)”1172 + b Z (!12)"7]7 Jaj_1+a Z (a2)n7]7 Jyj—3 | +bv_1 Z (a2)nﬂ7 Jajt1
j=0 j=0 =0
n—1 . n—1 .
+ by Z 2)n i-t J4J + abu_1 Z n i-t J4j,1 + abug Z (a2)n7]71 J4j,2
=0
n—1 - n—1 - n—1 —
= v_2 (a2)n + b2 (a2)n7]7 J4j,1 +a Z (az)n7J7 J4j,3 + bv_q Z (a2)n7]7 J4]‘+1
=0 =0 =0
n—1 . n—1 . n—1 .
+  byg Z (az)n—]—l J4j + abu_q Z (az)n—]—l .]43',1 + abug Z (az)n—]—l J4]',2, (2.36)
j=0 =0 =0

n—1 n—1 X n—1 .
Vin—1 = (a2) v_1+b%v_g (Z (a n it Juj +aZ (a2)n7171 J4j2> +bv_1 Z (a2)nﬂ71 Jajtr2

3=0 7j=0 J=0
n—1 X n—1 X n—1 .
+ by Z (a2)n_J_1 Jaj+1 +abu_y Z (a2)n_]_1 Juj + abug Z (a2)n_3_1 Jaj—1
7=0 7=0 7=0

n—1 . n—1 .
- b( <a2>"‘f‘1J4j+aZ(a%“‘]‘mz>+v-1 <<a2> 3 ) J4j+2)
=0

7=0 =0
n—1 . n—1 . n—1 .
+  bug Z (CLQ)n_]_l J4j+1 + abu_q Z (CLQ)n_]_l J4j + abug Z (a2)n_J_1 J4j_17 (2.37)

=0 =0 §=0
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n—1 ) - '
e T < (@) T +az )" J4]1) +buo1 Y (GQ)H_]_l Jaj+3
j=0 ot
n—1 - ne1 . o N
b Y (@) e abuny 3 (@) g abuo Y (02)" T
. 2 >

1 n—1 . n—1 .
(@)" 7 g +a > (@) J4j—1) Fboo1 D0 (@) T s
J

n
= bu_g (
J

=0 =0 7=0
2\ it 2\n—j—1 e 2\n—j—1 e a\n—j—1
+ v (a ) +b Z (a ) Jaj2 | +abu_y Z (a ) Jaj41 + abug Z (a ) Juj, (2.38)
j=0 j=0 j=0
n—1 _— n—1 _— n—1 -
Vang1 = (a?)"v1 +b%v s (@)" 7 Jagratad (@) dag | +bo1 Y (@) Jajga
j=0 =0 =0
n— — n—1 — n—1 -
+  bug Z (a2)7h]7 Jaj4+3 + abu_q Z (aﬂni]i Jaj42 + abug Z (aﬂni]i Jaj4+1
j= =0 =0
n—1 - n—1 - n—1 -
= v_2 (a2)n b+ b2 Z (CLQ)n7]7 J4]'+2 +a Z (a2)n7]7 J4j +bv_y Z (a2)n7]7 J4j+4
j=0 j=0 j=0
n—1 — n—1 —
+ boo Y (@) Jgystuoa | (@) a+ab ] (a®)"TTT Jujpe
j=0 j=0
n—1
+ abug Z (a n i-t J4]+1, (2,39)
7=0

forn €

From E I E 3) (ﬂ) and some calculation, we obtain
n—1 ) n—1 . n—1 )
! (bzf (y—2) (Z (CLQ)n_J_l Jyj+a Z (GQ)n_j_l J4j—2> +bf (y-1) (GQ)H_j_l Jyjyo
j=0

Jj=0 J

Tyn—1

I\
=)

n—1 )
b S (@) g+ f ) ( +abz )

+abf (o) } (a®)" 7! J4j1>7 (2.40)

|
—

I
=

Jj=0 Jj=0 J

n—1 . n—1 . & i
Ty = f1<bzf(y2) (Z ()" Jaji +ay ()" J4j1) +bf (y-1) Y ()" ujs
n—1 n—1

+ bf (o) S (@) T Jujpe + abf (a- 1) (a®)" 77 Juji

+ f (1‘0) ((aQ)n + ab i (a2)n_j_1 J4j) >, (241)

n—1 X n—1 .
Tant1 = [ (f (y—2) ((a2)n b+ b ( ‘ ()" Tjra+a Z ()" J4j) )

|
_
3

|
-

n

+ abf (w 1) <a2)nij ! J4J+2 + abf (SL’()) (a2)n7j71 J4J‘+1), (2.42)

<.
Il
o

<.
Il
(=)
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n—1 . n—1 .
Tan4+2 = f1<b2f(y2) (Z (a2)n_]_1=]4y+3 +“Z 2 o J4j+1>

=0

n—1 n—1 .
+ f(y,l) ((02)nb+bz ( n - 1J4J+5) +f yo ((a2)na+bz (a2)n_]_1 J4j+4)
=0 =0

n— 1

|
-

n

+ abf (,T 1) (az)nij 1J4j+3+abf LL’() n - 1J4j+2), (243)

J ]:0

I
=]

Yan—o = f (f (y—2) ((aQ)n +v? (Z (a2)n7j71 Jyj1+a i (aQ)nijfl J4j3>)

Jj=0
n—1 1 n—1 -
+ 0f(y- 1)2 (a2)n T a1+ 0f (o Z n T Iy
j=0 7=0
n—1 L n—1 -
+ abf (,T,l) (GQ) / J4j,1 +abf (.’1?0) (a2) / J4j2) R (244)
j=0 =0

n—1 ) n—1 )
Yan—1 = f—l (be (y72) (Z (a2)n*j71 J4j +a Z (a2)n*J71 J4j2)
§=0

=0
n—1 i n—1 i
+ f (y,1) (a2)n +b Z (a2)n J J4j+2 +bf (y()) (a2)n I J4j+1
— =0
n—1 - n—1 1
+ abf (JJ 1) (&2)717] J4] + abf X0 Z n i J4] 1), (245)
j=0 7=0

n—1 . n—1 )
Yan = [ (bzf (y—2) (Z (a2)nﬂ71 Jij+1+a Z (a2)n7j71 J4j—1)

j=0 7=0
n—1 L
+ bf(y- 1)2(‘12)n ” J47+3+f Yo) 02 +bz n - Jajyo
7=0
n—1 . n—1 -
+oabf (z-1) ) (a®)" 7 Jajea +abf (z0) Y (a®)" J4j>’ (2.46)
7=0 7=0

n—1 n—1 )
Ying1 = fl(f (y_2) ((aQ)nb—FbQ (Z (az)n J— 1J4g+2+az n j—1 J4j))
n—1

Jj=0 7=0
_ n—1
+ Z T 1J4]+4+bf(y0) (a2)n / 1J4J+3
7=0
n—1 - n—1 -
+ fla) | () atab) (a®)"T Jugge | +abf (o) Y (a®)T J4j+1), (2.47)
Jj=0 j=0

for n € N.
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24 Case 4 Pn =Yn, Gn = Tn, Tn = Tp, Sp = Tp

In this case, system (@) is written as in the form

Tp1 = f_l (Cl,f (yn—l) + bf (xn—Q) )7 Yn+1 = f_l (Cl,f (:En—l) + bf (xn—2) )7 ne NO' (248)

Note that system () are obtained from equations () by interchanging letters x and y, from
which all the statements concerning solutions to the equations follow from the corresponding state-
ments in Case 3 by only interchanging letters x and .

The general solutions to the system (ﬁ) is given

1

n—1 ) n—1 . n .
Yin_1 = f—l <b2f(9c2) <Z (a2)n*]71 J4j +az (ag)nfjfl J4j2) +bf (x 1) (a2)n*]*1 J4j+2
=0

I§
=

j=0 J

+
M |

7=0

nJ1J4j+1+f(y1<CL2 +abz njl )

n—1

+ abf (yo) > (a®)"” e J4j—1>, n € No, (2.49)
7=0
n—1 - n—1 - n—1 -
Yin = f_l(bzf(wﬁ @) i ta) (@) g | 4 0f (@) Y ()T s
j=0 j=0 j=0
n—1 1 n—1 -
+ bf (330) (ag)n - J4]+2 + abf Y—-1 Z n ! J4j+1

i=0 7=0

J
+  f(yo) (a2 +abz )" j—1 J4j>), n € Np, (2.50)

n—1 n—1 )
Yant1 = f_l(f (_2) ( )" b+ b? (Z ) - 1J4J+2+CLZ ) It J4j))

7=0 7=0
n—1 n—1
+ f(z ( a? a+bZ( neId Jajra | +0f (z0) (GQ)n -t Jajt3
=0 §=0
n—1 . n—1 .
+ abf(y—1) (a2)n_] ! Jajyo +abf (yo) (a2)n_j_1 J4j+1), n € Ng, (2.51)
7=0 7=0

n—1 . n—1 L
Yant2 = [ (bzf (z-2) ( (@®)" 7 Jujis +a > (@) ' J4j+1>
j=0

1
.
i
L

+ abf (y 1) (az)n—j—l J4j+3 + abf (yo) (a2)n_j_1 J4j+2), n e No, (252)

.
I
o
S
I

=
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n—1 n—1

Tan_o = f! <f (x_2) ((az)n + b2 (Z (a2)n_j_1 Jij—1+a Z (a2)n_j_1 J4j3) )

j=0 j=0
n—1 . n—1 .
+ bf (1) Z (az)nijil Jaj+1+0f (x0) Z (CLQ)nﬂil Jyj

Jj=0 Jj=0
n—

1 ) n—1 )
+ abf (y-1) (a2)nﬂ ' Jyj—1 +abf (yo) (a2)n i J4j2>, n € Ny,
i=o i=o

n—1 . n—1 )
Tap-1 = f1<b2f(=’f—2) (Z ()" Ty ad (@) J4j—2)

+ flz-1) <(a2)n + bz (02)n_j_1 J4j+2) +bf (o) i (az)n_j_l Jaj+1

.
I
=
<.
i
<

n—1 ) n—1
Ty = [T (bzf (z_2) (Z ()" Ty +a > (@) J4j—1)

7=0 7=0

and

Tint1 = [ <f (r_2) ((aQ)n b+b? (Z_: (a2)n_j_1 Jijr2+a Z_: ((12)n_j_1 J4j) )

J
n—1 ) n—1 .
+  f(y-1) ((GQ)H ataby ()" J4j+2) +abf (yo) > ()" J4j+1>7 n € No.

=0

2.5. Case 5: Pn = Yn, Qn = Tn, Tn = Yn, Sn = Tp
In this case, system ([1.§) becomes

Tpir = [ af (Yne1) + 0 (#0-2) ), Yns1 = F"(af (Yn-1) + bf (Ta—2)), n € Ny.
First, note that from the equations in (R.57) it immediately follows that
Tn = Yn, for all m € N.
Employing (R.5§) in the first equation in () , we have,

Tni1 = Y1 = f(af (1) +0f (2n2)), n>2.
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(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)
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By using formula (R.10) with forward shifted initial values, we have
o= Ff (02) Joos + £ (21) Jn + bf (20) Jua), n > —1. (2.60)
Using the following equalities
a1 =f"Haf (yr) +bf (x2)), xa=f""(af (yo) +bf (z-1)), (2.61)
in (2.60) we obtain
o =yn = [ ((af (yo) +bf (x21)) Juor + (af (y-1) +bf (x-2)) Ju +bf (29) Ju-s), n €N. (2.62)

2.6. Case 6: pp, = Tn, @ = Yn, ™n = Tn, Sn = Yn

In this case, system (@) is written as in the form

Tp+1 = f_l (af (xn—l) + bf (yn—Q) )7 Yn+1 = f_l (af (xn—l) + bf (yn—2> )7 ne NO' (263)

Note that system () are obtained from equations () by interchanging letters x and y, from
which all the statements concerning solutions to the equations follow from the corresponding state-
ments in Case 5 by only interchanging letters x and .

The general solutions to the system (R.63) is given

Yn = 2n = [ ((af (20) +0f (y-1)) Juor + (af (21) +0f (y—2)) Ju +bf (40) Ju—2), n € N. (2.64)

2.7. Case 7: Pn =UYn, Qn = Yn, Tn = Yn, Sn = Tn,

In this case, system ([L.§) becomes

Tpi1 = f (af (Yn—1) +0f (Yn—2) )7 Y1 = [ (af (Yn-1) + bf (zn-2) )7 n € No. (2.65)
Since f is “1 — 17, from ()
F (@nsr) = af (o) +bF Gn2)s F i) = af (u 1) + b (5 ), 1€ No (2:66)

By using the changes of variables
f(zn) =u,, and f(y,) =vp, n > —2, (2.67)
system () is transformed to the following one
Ups1 = AUp_1 + bUp_9, Vpy1 = aU,_1 + b, o, N € Np. (2.68)
Employing the first equation in (R.6§) in the second one we get
Upi1 = QUnp_1 + abvy_y + b*v,_5, 1> 3. (2.69)
Equation () can be written in the following form
Upt1 4+ 00p—o = a (vp_1 + buy_g) + b (Vp_o + bu,_5), n >3, (2.70)
from (@), we can write the solution of equation () as

Un+1 + bvn,g = Jn,1 ('U3 + on) + Jn (Uz + bv,l) + an,Q (1)1 + b’l},2> , ne No. (271)
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By using () in (), we obtain
Unt1 = 005 + a(Jn_sz (v3 + bg) + Jno (Vo + bv_y) 4+ b (v1 + bv_s) ), n > 3,
from equation () we get
Uy = b6 + a(Jn_4 (v3 + bvg) + Jn_3 (Vg + bv_1) + bJy_5 (v1 + bv_3) ), n > 4.
Equation () is separated to the following six ones
Vbnti = b*V6(n—1)1i + @Jonti-a (V3 + bvg) + aJensi—z (Vo + bv_1) + abJenti—s (v1 + bv_s),

forneN,ie{-2,-1,0,1,2,3}.
Telescoping summation of the equalities in () gives

n—1 n—1
Vén+i — (b2)n v; + 1)3 + b’Uo a Z b2 neil J6j+i+2 + (Ug + b’l)_l) a (bz)n_]_l J6j+i+3
J=0 Jj=0
n—1 )
+ (Ul + bv_g) abz (52)71_]_1 J6j+z‘+1,
j=0
forn € Ny, i € {—2,-1,0, 1,2, 3}.
From (@) and since

Vs = avy + bug = a*v_q + abu_s + bug, vy = avy +bu_;, and vy = av_j + bu_s.

By using the definition of the (J,), oy, sequence, we have

|
—

n

Vonti = (bz) + (a®v_y + abu_s + bug + bug) a (bz)nijil Jojrive

|
—
<.
I
o

n n—1
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(2.72)

(2.73)

(2.74)

(2.75)

+ ((I’UQ +bu_q1 + b’l),l) a (bQ)nijil J6j+i+3 + (av,l +bu_s + b’l},Q) ab Z (b2)nij71 J6j+i+1

j=0 j=0
n—1 )
= (b2)n v; + ab2v,2 Z (b2)n_J_1 J6j+i+1
j=0
n—1 - n—1 - n—1 -
+ vy |a® Z (b2)n_]_ Jojtite + abz (bZ)n_J_ Jojrits + CleZ (bQ)n_]_ J6jit1
§=0 j=0 §=0
n—1 - n—1 -
+ vo {ab > (0°)" T Tejpisa+a® Y (01)"TT Jejrirs
j=0 j=0
n—1 - n—1 -
+ u_» a2bz (52)%% Jojtite + ab’ Z (bQ)nfji Jojrit1
j=0 7=0
n—1 - n—1 S
+ abu_, Z (*)"77 Jojrivs + abug Z (0*)" 77 Jojive
j=0 7=0
n—1 .
= (b2)n v; + ab2v_2 Z (b2)n_J_l J6j+i+1
j=0
n—1 - n—1 - n—1 -
+ av_y Z (0*)" 7 Jejrite + avo Z (0°)" 7 Jejrivs + abu_s Z 0*)" 7 Jgjpiva
j=0 §=0 §=0

n—1 n—1

+ abu Z (bz)niji1 J6j4i+3 + abug Z (bz)n7j71 Jojrite,
§=0 j=0

(2.76)



460

for n € Ny
By using (
that

UBn+i

for n €
From (

Uen—2

)

Kara, Yazlik

{=2,-1,0,1,2,3}.

in the first equation in (P

Q
®

AV6n+i—2 + bU6n+i—3

n—1 n—1
= a [(bZ)n vi—g + ab*v_s Z (52)%]71 Jejtri-1 +av_q Z (172)%]71 J6j+ita
j=0 j=0
n—1 - n—1 - n—1 -
+ avg Z (52)%]7 Jojriv3 + abu_s Z (b2)n7]7 Jojtrive + abu_q Z (bQ)niji Jojtit1
§=0 =0 §=0
n—1 - n—1 -
+ abug Y (b1)"T JWZ} + b[(b2)nvi_3 +ab®v_p Y (b1)"7T Jejria
§=0 §=0
n—1 - n—1 - n—1 -
+oav Y (0" Jgiirs +ave Y (07)"T Jgjriva tabuz Y (0°)"7T Jgirin
§=0 §=0 §=0
n—1 - n—1 -
+ abu_1 Z (b2)n_J_ Jﬁj_i,-i + abuo Z (bz)n_]_ J6j+i—1:|
§=0 j=0
n—1 .- n—1 -
= (0®)" u; + ab*v_o Z (0" Jejivt +av Z ()" Jojrive
j=0 §=0
n—1 - n—1 - n—1 .-
+ avg Z (0%)" 777 Jgjpigs + abu_s Z (0*)" 77 Jgjpiva + abu_q Z (b)) Jojpits
§=0 j=0 j=0
n—1 .-
+ abug Z (0*)"77 Pojtivo,
j=0
i e4=2,-1,0,1,2,3}.
),(B.77), the definition of the (J,),cy, sequence, we obtain
n—1 - n—1 - n—1 -
= (bQ)n U_o + abQU_Q Z (bQ)niji Jﬁj_l +av_q Z (b2)n7‘77 J6j+4 + avy Z (b2)niji J6j+3
j=0 3=0 §=0
n—1 . n—1 - n—1 )
+ abu_s Z (b2)n*j71 Jejr2 + abu_; Z (b2)n7f Joj41 + abug Z (b2)nfy—1 Je;j
j=0 §=0 j=0
n—1 - n—1 - n—1 -
= ab®v_y Z (bQ)"*ﬁ Joj—1 + av_q Z (b2)”’]7 Joj+a + avy Z (b2)n7r J6j+3
j=0 j=0 =0
n—1 - n—1 -
+ou | ()" Hab > (0°)"T e | Habuy Y (07)T Jgi
3=0 j=0
n—1 .
+ abuo Z (b2)n_j_l Jaj,

Jj=0

y) and the definition of the (J,),cy, sequence, it follows

(2.77)

(2.78)
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n—1 - n—1 - n—1 -
Uen—1 = (b2)n U_1 + ab2v,2 Z (bz)niji Jﬁj +av_y Z (bz)niji J6j+5 + avg Z (b2>n7j7 J6j+4
§=0 §=0 j=0
n—1 - n—1 - n—1 -
+ abu,g Z (bQ)niji J6j+3 + U«b’Uz71 Z (bQ)niji J6j+2 + (lb’LLo Z (bg)niji J6j+1
j=0 j=0 =0
n—1 - n—1 — n—1 1
= ab21)72 Z (b2)n_]_ Jgj +av_y Z (b2)n_]_ J6j+5 + avg Z (b2)n_j_ J6j+4
=0 =0 j=0
n—1 - n—1 -
+oabuy Yy (V)" Jegpstusy | (09)"Hab Y (02)"TT Jgjge
7=0 =0
n—1 .
+ abuo Z (bz)n_j_l J6j+1, (279)
=0
o\ 7 5 =, gy n—j—1 — gy n—j—1 — oyn—j—1
Ugn = (b ) Ug + ab“v_o Z (b ) J6j+1 +av_q Z (b ) J6j+6 + avg Z (b ) J6j+5
j=0 §=0 =0
n—1 - n—1 — n—1 1
+ abu,g Z (b2)71—]— J6j+4 + abu,l Z (b2)n_j_ J6j+3 + abuo Z (b2)n_J_ J6j+2
j=0 =0 =0
n—1 ) n—1 ) n—1 .
= ab2v_2 Z (bz)n_]_l J6j+1 + av_q Z (bz)n_J_l J6j+6 —+ avg Z (bz)n_]_l J6j+5
§j=0 =0 =0
n—1 - n—1 _—
+ abu_s Z (bZ)n_J_ Joj+4a + abu_q Z (bQ)n_]_ Joj+3
j=0 =0
n—1 )
+ uo ((zﬂ)" +ab ()" J6j+2) , (2.80)
j=0
n—1 - n—1 - n—1 —
Unt1 = (b2)nul + ab*v_y Z (bz)n_j_ Jojt2 +av_q Z (bQ)R_J_ Joj+7 + avy Z (bz)n_]_ Joj+6
j=0 =0 =0
n—1 i n—1 i1 n-l i1
+ abu_g Z (bZ)n_J_ J6j+5 + abu_1 Z (bz)n_]_ J6j+4 + abuo Z (b2)n_J_ J6j+3
Jj=0 3=0 =0
n—1 - n—1 =
= V_o <b2)n b+ ab? Z (bQ)niji J6j+2 +v_q (bg)n a+a Z (bQ)niji J6j+7
=0 =0
n—1 - n—1 - n—1 -
+ avg Z (bQ)n_j_ Jej+6 + abu_o Z (b2)n_J_ Jej+5 + abu_q Z (bz)n_j_ Joj+4
=0 =0 j=0
n—1 .
+  abug Z (b2)nijil J6j+3, (2.81)

=0
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n—1 . n—1 . n-l :
Uep+2 = (b2)n Ug + abQU,Q Z (bz)nijil Jej+3 + av_1 Z (bQ)nijil Jej+8 + avg Z (bz)nijil Joj+7
j=0 j=0 7=0
n—1 - n—1 - n—1 -
4+ abu_s Z (b2)n7]7 Jej+6 + abu_ Z (bg)niji Jej+5 + abug Z (bQ)niji J6j+4
j=0 j=0 =0
n—1 - n—1 -
= abZU_g Z (bz)n_J_ J6j+3 +v_1 (bz)n b +a Z (bz)n_]_ J6j+8
j=0 j=0
n—1 - n—1 -
+ v (b2)n a+a Z (bQ)n_]_ J6j+7 + abu_g Z (bQ)n_]_ J6j+6
Jj=0 j=0
n—1 . n—1 .
+ abu,l Z (b2)n_]_1 J6j+5 + abuo Z (bQ)n_j_l J6j+4, n e No, (282)
j=0 7=0
n—1 - n—1 - n—1 -
Uep+3 = (b2)n us + abQU,Q Z (bQ)niji Joj+a + av_1 Z (bQ)niji Jej+9 + avg Z (bZ)niji J6j+8
j=0 j=0 =0
n—1 - n—1 - n—1 -
+ abu,g Z (bz)n_]_ J6j+7 + abu,l Z (b2)n_]_ J6j+6 + abuo Z (bz)n_J_ J6j+5
j=0 7=0 j=0
n—1 ) n—1 )
= a,b21}_2 Z (b2)n_]_1 J6j+4 +v_1 (b2)n a2 +a Z (bQ)n_J_l J6j+9
j=0 =0
n—1 - n—1 -
+ (bz)n b+a Z (bQ)nijf Jojts | +u—2 (bQ)n ab + ab Z (bz)nﬂf Joj+7
Jj=0 j=0
n—1 ) n—1 .
+ abu_, Z (1)2)”‘3‘1 Jsj6 -+ abug Z (zﬂ)"‘f‘1 Joj 15, (2.83)
j=0 j=0
n—1 - n—1 - n—1 -
Ven—2 = (b2)n V_9 + abz’l},z Z (b2)niji J6j71 +av_q Z (b2)n7j7 J6j+4 + avg Z (bz)n7]7 J6j+3
Jj=0 j=0 §=0
n—1 - n—1 - n—1 -
+ abu,z Z (bg)n_j_ J6j+2 + abu,l Z (b2)n_]_ J6j+1 + abuo Z (bQ)n_J_ J6j
J=0 Jj=0 J=0
n—1 - n—1 -
= v_g (b2)n + ab? Z (bQ)niji Joj—1 | +av_y Z (bQ)niji Joj+4
j=0 j=0
n—1 - n—1 -
+ avy Z (bz)n_]_ J6j+3 + abu_g Z (bQ)n_J_ J6j+2
3=0 j=0
n—1 ) n—1 .
+ abu_1 Z (bz)n_]_l J6j+1 + abuo Z (bQ)n_]_l Jﬁj, (284)

J=0 Jj=0
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n—1 ) n—1 ) n—1 .
Vpn—1 = (b2)n v_1 + ab*v_y Z (112)”7]71 Jej + av_1 Z (bz)nirl Jej+5 + avg Z (bz)nirl Joj+4
j=0 j=0 j=0
n—1 ) n—1 . n—1 )
+ abu_s Z (b2)nirl J6j+3 + abu_y Z (bQ)nijil J6j+2 + abug Z (52)7%]71 J6j+1
J=0 j=0 Jj=0
n—1 . n—1 )
= abQ'U_Q Z (b2)n_]_1 J6j +v_1 ((b2)n +a Z (bZ)n_J_l J6j+5)
=0 =0
n—1 . n—1 )
+ avg Z (bQ)H_]_l Jej+4 + abu_s Z (bz)n_]_l Joj+3
j=0 j=0
n—1 ) n—1 .
+oabusy Y ()" Jogae +abug Y (02)" T g, (2.85)
=0 j=0
n—1 ) n—1 ) n—1 )
Ven — (52)n Vo + ab2v,2 Z (b2)n7j71 J6j+1 +av_q Z <b2)nijil J6j+6 —+ avg Z (b%ni]il J6j+5
j=0 j=0 j=0
n—1 . n—1 ) n—1 .
+ abu,g Z (62)n_J_1 J6j+4 + abu,l Z (b2)7z—]—1 J6j+3 + abuo Z (b2)n_j_1 J6j+2
j=0 j=0 §=0
n—1 . n—1 .
= ab’v_s Z (b2)”_]_1 Jej+1 +av_y Z (bz)n_j_1 J6j+6
7=0 7=0
2\ 7 = 2\n—j—1 = 2\n—j—1
+ v ((b ) + CLZ (b ) J6j+5) + abu_o Z (b ) J6j+4
Jj=0 Jj=0
n—1 . n—1 )
+ abu_1 Z (b2)n_]_l J6j+3 + abUO Z (b2)n_]_1 J6j+2, (286)
§=0 §=0
n—1 ) n—1 ) n—1 .
Vnt1 = (bz)n vy + ab*v_g Z (bz)n_j_l Jej+2 +av_q Z (bz)n_]_l Jej+7 + avy Z (52)H_J_1 Joj+6
j=0 j=0 §=0
n—1 . n—1 ) n—1 .
+ abu_2 Z (bg)n—]—l J6j+5 + abu_1 Z (bz)n_]_l J6j+4 + abuo Z (bZ)n_]_l J6j+3
§=0 §=0 §=0
n—1 ) n—1 .
= ab2v,2 Z (bQ)nijil J6j+2 +v_1 <<b2)n a+a Z (b2)n7j71 J6j+7>
=0 =0
n—1 ) n—1 .
+ avg Z (bZ)nijil Jej+6 + u_2 ((bQ)n b+ ab Z (bQ)ni]f1 J6j+5>
Jj=0 Jj=0
n—1 . n—1 )
+ abu_1 Z (b2)nijil J6j+4 + U:on Z (bZ)nijil J6j+3, (287)

Jj=0 J=0
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n—1 . n—1 . n-l ;
Vent+2 = (b2)n Vg + abQU,Q Z (b2>n7j71 Jej+3 +av_y Z <b2)nijil Jej+8 + avg Z (bQ)nijil Joj+7
j=0 Jj=0 Jj=0
n—1 - n—1 - n—1 -
+ abu_s Z (bQ)niji Jej+6 + abu_q Z <b2)niji J6j+5 + abug Z (bg)niji J6j+4
=0 =0 =0
n—1 - n—1 —
= abzv,Q Z (bz)n_J_ J6j+3 +av_y Z (b2)n_]_ J6j+8
j=0 j=0
n—1 - n—1 -
+ v (62)n a+a Z (62)%]7 Jej+7 | +abu_s Z (bQ)nfji Joj+6
) =0
o\ 7 i, oyn—j—1 = o\n—j—1
+ u_1 (b ) b+ abz (b ) J6j+5 + abug Z (b ) J6j+4, (288)
=0 =0
and
) 5 — gy n—j—1 — gy n—j—1 -— gy n—j—1
Ven+3 = (b ) v3 + ab V_2 Z (b ) J6j+4 +av_q Z (b ) J6j+9 + avg Z (b ) J6j+8
=0 =0 =0
n—1 — —
+  abu_ 2 Z b2 neat J6j+7 + abu_ 1 Z b2 neit J6]+6 +abu0 Z b2 neit J6J+5
Jj=0 Jj=0 Jj=0
n—1 . n—1 .
= ab21)72 Z (b2)n7J71 Joj+a +v_1 <b2)n a’+a Z (()2)n7]71 J6j+9
7=0 =0

n—1 ) 1 -
+ avoz <b2)nfjfl J6j+8+u72 ((bQ)nab-‘rabZ (bQ)TL*jfl Jﬁj+7>

§=0 §=0

n—1 . n—1 )
+ abu,l Z (bQ)nijil J6j+6 + ug ((bQ)n b + ab Z (b2>nijil J6j+5) 5 (289)

=0 =0

for n € Ny. From (b67|), (}27&)—(}28d) and some calculation, we obtain

n—1 n—1 n—1
n—j—1 n—j—1 n i—1
Ten—2 = [~ <ab f(y—2) (b2) - Joj— 1+af (y-1) (bz) - J6j+4+af Yo) Z ! Joj+3
j=0 7=0 j=0
n—1 1 n—1 -
+ ()" +abz (v*)" " Jejia | +abf (x- DY )" Jgia
7=0
+oabf (o) (b?)" T 1J61>, n € Ny, (2.90)

JIO

|
-

n—1 ) n—1 ) n .
Teno1 = [ <ab2f(y2) Z )" ! Joj +af (y-1) Z ) ! Jej+5 +af (yo) (bQ)n_J_l J6j+4

j=0 7=0 7=0
_ n—1 )
+ abf (zs Z ()" Jojus + f(w1) ((bQ)n+abZ(b2)n_] 1J6j+2)
Jj=0 Jj=0
n—1 -
boabf (x0) S (07)" JﬁjH), n € No. (2.91)

=0

<.
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n—1 - n—1
— n—j—1 n j—1 n j—1
Ten = f 1<ab2f(y2)2(b2) 77 Jejer +af (Y- Z 77 Pojas +af (yo Z T Tsjas
=0 j=0 j=0

|
—

|
—

n

+ abf (z- 2) (b2)nij ! Jojpa+abf (x_ 1) (52)%%1 Joj+3

n

<.
I

=
<.
i

<

J=0

+ f (l’o) ((bQ)n + ab i (b2)n_j_1 J6j+2) >, nec No, (292)

n—1 ) n—1 .

Ten+1 = f_1<f (y—2) ((bQ)nb+ab2 Z (b2)n_j_l J6j+2) + f(y-1) ((bz)na+az b2)n_]_l J6j+7)
j=0 =0

1

—

n n—

n—1
n—j n—j—1 n—j—
+ af (yo) Z (bQ) -t J6]+6 + abf xT_o Z b2 - J6j+5 +abf (l‘ 1) <b2) It J6j+4
j=0 j=0 =0
n—1 )
+ abf (,To) (bz)nijil J6j+3>7 n e No, (293)
=0

|
A

n

(bQ)nfjfl J6j+3+f(y71) ((bQ)nb—l—aZ (bQ)nfjfl J6j+8>

Jj=0

Tent2 = [~ (flb f(y—2)

I§
=

J

n—1 - )
+ f( )((bz) a—&—az b2 nIT 1J6]+7> +abf .’L‘ 2 Z n it J6j+6
7=0

7=0

|
—

n

n—1 .
+ abf Tr—1 Z b2 neit J6]+5 + abf (.1‘0) (b2)n7j71 Jﬁj+4), ne No, (294)
7=0

.
I
o

1

n

Ten+s = f_1<(lb2f( —2)

I§
o

(bQ)nfjfl J6j+4+f(yfl) ((bQ)naz—i—aZ (bz)nfjfl J6j+9)

J j=0

+  f (%) ((bQ)n b+ ai (bz)nijil J6j+8) + f(z—2) ((52)n ab+ abnz_: (bQ)nijil J6j+7)

=0 =0
n—1 1 — 1
+ Cl,bf r_q Z bZ nei J6]+6—|—abf X0 Z b2 ni J6j+5>, n € Ny, (295)
j=0 J=0

|
—

n—1 . n .
Yon—2 = f_l (f (y—2) ((bQ)n + ab2 Z (b2)n_J_1 Jﬁj—l) + CLf (y 1) (bQ)n_J_l J6j+4

Jj=0

<.
I
o

n—1 ) .
+ af (yo)z (. 1=]6g+3+abf (x_2 Z )" ]_1J6j+2
3=0

7=0

=

n—1

+ abf (z-1) (b2)n_j_1 Joj+1 + abf (zo) (bQ)n_j_l Jﬁj)a n € No, (2.96)
j=0 =0
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and

Kara,

Yon—1 = f*1 (abzf (y—2) i (bz)n_j_l Joj + f(y-1) <(b2)n +a i (b2)n_j_1 J6j+5)

7=0 7=0

—

n—

+oaf () Y (87)" T Toja + abf (z-2) S (03)" T Jjas
7=0

=0
n

[

—
—

+oabf(ro1) Y () T Jgjra +abf (z0) Y (1) JGJ-H), n € Ny,
j=0 j=0
n—1 1 n—1 -
Yon = f~ (ab Fly—2) ) ()" T Tjen + af (y-1) (0*)"7 Jsjre
j=0 7=0

n—1

n—1 )
+ [y )((b2 Jraz %) - 1J6J+5) +abf (v_2) (bQ)n_]_1J6j+4
0

Jj= J

I
o

3\
—
|

-

n

+ abf (LU 1) (bQ)nij ! JGJJrg, +abf ({)30) (bQ)nijil J6j+2>, n € Ny,

.
Il
<

.
I
<

n—1 ) n—1 .
Yons1 = [ (abe (y—2) Y ()" Tojez + f (y-1) ((bQ)n at+ay )" J6j+7)

=0 =0
n—1 ] n-1 .
+ af (yo) (52)717]71 Joj+6 + f(x_2) ((b2)n b+ab Z (b2)n7j71 J6j+5)
=0 =0
n—1 n—1 ‘
+oabf (21) > (03T Tojea +abf (w0) Y (67) J6j+3>, n € Ny,
j=0 7=0
n—1 n—1 )
Yont2 = [~ (ab f(y—2 Z )" T Jsjea +af (y-1) (52)71_]_1 Joj+8
7=0 7=0

1

n—1 n )
+ [y )((b2) a+ay (b*)" I 1J6j+7> rabf (w-2) Y (83)" 7 Jojse

j=0 J

I
<

I
—

n—1

+ flz-) ((b ) b+abd (7)) - 1J63+5> +abf (zo)

n

(bQ)nijfl J6j+4>7n € Ny,

I\
<

j=0 J

n—1 . n—1 .
Yonts = f! (abe (y—2) > (%) Jjea+ £ (y-1) ((52)n a®+ay ()" J6j+9)

§=0 §=0

n ) n—1 )
+af (o) D (0)" Togrs + f (2-2) ((52)n ab+aby_ (07)" 7 J6j+7)

7=0 =0

n—1

+ abf (x_q Z n j—1 Jej+6 + f (20) ((b2)”b+abz (bZ)anfl J6j+5)>,n € Np.

=0 7=0

Yazlik

(2.97)

(2.98)

(2.99)

(2.100)

(2.101)
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2.8. Case 8: pp =T, Gn = Yn, Tn = Tn, Sn = Tp

In this case, we obtain the system

To1 = [ af (@po1) +0f (Yn—2) ), Yne1 = f " (af (xn1) +bf (x4—2) ), n € Ny. (2.102)

Note that system () are obtained from equations () by interchanging letters = and y, from
which all the statements concerning solutions to the equations follow from the corresponding state-
ments in Case 7 by only interchangin.ﬁers x and y.

2.10

The general solutions to the system (R.109) is given
n—1 n—1 n—1 .
Yon—2 = f_1<@52f( - )Z )" " 1‘]6] 1+af (- Z ®*)"" - 1J6j+4+af (xo)z (bQ)nijil Joj+3
7=0 j=0 =0
n—1 n—1 )
+ f (y,g) ((b2 + ab Z b2 net J6]+2) + abf y 1 Z n it J6j+1
Jj=0 Jj=0
n—1 )
+ abf (yo) Z (bQ)nijil JGJ‘) , n e No, (2.103)
=0
n—1 n—1 n—1 )
Yon—1 = [~ <a62 Z (®*)"" - IJGJ +af(z1 Z ()" - 1J6j+5+af (xo)z (bz)n_J_l Joj+4
Jj=0 j=0 =0

+ CLbf y 2 Z n =t J6j+3+f(y71) ((b2)n+abz (b2)nij71 J6j+2)

j=0 j=0
n—1 -
+ abf(yo) Y (0*)" 7 J6j+1)a n € No, (2.104)
§j=0
n—1 1 n—1 - n—1 .
Yon = f (ab2 Z b2 B J6J+1 + le r_1 Z T P6_7+6 + CLf X0 Z b2 - J6j+5
j=0 7=0 7=0

|
—

n

+ abf (y-s Z (0%)" 7 Jogea - abf (u-1) 30 (7)o
7=0

<.
Il
o

+ f (y()) ((bQ)" + abi: (b2)n—j—1 J6j+2> ), n € Ny, (2]_05)

Jj=0

Yons1 = [ (f (z-2) ((bQ)n b+ ab? i ()" J6j+2) + [ (z-1) ((bQ)n ata i ()" J6j+7)

=0 =0

n—1 n—1 n—1
n—j—1 n—j—1 n—j—1
+ af (@) Y (7)) Jojre +abf (y-2) Y (b7) 7 Jojas +abf (y- ) (?) 7 Toja
j Jj=0 7=0

n—1

+ abf (y) (bQ)n_j_l J6j+3>a n € No, (2.106)
=0



468

Y6n+2

Y6n+3

Ten—2

Ten—1

Zen

Kara, Yazlik

|
—

S (ab2f (z-2) (b2)n o Joj+3 + f(z-1) ((52)n b+a i (b2)n_j_1 J6j+8)

Jj=0

<.
I
=3

n—1 — .
f(z )((52) a+az b2 T 1J6;+7) +abf (y—2) Z n J_1J6j+6

7=0 7=0
n—1 - n—1 -
abf y 1 Z T J6j+a + abf (yo) (b2) / J6j+4>, n e NQ7 (2107)
j=0 7=0

n—1 ) n—-1 .
f (ab2 Z n j—1 J6j+4+f($71) ((bg)na2+az (bz)nfjfl J6j+9>

j=0 Jj=0

<.

=0 =0

n—1 ) n—1 )
f (o) ((bZ)n btad ()" J6j+8> +f(y-2) ((bQ)n ab+aby (07)" 7 J6j+7)

n—1 _
n—j—1 n—j—1
abf Y_ 1 E b2 = J6]+6 + abf yo E b2 = J6j+5), n € Ny, (2.108)
=0 =0

1

f_l(f (z_2) (<b2)n +ab? 2_3 (6)" 7 Ty ) +af (@) Y ()" Jogea

j=0 J

I\
o

n—1 n—1

Z b2 nIs 1J6]+3+(1bf (y 2) (bQ)n_j_l J6j+2

M

7=0 7=0
n—1 . n—1 .
abf (y-1) Y (0*)" 7 Jejr +abf (wo) Y (¥)" J6j>’ n € No, (2.109)
=0 =0
n—1 - n—1 -
f (abe(I— )BT sy S (ee) | (7)) ()T s
j=0 =0
n—1 n—1 -
af (zo) Z (v*)"" - Jojra+abf (y—2) Z )"’ ' Joj+3
=0 =0
n—1 1 n—1 1
abf (y-1) > (b*)" " Jsjea +abf (yo) Y (0°)" 77 J6j+1>7 n € Ny, (2.110)
=0 =0
1 n—1

= f <a62 Z n 4= 1J6j+1+af f 1 Z n it J6j+6

i=0 7=0

.

1

n

I
=)

n—1 )
fx >((b2 +a Y ()" IJW) abf (y-2) > (83)" 7 Jjaa

j=0 J

|
—
|
—

n n

abf (y- 1) (52)n i Joj+3 +abf (yo) (bz)n_j_l J6j+2)7 n € Ny, (2.111)

<.
I

=)
<.
Il

o
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— - n—1 1
Tone1 = [~ <ab2 Z )" ozt o) | () atad ] (01)"TT g
=0 §=0
n—1 - n—1 1
+af (o) Y (0)"7T Jojue + fy—2) | (01)"bFabdy ()" Jojes
j=0 j=0
n—1 - n—1 -
+ abf(y-1) Y (%) Jsjea+abf (yo) D ()" J6j+3)> n € No, (2.112)
j=0 7=0

n—1 n—1
_ n—j—1 n—j—1
Tent+2 = f 1 (abe (.13_2) E (bz) I J6]+3 + af €T _ 1 E b2 - Jsj.;,.g

j=0 j=0
n—1 L n—1 —
+ f(mo) [ ()" a-HLZ ()" - Joj+r | +abf (y—2) > (0*)"77 Jsjse
7=0 7=0
n—1 L n—1 -
+ f(yfl) (b) b+abz b2 n=i= J6J+5 +abf yo Z n I J6j+4), TL€N0, (2113)
7=0 7=0
and
n—1 - n—1 i
Tenys = [ <Gb2 Z )" Jejra+ f(2o1) (bQ)na2+aZ(b2)n 7 Jejto
Jj=0 Jj=0
n—1 i n—1 i
+af (o) Y ()T Jejrs + Fy—2) | (%) ab+abd " (b7)" T Jgjar
j=0 =0
n—1 — n—1 1
+ abf(y 1) (b2)n_]_ J6j+6+f(y()) (b2)nb+ab2(b2)n_]_ J6j+5 ), TLEN(]. (2114)
j=0 j=0

3. Conclusion

In this study, we have consider the following two-dimensional system of difference equations

Tn41 = fﬁl(af (pn—l) + bf (Qn—2) )7 Yn4+1 = f71 (af (Tn—l) + b,f (Sn—Q) )7 ne NO7

where the sequences py,, qn, 7, S, are some of the sequences x,, and y,, f : Dy — Ris a “1 —1” continuous function
on its domain D, C R, initial values z_;, y—_;, j € {0,1,2} are arbitrary real numbers in Dy and the parameters a, b
are arbitrary complex numbers, with b £ 0. We have obtained the explicit form of solutions of the eight special cases
of aforementioned system by using suitable transformation. The solutions of the eight special cases of aforementioned
system are associated with generalized Padovan sequences.

Open Problem: The aforementioned two-dimensional system can extend to the three-dimensional system of
difference equations which is variable coefficients or constant coefficients. Special cases of three-dimensional system
can be solve in explicit form.
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