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Abstract

This paper deals with comparing three different estimators of fuzzy reliability estimator of one
scale parameter Rayleigh distribution were first of all the one scale parameter Rayleigh is defined.
Afterwards, the cumulative distribution function is derived, as well as the reliability function is also
found. The parameters θ is estimated by three different methods, which are maximum likelihood,
and moments, as well as the third method of estimation which is called percentile method or Least
Square method, where the estimator (ϑ̂pec) obtained from Minimizing the total sum of the square

between given C DF, and one non-parametric estimator like F̂ (ti, θ) = i
n+1

after the estimator of

(θ), which (θ̂) is obtained. We work on comparing different fuzzy reliability estimators and all the
results are explained besides different sets of taking four sample sizes (n = 20, 40, 60, and80).

Keywords: Fuzzy Reliability Estimator (FRE), Least Square Estimators (LSE), Maximum
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1. Introduction

Rayleigh distribution is one of the continuous probability distribution given a positive value for
random variables. In [3], the authors discuss the reliability allocation optimization in fuzzy environ-
ment to find optimal allocation for optimization problem. In [5], the authors attempted to estimate
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the parameters of a Rayleigh distribution numerical iterative methods or routines are frequently
employed. In this work, an exact method on the constant minimization of the goal function is pro-
posed. A new family of slash distributions, the modified Slashed-Rayleigh distribution, is proposed
and studied. This family is an extension of the ordinary Rayleigh distribution, being more flexible
in terms of distributional kurtosis which reviewed its most important aspects [2]. Some important
applications of this distribution were made by installing some parameters in a field that allows for the
creation of powerful estimators that allow meaningful results such as application of three-parameter
Rayleigh distribution model in estimating the probability distribution of linear and non-linear re-
sponses of turret moored is studied [1]. Some studies have been undertaken to extend an important
aspect of this variation. A new two-parameter Rayleigh distribution motivated by Aliya known as
Alpha Power Rayleigh distribution [4].
There are some works found in the literature on transmuted Rayleigh distribution and its variants
such as the slashed Rayleigh distribution [8]. In [7], the authors discuss fuzzy, Exponential distri-
bution and discuss how to compute reliability in case of stress- strength model, and Ranked set
sampling. The importance of such a distribution is due to its applications in testing lifetime of an
object whose lifetime depends on its age, and because of the fact that the life of the model theory
reliability plays an important role in modeling the life of the random phenomenon [9]. The discusses
an extended form of Rayleigh model distributions and some important cases of these distributions. A
new four-parameters extended Rayleigh model is proposed, which generalizes the model of Rayleigh
distributions. The applicability of the new models is well justified by means of two real data sets [6].

2. Theoretical Aspect

definition of distribution:
The PDF of one scale parameter Rayleigh failure model is defined in equation (1) as:

gT (t, θ) =
2

θ
te−

t2

θ t > 0, θ > 0 (2.1)

While equation (2) represent the cumulative distribution function (C.D.F) is given in:

GT (t) = 1− e−
t2

θ (2.2)

For the class of distribution in equation (1), Reliability Function.
R(t) = 1 − F (t) represent the probability of failure- free operation until time (t), or survival until
time(t), then the stochastic behavior of the failure time can be studied through either one of the four
function f(t), F(t), R(t), µ(t)
R(t) = 1− F (t)

3. Reliability Estimation

The term (reliable) used in various contexts in everyday life, such as reliable service station. In
the research of life testing we may concern with a quantitative measure of the reliability of an item
or advice which we are interested in.
The reliability of a unit or system is defined to be the probability it will perform satisfactory, at least
for a specified period of time without major break down. let x be r.v represent life time of the unit,
then the reliability of a unit at time(t) is denoted by:

R(t) = pr(x ≥ t) = 1− F (t) = 1−
∫ t

0

f(u)du (3.1)
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R(T ) = 1− F (t) = 1−
∫∞
T

fT (t)dt

And f(t) = −R(t)
dt

The probability of failure in a given time interval between (t1, t2),can be represented interms of reli-
ability as:
R1(t)−R2(t2) =

∫∞
t1

f(t)dt−
∫∞
t2

f(t)dt
Also the rate of failure occurs in the interval (t1, t2) is λ(t) define by:

λ(t) =
R(t)−R(t+∆t)

∆tR(t)

=
R(t1)−R(t2)

(t2 − t1)R(t1)
(3.2)

The fuzzy reliability is defined as the probability of advice or tool performing its work at different
disparity degrees of success for a period of time, under operating conditions encountered; it is denoted
by (R̃) which is a function of fuzzy setes (Ãi),
Let µÃi

(R) be the degree of membership(R function) in (Ãi)
Then:
R̃ = µÃi

(R).R
And since R =

∫∞
t

f(t)dt, then

R̃ = µÃ(R)

∫ ∞

t

f(t)dt (3.3)

4. Fuzzy Probability Function and its Reliability Function

The studied PDF is one scale parameter Rayleigh defined in equation (1):

gT (t) =
2

θ
te−

t2

θ t > 0 θ > 0 (4.1)

And the cumulative distribution function (C.D.F) is:

GT (t) =
(
1− e−

t2

θ

)
(4.2)

While the reliability function is:

RT (t) = 1− FT (t) = e−
t2

θ (4.3)

The fuzzy values of r.v.T is T̃
Were t̃ = {[0,∞), µt̂}
Where t̃ = k̃t t ∈ T
Then the vagueness of triangular fuzzy number
k̂ = {[0,∞), µk̂} {

µk̂(k) =
k−kmin
1−kmin

, k ∈ (kmin, 1)
k−kmax
1−kmax

, k ∈ (1, kmax)
(4.4)

where 0 < kmin < kmax

The membership µk̃(k) can be represented by:
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Figure 1: fuzzy reliability reference [10]

The fuzzy random variable T̃ ,have fuzzy one scale parameter Rayleigh, with fuzzy C.D.F:

G̃T (t) =
(
1− e−

k̃
θ
t2
)
, so the α-cut fuzzy C.D.F α ∈ [0, 1]

G̃T (t) = [G1α(t), G2α(t)]

= {
(
1− e−

1
θ
(1−kmax)α+kmax

t2

θ

)
=

(
1− e−

1
θ
(1−kmin)α+kmin

t2

θ

)
} (4.5)

And fuzzy reliability is

R̃(t) = e−
k̃
θ
t2 (4.6)

Were ∀α ∈ [0, 1] the α –cuts of fuzzy reliability function is written as
Rα(t) = [R1α(t), R2α(t)]

5. Estimation methods

This section deals with estimation of θ by moments and maximum likelihood method as well as
least square method:

5.1. The First Method (Moment Method)

First of all, the formula of the moments about origin is derived from

E(t) =

∫ ∞

0

tgT (t)dt

=

∫ ∞

0

t
2

θ
te

−t2

ϑ dt

= 2

∫ ∞

0

t2

θ
e

−t2

ϑ dt (5.1)

Let u = t2

θ
→ ϑu = t2

t =
√
ϑu =

√
ϑu

1
2

dt =
√
ϑ. 1

2
√
u
du
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E(t) = 2
∫∞
0

ue−u.
√
ϑ

2
√
u
du

E(t) =
√
ϑ
∫∞
0

u
1
2 e−udu

E(t) =
√
ϑΓ3

2
=

√
ϑ
2

√
π

The moment estimator of ϑ is ϑ̂mom obtained from:
t̄ =

√
ϑ
2

√
π

2t̄√
π
=

√
ϑ → ϑ̂ = 4t̄2

π

ϑ̂mom =
4t̄2

π
(5.2)

5.2. The Second Method (Maximum Likelihood Estimator)

Let t1, t2, ....tn be ar.s from p.d in equation (1), then:

L =
∏n

i=1 g(ti,ϑ) =
2n

ϑn

∏n
i=1 tie

−
∑

ti2

ϑ

logL = n log 2− n log ϑ+
∑

log ti−
∑

ti2

ϑ
∂ logL
∂ϑ

= n
ϑ
+

∑
ti2

ϑ2

∂ logL
∂ϑ

= 0 →
∑n

i=1 ti
2 = nϑ̂

ϑ̂MLF =

∑n
i=1 ti

2

n
(5.3)

5.3. The Third method (Least Square Estimator)

The estimator ϑ̂LS obtained from minimizing the total sum square of the difference between
GT (ti) and some of its non-parametric estimator like:
G̃T (ti) =

i
n+1

, i.e

T =
n∑

i=1

[
1− e

−ti2

ϑ − i

n+ 1

]2
(5.4)

∂T
∂ϑ

= 2
∑n

i=1

[
1− e

−ti2

ϑ − i
n+1

]
[−e

−ti2

ϑ .( ti
2

ϑ2 )]

1

ϑ̂2

[∑n
i=1 ti

2e
−ti2

ϑ −
∑n

i=1 ti
2e

−2ti2

ϑ −
∑n

i=1
i

n+1
ti2e

−ti2

ϑ

]
1

ϑ̂2

[
n∑

i=1

(1− i

n+ 1
)ti2e

−ti2

ϑ −
n∑

i=1

ti2e
−2ti2

ϑ

]
= 0 (5.5)

From solving equation (5.5) numerically ,we obtain to find ϑ̂LS or ϑ̂pec

According to three different estimators of ϑ̂(ϑ̂mom, ϑ̂MLE, ϑ̂LS) and using different values of (α− cut)
and specified values (given) for ϑ, we apply
Simulation procedure using Monte Carlo to find R̂fuzzy(t) due to different values of (n), the compar-
ison is done through simulation.

6. Simulation

Since the aim of research is to compare three different estimators of fuzzy reliability function of
one scale parameter Rayleigh, which is

R̃(ti, θ) = e−
1

ϑ̂
k̃ti2

Were the values of fuzzy factor (k̂ι) are (0.3, 0.6) and initial values of (θ) are (0.5, 0.7, 1.2),and
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Table 1: θ̂Estimator when K = 0.3

n = 20, 40, 60, 80.
were first of all the values of ti are found according to

G̃(ti, θ) = 1− e
−ti2

ϑ

Let:
Ui = G̃(ti, θ)

Ui = 1− e
−ti2

ϑ

e
−ti2

ϑ = 1− Ui
−ti2

ϑ
= ln(1− Ui), 0 ≤ Ui ≤ 1

ti2 = −ϑ ln(1− Ui)
Since 0 ≤ Ui ≤ 1
Then (1− Ui) represent fraction, so ln(1− Ui) have negative values then
ti =

√
−ϑ ln(1− Ui), so ti ≥ 0

The result of estimators θ̂ when (Ki = 0.3, 0.6) are given in table 1 and table 2, and then the
comparison is performed for fuzzy reliability using 10 values of ti and three set of (θ = 0.5, 0.7, 1.2)
After θ̂ is estimated using (Ki = 0.3, 0.6) we compare three different fuzzy reliability estimated.
Table 1 and table 2 explain three fuzzy reliability estimators for (θ̂) with mean square error
Table 2 indicates the fuzzy reliability estimator of Rayleigh distribution when (θ = 0.5, 0.7, 1.2)and
(Ki = 0.6)
Table 3 represents comparing three different fuzzy estimators of reliability function of one scale
parameter Rayleigh distribution are obtained by simulation.

7. Conclusion

The estimation of reliability function is necessary to obtain, best identification for tools and sys-
tem especially for models of time to failure, depending on recorded data which must be measured
precisely. But if this is not satisfied we work on fuzzy estimators when the parameters, that govern
the model have fuzzy environment, so in this research we focus on estimating the scale fuzzy pa-
rameter Rayleigh by three different methods which are moments and maximum likelihood and least
square estimators and due to different methods of (k̃), we find that:
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Table 2: θ̂Estimator when K = 0.6

1. The moment estimator of fuzzy reliability is dominated with percentage 45%, while R̂MLE is
dominated with 30% and R̂LSE dominated with 25%.

2. The estimation of fuzzy reliability is preferable then ordinary reliability since it permits to use
different change in scale parameter (Θ) due to putting (k̃) in estimation.
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Table 3: Comparing three different fuzzy estimators of Reliability function
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