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Abstract

In this paper, two types of diseases in the predator population in an ecological model are proposed
and analyzed. The first (SIS infectious disease) transmitted horizontally, spread by contact between
susceptible individuals and infected individuals. And the second (SI disease) is transmitted vertically
from mothers to offspring with the effect of an external source (environmental effect). No transmis-
sion of the diseases can happen from predator to prey by predation or contact. Linear functional
response and Holing type-II for describing the predation of the susceptible and the infected preda-
tors respectively also linear incidence for describing the transition of diseases are used. All possible
equilibrium points were analyzed for this model. Locally and globally dynamics of the model have
been discussed, numerical simulation is used to investigate the effect of the diseases on the system’s
dynamics.

Keywords: Eco-epidemiological model, SI disease, SIS epidemic disease, Prey-predator model,
Lyapunov function.

1. Introduction

The previous belief was that only humans face epidemics. It turns out that animals, especially
wild ones, face a range of diseases, from Ebola to cancer and even the plague. In recent decades,
the extent of the impact of epidemics and their spread on both humans and animals has become
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clear and the extent of the danger of these epidemics on life in general. Scientific studies in their
medical or other aspects have become obligated to find a clear map with clear details of the course
of these epidemics and the relationship of these epidemics in humans or animals at the same level,
because of these epidemics that there is a mutual risk in some of them as a result of some epidemics
related to infection and development between races of the same sex or mixing direct and indirect
between different ethnicities. The study of disease prevalence between humans and animals is known
as the epidemiological model, and there are several researchers who have independently studied the
dynamics of mathematical environmental and epidemiological models [T}, 8, 9 10, [11], 12, 15, 18, 13].
Anderson and May [2] studied the link between the Lotka-Volterra prey-predator model with the
infectious disease as well as the prevalence by contact among the population of prey without repro-
duction in infected prey.

Many types of epidemics are discussed on ecological models contain SI, SIS and SIR epidemic
disease in one species for example [17, 20, [14], while researchers study spread of two epidemic disease
in the same species for example [21, [6]. Further diseases can be spread in different ways among
the individuals of the population, one of the most common way to prevalence infectious disease
among infected and susceptible is by contact in the population, but there are no doubt that the
environment play a vital role of spread these diseases which called an external sources for example
of these researches are [16, [5].

The most recent models take into account random environments [7], and sometimes periodic
structures [3]. The novelty in the study of two epidemics in the predator population is the destination
of Fabio et al. [19].

In this paper, an eco- epidemiological model containing two types of diseases in the predator
population have been presented, the first SIS with horizontal transmission and the second SI with
vertical transmission, without intersection with each other in the same individuals of a predator
population. Moreover, there is no spread of disease between predators and prey.

2. The mathematical model formulation

The ecosystem study proposed in this section included a prey, P(T") a total population density
of prey at time T, which interacting with susceptible predators S(7") a total population at time
T, H(T) infected predators at time T with disease (SIS) and V(7T') infected predators at time T
with disease (SI). A cross between diseases cannot occur in the same individual from a predator
population. There is no spread of diseases between prey and predators. Moreover, the first disease
(SIS) is transmitted horizontally between individuals of the predator population by contact. The
second disease (SI) spreads vertically and also the influence of the external source (environmental
sources) on the occurrence of this disease, the following assumptions are now adopted in formulating
the basic environmental epidemiology model.

(1) The prey species, reproduction logistically with carrying capacity k,, (k, > 0) and intrinsic
growth rate denoted by r, (r > 0).
(2) There are (SIS and SI diseases) in the predator population which divided the population in to
the following:
(i) According to the Lotka—Voltera type of functional response susceptible predators con-
sumed the prey via predation rate a < 0 and participate part of this food with conversion
rate 0 < e; < 1 with natural rate of death due to absence of prey, d; > 0.
(ii) The first disease (SIS disease) is passing within the same species by contact (horizontally)
with an infected individual at infection rate § > 0 and recovery rate v > 0, (means that
the infected individual becomes susceptible again). Furthermore, the infected predators
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consumed the prey individuals according to Hollying type-II of functional response with
maximum attack rate ¢; > 0 and half saturation b; > 0 that participate part of this
food with conversion rate 0 < ey, < 1. with natural rate of death in absence of prey ,
dg > 0.

(iii) The second disease (SI disease) has the ability to pass vertically from mothers to new
individuals (vertically) at an infection rate 5 > 0. As well as to the effect of an external
source (environmental influence) that causes disease among predators with an external
source rate a > 0. The infected predators consumed the prey individuals according to
Hollying type-II of functional response with maximum attack rate co > 0 and half
saturation by > 0 that participate part of this food with conversion rate 0 < e3 < 1,
with rate of death due to infected disease ds > 0.

In consonance to the previous assumptions, the following set of equations can represented the pro-
posed model.

dP:rP(l—l?)—aPS—ClPH CyPV

dT ) by+P by+ P’
dS
aT = eiaPS+~H —0SH — BSV — aS — d; S,
(1.1)
dH 6201PH
— =0SH —vH — dyH + ———
qp ~OSH i — S
dv N 6301PV
IT = pBSV +as d3V+—b21_|_P-

Accompanied by initial conditions P (0) > 0, S(0) >0, H(0) >0, V(0) > 0, that there are
seventeen parameters which can be reduced to make the model easy to deal with it by dimensionless
parameters and variables to simplify the system.

; T P S L H \%4
=T = S =—— =— V=,
) p Kp? Kp7 Kp Kp
ak, 1 Ca b b erak, v 0k,
Uy = ; Ug =—, uz =—, Uy =75, Us =7, Ug = ) Uy =—, ug =—,
T T T k, k, T r
ﬂk}p (0% d1 d2 €9C1 dg €3C2
Ug = ——, U0 =, Uy =——, Uiz =——, U113 = , Ug =—, Uiy =
T T T r r T

By accordance with the following dimensionless system:
dp usph  uzpv
— =p(l—9p)— — — = h
dt p( p) ui1ps U4+p U5+p fl (pasu 7U)7
ds
T ugps + urh — ugsh — ugsv — (uyg +u11) s = fa (p, s, h,v),
dh ugsph (1.2)
a = ugsh — urh — uioh + Yatp = f3 (p787h7v)7
dv U15pV
— = U9SV + UpS — U4V + = ,S,h,v).
T 9 10 14 Us + P fa (p )

With p (0) >0, s(0) >0, h(0) >0, v(0) > 0. Note that there is reduced in number of the parame-
ters from seventeen in the system ({2.1)) to fifteen in the system ((1.2). It is easy to exam about all the
functions of the system ([1.2]) are continuous and have continuous partial derivatives on the following
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positive four dimensional space R} = {(p, s, h,v) € R} : p(0) >0, s(0)>0, h(0)>0, v(0)>0}
. So the solution of the system (|1.2)) exists and unique. Moreover with the non-negative initial con-
ditions all the solutions of the system (|1.2])) are uniformly bounded as illustrated in the following
theorem:

Theorem 1.1. All the solutions of the system (L.2)) which initiate in RY are uniformly bounded.
Proof. let (p(t),s(t), h(t),v(t)) be any solution of the system ([1.2)) with non-negative initial condition

<p07507 h07 UO) € Ri
From 15 equation of system (1.2)) we have:

dp
E<p(l=p).
dt_p( )

Through the theory of differential inequality [4)], we get:
lim supp(t) <1
t—ro0

Define the function
M@t)=p(t)+s(t)+h(t)+ov(t).

Therefore,
dM ph pv
— =p(1—p) — (ug — ug)ps — (us — u — (ug —u — upoh — w40 — uqys.
di p( p) — (u 6)D (2 13>u4+p (us 15)u5+ 12 14 11

So, according to the biological facts always uy > ug , ug > uyz , ug > Uy we get:

v

— < 2p — (p+ u11s + unh + uy4v),
therefore %4 <2—sM, where D =min{l, wy, ui2, uis}, then M (t) <
Then

% + (MQ — %)GiDt .

so0<M@#) <2, Vit>0.

D>

Hence the solutions of the system (1.2) are uniformly bounded. O

2. The existence of equilibrium points

In this section, it appears there are at most in system ([1.2]) six equilibrium points which will be
studied of the stability at each of these points, explicit computation appears as follow:

(i) Eo=(0,0,0,0) exists always.
(ii) The equilibrium point FE; = (1,0,0,0) exists always.

U —U11
U1uUe6

il e equilibrium point Es = (p,s,0,0) where, p =2, and s = , exists provide at:
iii) Th ilibri int £ p,5,0,0) wh p= 4 ds ist ided that

ue

Ug > U11, (21)
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(iv) The Equilibrium Point E3 = (ﬁ, 5, h, 0)
p is unrivaled and positive solution of the following equation:

Aip® + Aop® + Agp+ Ay = 0, (2:2a)
where,

Ay = ug (U12 - U13) )
Ay = (u7 + ugg — ug3) [ugug — ug (1 — uy) + uq (uge — uis)] + usfur (1 — uy) + ugugs),
Ag = (u7 4 vz — u13) [uruy (ur + 2u12) — ugug — up (u19 + u1y)]
+ ugurug (2 — uy) +ug (ur + urz) [ugug — urur — ug (1 — ug),
Ay = uiurug — uy (ur + uga) [uy (ug — uytiye) + ug (u1g + u1r)].
(ur 4+ w2 — u13) P + uy (w7 + ug2) P (ug +p)[1 —p— uy§]
ug (g + P) ’ (B

S =

Exist provided the following conditions:

Uz > Uis (2.2b
5<l, (2.2¢
15
pge— (2.2d
Uy
uy < 1,

—~~
NN
N N

[N\
A= e)
— N e N N N— N—" ~—r

—

UoUg + U (Ulg — U13> < usg (]. — U4) ,
(U7 + U1g — Ulg) [u2u6 + Uy (uu — u13) — Uus (1 — U4)] < —Ug[U7 (1 — U4) + U4U12],

UsUg < UTU7 + Ug (]_ — U4) ,

~~
NN
o9

—~
Do
[\)
—

U1Uy (U7 + 2U12) < Ugug + Uo (U10 + UH) ,

(ur + w12 — urs) [urg (U7 + 2u12) — ugug — ug (Ugp + ury)|H+ug (ur 4+ uga) *

[UQUG — ULU7 — U (1 — U4>] > — UgU7ug (2 — U4) , (22])
ug > U1U19, (221{)
UZU7U8 < U4 (U7 + Ulg) [U4 (u8 — ululz) -+ Usg (Ulo —+ Ull)], (2.21)
(v) The equilibrium point £, = (p, 5,0,0),

p is unrivaled and positive solution of the following equation:

Bip® + Bop? + Bsp+ By =0, (2.3a)

Where,

By = —uguy,

By = uglug (1 — us) — ugug — u1 (w14 — u15)] + gy,

By = usug (ug — u1ti1) + uof[ug (1 — us) — ugug] — (w10 + u11) [ug (1 — us) — 2uzue — uy (urs + u1s)],
By = usuguig — (w10 + ur) [us (ug — urtrs) + usugy),

ugp — (U1 + u11) (1 —p) (us +p) — uzv

)

Ug ur (us +p)

<l
@i




2090

(vi)

Exists provided the following conditions:

U1p + U1l
Ug
(1—=7p) (us + D) > usv,

us < 1,

<p<l,

Ug (1 — U5> > 2u3u6 —+ uq (U14 — U15) ,
Ui4 > Uis,

Ug > U1U14,

Kadhim,Majeed

UsUg (Ug — U1U14) + U/lO[uQ (1 — U5) — U3U6] > (Ulo + UH) [UQ (1 — U5> — 2U3U6 — U7 (U14 -+ U15)],

usUgUro > (Uro + u11) [us (ug — uruas) + usuy].
The positive equilibrium point E5 = (]'5, 'sv,ﬁ, 57),
p is unrivaled and positive solution of the following equation:
Fp" + Fop’® + Fsp® + Fup' + Fsp® + Fop® + Frp + Fy = 0,
Where,

Fi = Ry1 (urR3 — ugRy) ,

Fy = Rig + (R3Rio + RyRy1) — ug (R1Rio + Ry Ry ),

F3 = Rig + (R3Ri3 + RyRia) — ug (R1Ry13 + RyRyg) + Roy,
Fy = Ry + (R3Ryy + RyRi3) — ug (R1R1g + RoRy3) + Ros,
Fy = Ry + (R3Ris5 + RyRyy) — ug (R1Ris + RyRyy) + R,
Fs = Ry + (R3Ri6 + RyRi5) — ug (R1Rig + RoRys) + Roy,
Fr = Ry3 + (R3Ri7 + RyRig) — ug (R1Ri7 + RyRig) + Ras,

Fy = Ry7 (R4 — ugRy) + R,

Ry = uz + uip — uss,
Ry = uy (ur + u12),
R3 = usg,

Ry = uqug,

Rs = uyo Ry,

R = uio (us Ry + R2),
R7 = usuqo,

Rg = R3 (U14 - Uls) — ug Ry,

Ry = 14 (us Rs + Ry) — ug (us Ry + R3) — w15 Ry,

Ryo = us (U14R4 - U9R2) )

Ry1 = —u7sR3Rs,

Ris = —ug[Rg[(usRs + Ry) + w1 Ry — Ry (1 — us)] + Rs Ry,

Ry3 = ur[Rg[usR3 + (ugR3 + Ry) (1 — us) — uwjus Ry — ug Ry — ug (ugRy + Ry)]
+ (ugR3 + Ry) + uy Ry — R3 (Ryp + ugRs)],

(2.3h)
(2.31)

(2.4a)

— Rg[Rg (1 — u5)
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Ryy = uy[Rg[us (ug Rz + Ry) + ugRy (1 — us) — uyus (ugRy + Ro) — ujuyRy)

+ Ro[usRs + (ugR3 + Ry) (1 — us) — uqus Ry — ug Ry — uy (ug Ry + Ry)]

+ Rio[(ugRs + Ry) + u1 Ry — R3 (1 — us)] — us[R3Re + Rs (ugsR3 + Ry4)]],

Ry5 = ur[uqus Rg (Ry — u1 Ry) + Rolus (ugR3 + Ry) + ugRy (1 — ug) — uqus (ug Ry + Ra) — ujug Ry)
+ Riolus R3 + (uaR3 + Ra) (1 — us) — wqus Ry + uaRy — uy (uaRy + Ry)| — us[R3 (Ry

+uyRg) + Ry (Rg + usRs)]],

Ry = ur[uqus Ry (Ry — u1 Ra) + Riplus (uaRs + Ry) — ug Ry (1 — us) — ug[us (ug Ry + Ra) + ug Ry
— uz[Ry (usRs + Ry) + us Rs)],

Ry7 = uquy [U5R10 (R4 - U1R2) - U3R4R7],

Rig = ugug R R3 Ry,

Rig = usug[Rs[(R1 Ry + RoR3) + us R R3] + R1 R3 Ry,

Rog = ugug|Rg[RoRy + us (R1 Ry + RoR3)| + Ro[(R1 Ry + RoR3) + us R R3] + Ry R3 Ry,

Roy = uguglus RoRuRs + Ro[RoRy + us (RaRs + RyRy)] + Ruo| (R Ry + RoRs) + us Ry R)),

Roy = ugug|us Ry Ry Ry + Rig[Ry Ry 4 us (R1 Ry + Ry R3)]],

Rz = ugusug Ro Ry Ry,

Ryy = —ug Ry R3[(u19 + u11) Rg + ugRs),

Ros = —us[(u1o + un1) [Rs[R2Rs + Ry (usR3 + Ry) + R1R3Ry|| + ug[Rs (R1R¢ + R2Rs)

+ Ry R5 (usRs + Ry4)]],

Rog = —ug[(u10 + u11) [Rs[R2 (usRs + Ry) + us R Ry) + Ro[RoRs + Ry (us Rs + Ry)] + RiR3 Ry
+ ug|R3 (R1R7 + RoRg) + (usR3 + Ry) (R1Rs + RoRs5) + us Ry Ry Rs)],

Ry7 = —ug[(u10 + un1) [usRe Ry Rs + Ryol[us (R1Rs + RoR3) + RoR4) + Rio[R2R3 + Ry (us R3 + Ry)]
+ ug[(R1R7 + RoRg) (usRs + Ry) + us Ry (R1Rs + RaR5)]],

Rog = —us[(u1g + u11) [us RoRy Ry + Rio[Ra (usRs + Ry) + us Ry Ry]] + ug[Ro Ry (usR3 + Ry)

+ us Ry (R1R7 + Ry Ry)]],

Rog = —ugRoRy[(u10 + u11) Rig + ug Ry,

g (ug +ur) + (ur + uip — wiz) p ~ U108

§= - , U= — — and
us (U4 +p) U4 — U9S — :51—3_%

7 (ug + p)[(us +p)(1 — p — uss) — uz0]
uz(us + p)
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Exist if in addition to the conditions (2.2b)), (2.2b])) and ([2.2f]), the following conditions hold:

Urg > UgS + u15p~’ (2.5a)
us +p

1> p+ s, (2.5b)

(us +p) (1 = p — u13) > usv, (2.5¢)

R3 (u1q — ugs) > ugRy, (2.5d)

uyg (usR3 + Ry) > ug (us Ry + Ro) + uis Ry, (2.5¢)

U4 Ry > ugRo, (2.5f)

(uaRs + Ry) +u1 Ry > Ry (1 —us), (2.5g)

usRs + (ugRs + Ry) (1 — us) > uqus Ry + ug Ry + uy (ug Ry + Rs), (2.5h)

u Ry + (ugRs + Ry) > R3 (1 — us), (2.51)

Rs[usR3 + (ugRs + Ry) (1 — us) — wjus Ry — ug Ry — uq (ugRy + R2)]

> Rolui Ry + (us Rz + Ry) —R3 (1 — us)| + R3 (Rio + uaRs) (2.5))

us (ugR3 + Ry) + ugRy (1 — us) > uyus (ugRy + Ra) + uiug R, (2.5k)

Rg[us (ugRs + Ry) + ugRy (1 — us) — ugus (ugRy + Ro) — ujuy R

+ Rolus R + (usR3 + Ry) (1 — us) — wus Ry — ug Ry — uy (uaRy + Ry)]

> u3[R3Rg + Rs (u4Rs + Ry)] — Rio[(usRs + Ry) + uy Ry — R3 (1 — us)], (2.51)

Ry > max {u1 Ry, usRsy}, (2.5m)

U4U5R8 (R4 - U1R2) + Rg [U5 (’LL4R3 + R4) + U4R4 (1 — u5) — U1U5 (U4R1 + RQ) — U1U4R4]
-+ Rlo[u5R3 + (U4R3 + R4) (1 — u5) — U1U5R1 + U4R4 — U1 (U4R1 + RQ)]

> ug[Rs (R7 + usRg) + Ry (R + ugR5)], (2.5n)
us (ugR3 + Ra) + ugsRe > ugRy (1 — us) + up[us (ug Ry + Ra)], (2.50)
ugus Ry (Ry — u1 Ro) + Riolus (ugRs + Ry) — ugRa (1 — ug) — uqus (ug Ry + Ra) + ug R

> uz[Ry (ugRs + Ry) + ugRg), (2.5p)
usR1g (Ry — u1 Re) > usRy Ry, (2.5q)
Rig —ug (RiR1a + RoRy1) < — (R3Ri2 + RyRyy), (2.5r)
RyRy5 > —R3R3, (2.58)
RyRy5 > — Ry Ry3, (2.5t)
Rig — ug (R1 Rz + RoR12) < —[(R3Ri3 + RaRi2) + Rodl, (2.5u)
Rog — ug (RoRy3 + RiR14) < —[(RaR13 + R3Rua) + Rosl, (2.5v)
Roy — ug (RoR14 + RiRi5) < —[(R4R14 + R3Ri5) + Ragl, (2.5w)
Ryy — ug (RoR15 + R1Ri6) < —[(R4R15 + RsRi6) + Rzl (2.5x)
Rog — ug (RoRy6 + RiRi7) < —[(RaRi6 + R3Ri7) + Ros, (2.5y)
Ry7 (Ry — ugRy2) > — Ry, (2.52)
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3. The local stability analysis

In this section, the local stability analysis of system has been discussed by computing the
Jacobian matrix J (p, s, h,v) of system about each of the previous equilibrium points.

ugugh U3 uUgv —ugp —u3p

1—2p—u1s— — —u
P (ug+p)?  (uz+p)? P uq+p us+p
J ugSs ugp—ugh—ugv—(ui0+ui1) U7 —UYS —ug9s
= ujgugh u13pP
s a ugh ugs—(ur+u 0
(s ip)? 8 gs—(ur 12)+u4+p
UusU5Y ui5p
ugv+u 0 U9gs—uU14+ —2—
(us+p)2 9V+U10 9 S —

e Analysis of the local stability to system [1.2| at Ey = (0,0,0,0)

At Ey = (0,0,0,0), the Jacobian matrix of system is

1 0 0 0

_ 10— (w10 + u11) Uy 0

Jo=J(Eo) = | 0 —(ur +ua) 0
0 U1o O —U14

Then the characteristic equation of Jy is given by:
(1 — )\) (— (Ulo + un) — )\) (— <U7 + U12> — )\) (—U14 — )\) = 0,
)\Op =1> 0, )\05 = — (Ulo + Un) < 0, )\Oh = — (U7 + U12) < 0 and )\Ov = —Upy < 0.
Therefore, Ej is unstable.

e Analysis of the local stability to system at £, =(1,0,0,0)

At Ey = (1,0,0,0) , the Jacobian matrix of system as follow:

oo o
B . 0 Ug — (U710 + U1t Uy 0
h=JE)=1| 0 — (ur + up) + 3 0 )
0 U10 0 —U1q + Jii’l

The characteristic equation of J; take the form as following:
(—1 — )\) (U@ - (Ulo + Ull) - )\) <— (U7 + Ulg) + ulil—sl - )\) (—U14 + J;l_il - )\) = 0, S0, )\1p =—-1<
0, Ais=ug— (1o +u), Ap=—(ur+u)+ 25 and Ay = —u + ;2.

ug+1 us+
Therefore, £y = (1,0,0,0) locally asymptotically stable provided the following conditions hold

ug < (u10 + u11), (3.1)
U3
> ) 3.2
(ur + u12) b1 (3.2)
Uys
> . 3.3
t Us + 1 ( )

It is unstable otherwise.

e Analysis of the local stability to system at By, = (p,5,0,0)
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At Ey = (p,5,0,0) , the Jacobian matrix of system is

e pE s
UgS —U10 U7 — uUgs —UgS
J2 o J<E2) o 0 0 u8§— (U7 + U12) + 5:i% 0
0 U10 0 ’ng/S\— U4 + 5513_%
The characteristic equation of .J, take the form as following:
(bg3 - )\) [)\3 + Ll/\2 + LQ/\ + L3] — O
So, either R
(b33 — A) = 0, which gives Ao, = ugs — (uy + u12) + Eji% < 0, provided that
~ u13p
Uy + Uya) > ugs + = 3.4
(0 +12) > 5+ 2 (3:4)
Or
N LiA2 + Lo + Ly = 0, (3.5)
where:

Ly = — (b11 + bag + baa) ,
Loy = b11baa + bag (b11 + ba2) — basbsa — bi2ba,
L3 = boy (b11bag — b1abay) + bay (b12bay — by1baa) .

Using Routh Hurwitz criterion implies that equation (3.5) has roots where real part is negative if
and Ol’lly if: L > 0, Lsy>0 and A = (Lng — Lg) Lz > 0.
Now, L; >0, i =1,3 the conditions satisfied below:

. wisp
Upg > UgS + 15pA’ (3.6a)

us +p
b11bs2 > b1aban, (3.6b)

Straightforward computation shows that: A = LiLy — L3y = @1 — @2, where,

@1 = (bi1 + ba2) [—b11boa — baa (b11 + bog + bas) + b12b21] + boabas (b111b22) ,
Q2 = biababa,

So, A > 0 on the authority of both conditions (3.6al)) as long as the condition below:
@\1 > @2. (36C)
Therefore, Fj5 is locally asymptotically stable, however, it is unstable otherwise.

e Analysis of the local stability to system at kB3 = (ﬁ, s, h, 0)
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At B3 = (‘, s, h, 0) , the Jacobian matrix of system ([1.2]) as follows:

I~ 5 usugh — —Uu2p —Uus3p
1 =20 —ws = 05 P with st
UGS ugp — ugh — (u10 + u11) U7 — ugs —UgS
J3 - J(E3) - wi3uah A
—2 Ugh 0 0
(ua+p) _
0 U10 0 UQ§ — U4 + 551—3_2
The characteristic equation of J; take the form as following:
N M3 + MoA? + M)+ M, =0, (3.7a)

where,

My = — (c11 + c22 + caa)

My = cyy (011 + 022) — C13C31 — C23C32 — C12C21 — C24C42 + C11C22,

M3 = cy4 (013031 + C23C32 + C12C21 — 011022) + C13 (622631 - 021032) — Ca3 (012031 - 011032)

— Cy2 (014021 - 011024) )

My = cyy [023 (012031 - 011032) + 13 (021032 - 022031)] — C31C42 (014023 + 013024) )

Using Routh Hurwitz criterion implies equation has roots where real part is negative if and

only if: M; >0, +=1,3 and A = (M1M2 — Mg) Ms — MIQM4 > 0. Now, M; >0, :=1,3
provided that the conditions satisfied below:

1< 25+ w5+ —2on (3.7b)
(us +p)
ugp < ugh + (u10 + UH) R (37C)
_ Uisp
< 3.7d
UgS + - U14g, ( )
U7 _
r 3.7
At (37
_ h h
ush (1 2 — s _> > —up (_) , (3.76)
(ug + ) (usg + D)
Cq4 [023 (012031 - C11032) + C13 (021032 - 022031)] > C31C42 (014023 + 013024) ) (3.7g)

Straightforward computation shows that: A = Q; — Q», where,

Ql = {044 (013031 + C23C32 + C12C21 — C11022) +ci3 (022031 - 021032) — Co3 (012031 - 011032)

— Cy (€14C1 — c11624) Hern[c12621 — €2 (€11 + Caa) — cas (€11 + c22)] + €31 (cr1613 + C12C03)

+ Coa[c12Ca1 + Ca3C32 + CoaCaz — oo (€11 + Caa)] + Caa[Cancan — caa (c11 + c22)|} + ca1¢42 (€11 + Co2 + 044)2
(c1aco3 + c13024)

Q2 = —caa (C11 + c0 + 044)2[023 (c12€31 — C11632) + €13 (C21C32 — C22€31)] + €21 (C13€32 + C14C4a2)

{044[013031 + Co3C32 + C12C21 — 011022] + c13 (022031 - C21032) — C23 (012031 - 011032) — C42 (014021 - 011024)} )

So, A > 0 on the authority of conditions (3.7b))-(3.7g) as long as the condition below:
Q1> Qs (3.7h)

Therefore, F5 is locally asymptotically stable, however, it is unstable otherwise.
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e Analysis of the local stability to system at £y, = (p,5,0,0)

At Ey = (p,5,0,0) , the Jacobian matrix of system (|1.2)) as follows

R = ]
UgS 0 U7 — URS —UgS
Jy=J(Ey) = - u1aP
4 ( 4) 0= _0 USS—(U7+U12)+% ) 0 _
% U9V + U1g 0 U9S — U1q + 551—_5’_%
The characteristic equation of J, take the form as following:
(dsz — A) [A* + N1 AZ + Nod + N3] = 0. (3.8)
So, either i
(ds3 — ), which gives Ay, = ugs — (u7 + u12) + 541—% < 0, provided that
= u13p
U7 + Up2) > ugs + = 3.9a
(v + 112) > s + 25 (3.9
Or
A4+ N2+ Nod + N3 =0,
Where,

Ny = — (di1 + dua) ,
Ny = dy1dys — dradsy — doadss — diadan,
N3 = dys (dy1dog — dyador) + dia (dordyy — dogdyy) .

Using Routh Hurwitz criterion implies equation (3.8) has roots where real part is negative if and
only if N; >0, i=1,3 and A= (N;Ny— N3)N3>0. Now, N; >0, ¢=1,3 provided that
the conditions satisfied below:

U3’LL51:)

1<2p+uis+ —, (3.9b)
(us +p)2
= U15ﬁ
UgS + = < U4, 3.9¢
T us+p M (3.9¢)
= = U15]5 = UsU150
UgS|U9gS — Uyq + | > —ugS | ———= | . 3.9d
lund =g 1) > i () (3.90)

Straightforward computation shows that:
A=NN,— Ny =Q, = Qo
where,

él = (di1 + dua) [dyadsy — daadiy + doadas + diodo] + diodosda,
Qo = duo (d1aday — di1day) — diadaydyy.
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So, A > 0 on the authority of conditions (3.9a))-(3.9d) as long as the condition below:

C:Q1 > éz-

Therefore, F, is locally asymptotically stable, however, it is unstable otherwise.

e Analysis of the local stability to system

At E5 = (ﬁ, ’§,?L,’17>, the Jacobian matrix of system ((1.2)) as follows

(ug+p)2
ugs
’11.13114?7,
(ug+p)?
usul5v
(u5+5)2

1—-2p—u15—

J5 - J(E5) -

ugzugyv
(us+p)2

—u2p
ug+p

—u1p
ugp—ugh—ug?—(u10+u11) ur—ugs
USTL 0

wugV+u1g 0

The characteristic equation of J; take the form as following:

M+ K3 4+ Ko\ 4+ KA+ Ky =0,

where,

Ky = —(e11 + €22+ ew),

Ky = egxseqq + €11 (€22 + €44) — €13€31 — €23€30 — €14€41 — €24€49 — €12€21,

K3 = eg1]e13 (€22 + €44) — €12€32] — €32]€13€91 — €93 (€11 + €44)] — €44 (€11€92 — €12€21) + €14€29€41+

€11€24€42,

1.2lat By — <j5, 3’,%,5)

2097
(3.9¢)

7“3’2

ug+p

—ugs

0
ugs—u14+ 5;3_%

(3.10)

Ky = 631[623 (612644 - 614642) — €13 (622644 - 624642)] — €32 [613 (624641 - 621644) — €23 (614641 - 611644)]

Using Routh Hurwitz criterion implies equation (3.10)) has roots where real part is negative if and

only if:  K; > 0,
Now, K; > 0,
~ ~ U2U4TL U3U56
1 <2p+us+ 3 3
(us+p)°  (us +p)
~ ugh + ugv + (ujg +u
p< 8 9 (u10 11)7
Ue
. Usp
UgS + 15P~ < U14,
Us +p
U -
- < s,
Us
[ usu5v ( - uisp
—U9S ( 5 15~) > UgS (u93 + 15p~ — u14) ,
Us +p Us +p

€23 (e12€44 — 614642) < €13 (622644 — ex4€42) ,

€13 (624641 - 621644) < €23 (614641 - 611644) ,

i:1,3,4 and A:(KlKQ—K3>K3—K12K4>O
1 =1, 3,4 provided the conditions satisfied below:

(3.11a)

(3.11b)
(3.11c)

(3.11d)

(3.11c)

(3.11f)
(3.11g)
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Straightforward computation shows that: A = @1 — @2, where,

@1 = {enife1sesr + erseqn + eoear] — €11 (a2 + eaq) (€11 + €22 + €aq) — €20€44 (€22 + €44) +

e22(e23€32 + €24€42 + €12€21] + a4 (2€12€21 + 14641 + €24€42) Hesn[e13 (€22 + €4q) — €12€32] — e3a]e1ze01—
€93 (e11 + eas)] — eas (e11€22 + €12€21) + €14€92€41 + €11€24€42}

@2 = e32 (€12€31 + €13€21) {631[6’13 (€22 + €44) — 612632] — €32 [6’136’21 —eg3 (e + 644)]—

€44 (11620 + €12€21) + €14€20€41 + €11624€40} + (€11 + €22 + 644)2 {es1leas (e12e4s — €14€42) —

€13 (622644 - 624642)] - 632[613 (624641 - 621644) — €23 (614641 - 611644)]}~

So, A > 0 on the authority of conditions (3.11al)-(3.11g)) as long as the condition below:

Q1 > Q. (3.11h)

Therefore, Fs is locally asymptotically stable, however, it is unstable otherwise.

4. Global Stability Analysis

In this section, by using a suitable Lyapunov method about the previous equilibrium points of
system ([1.2)) to study the global stability analysis, which were represented early locally stability as
illustrated in the following theorems:

Theorem 4.1. The equilibrium E; = (1,0,0,0), of system (1.2) is globally asymptotically stable in
the basin of attraction of Int.R that satisfies the condition:

ugh U3V

— 1) + s + uph + ugqv > ugs + + ,
(P ) 11 12 14 1 vt p | ustp

(4.1)

Proof .Consider the following function
Wi (p,s,h,v)=[p—1—Inp|+s+h+o.

Clearly the function Wi : Ry — R is C' is positive definite.
Differentiating Wy with regard to time t with handle algebraic treatments we get:
(us — u13) ph (us — uys) pv ush U3V

! = —(p— 1)2—( — )p — — -+ + + — h—
u (7 S U11STULS u U140,
It 1 6 . s 11 1 s us 12 14

Now, by the biological facts wuy > ug,us > w1z and ug > uy; we get:

dW,
. < - (p - 1)2 —U11S — U12h — UV + US +

ugh n U3V
dt ug+p  us+p’

Thus, % < 0, under the condition (4.1)) and hence % 1s negative definite. Thus Fy is globally

asymptotically stable. []

Theorem 4.2. The equilibrium Es = (D,5,0,0), of system (1.2) is globally asymptotically stable in
the basin of attraction of Int.R that satisfies the following condition:

0, > s, (4.2)
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where,

~ U7§

th = — (P—ﬁ)2 — (? + UlQ) h — w40,

N ugh U3V

0y = (ug —u S+ ps) + + D+ [ugh + ugv]s + uqps.
2 (1 6)(17 p) U+ p u5+p]P [8 9] 10

Proof .Consider the following function

. R s
Wy = [p—p—ln%]—i—[s—s—ln?]—i-h—i—v.
Clearly the function Wy : RS — R is C' is positive definite.
Differentiating Wy with regard to time t and handle algebraic treatments we get:

dWs ~ 2 ~ ~ (u2 — u13) ph (u3 — u15) pv U7§
- - - — — — - h
dt (p—D)" — (w1 —ug) (p—D) (s —3) e v S + U2
ush U3V

— uyqv + (ug — ug) (pS+ ps) + | 1D+ [ugh + ugv]s.

+
Ug+p us+p
Now, by the biological facts uy > ug, us > uiz and us > w5 , we get:

AWy
dt

ugh U3V
+
Ug+p Us+Pp

. ursS SN . .
<—(p-— p)2 — <% + u12> h — uyqv + (u1 — ug) (pS+ ps) + 1D+ [ugh + ugv]s.

Thus, % < 0, under condition (4.2) and hence % 1s negative definite. Thus Fs is globally
asymptotically stable. [

Theorem 4.3. The equilibrium E3 = (]5, 5, h, O), of system ((1.2)) is globally asymptotically stable in
the Basin of attraction of Int.R% that satisfies the next condition:

U <oy fUT 43
s =V ss
(91 > o (44)
Where,
[urh i oh 2
0 — —(p—75 2 Uz h—h _ p p .
1 (p—p) e (s —35) ( ) u13 u4—|—}3+ vstp U4,

+ ugSv.

_ - S P -
92:(ul—u6)(p§+ps)+(h_h)2+u2{ p 4 p :|+ u3pv

ug+p us+p Us + p

Proof . Consider the following function

_ o h
W = {p—p—lnz—i] + [s—g—zni] v [h—h—zn—] to.
p 5 h
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Clearly the function W3 : RY — R is C' is positive definite.
Differentiating W3 with regard to time t and handle algebraic treatments we get:

o = = " = (o — ) — (o — )53+ (1 — ) (s ) — 22 Lo =)
— - ph h p ph h _
__(u;; u15)pv+(h—h)2+u2[ P + b -+ sl — w3 P — + P ]_(h_h)2
us +p Ug+p usg+p  Us+p Uy +p  Ugtp
h _
—u14v+u9§v—%(s—§)2+%(s—§)(h—h).

Now, by the biological facts uy > ug,us > uiz and uz > uys with the condition (4.3) we get:

aw. urh . < ph
<P S (=8 = (= B)P (= we) (65 ) (b= )
h p ph h
P -+ Uspu u13[ P + b ]—U14’U‘|—Ug§’l].

us+p us+p us+p  ug+p

Thus, % < 0, under condition (4.4) and hence % 1s negative definite. Thus F3 is globally
asymptotically stable. [

Theorem 4.4. the equilibrium Ey = (p,$5,0,0), of system (1.2]) is globally asymptotically stable in
the Basin of attraction of Int.R% that satisfies the next condition:

10 <, /202 (4.5)
v vv

9:1 > 92. (4 6)
Where,
= _ _ U10S _ poU DU UrS
0=—(p—p)>—[(s=5)—/—= (v —10)]> - —[— h
1 (p—p)" —I[(s =) "= (v—10)] U15[u5 To +p] [ P uro)h,
) =, = = pv pu = U2 Ugp -
0y = (ug —u S+ps)+ (s —35)+u + |ugs + + ~+ ugs|h,
2= (u 6) (S +Ds) + ( ) 3[u5+p u5—|—]5] [us Yat+p [u4+p 85
Proof . Consider the following function
Wy = [p—ﬁ—ln€]+[s—:s—lm§]+h+[v—5—lng].
D s v
Clearly the function Wy : R — R is C' is positive definite.
Differentiating W4 with regard to time t and handle algebraic treatments we get:
d _ o _ — h
Dt =) o =) s — oy — )+ o — ) (5 + ) — (s =7 — (P
U3z — Us) PU Uz — U v _ ugph pU v v pU
(us 15:)17 _ (us 15) P ¥ (s —’3)2—1— 2P + g p 4 p ] — s p i p |
Us +p Us +p Uy + D Us +p U5+ D Us+p uUs+p

urs Uio = - U108 =\2 =
- I h - = - - — - h.
[ . + U] = (s =3)(v—0)+ - (v—"2)" + ugs
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Now, by the biological facts uy > ug, us > u3 and us > uys with the condition (4.5) we get:

aw. _ - - - UpoV -

— <= (=D (n —ug) (p5 4 5) — (s =)~ [(s =%) = == (0 = D + (s =)°

b _ - — _ _
n Uz P g pv pv ] — s pv pv - [%Jrum]th [ugs + Ugp h.
Uy +p us+p us+p us+p us+p s Uy +p
AWy

Thus dW4 < 0, under condition and hence

Therefore Ey4 is globally asymptOtzcally stable. [

Theorem 4.5. the equilibrium E5 =
the Basin of attraction of Int. R

dt

urh
_<2 7’
S SS
u U108
w0 oy [0S
v VU
§1>§2.

Where,

é&:—@—@?—[\/@@—s) (n- h)r—{@—@— 7

[ pU DU } ph ph

— Uis ~| — U13 =

us+p us+p Us +p uUs+p

~ - ph pﬁ DU pU
0y = (ug —u s+ ps)+u — U +

= (0= ) (54 79) e | P P [ Py P

Proof . Consider the following function

Wy = [p—ﬁ—lng} + [s—’g—mi] + [h—
D 5

s megative definite.

h

Clearly the function Wy : RY — R is C' is positive definite.

Differentiating W5 with regard to time t and handle algebraic treatments we get:

~]+<h—

—ln,}—v}j + [v—'ﬁ—lng] :

v

(ﬁ, ’sv,ﬁ,'ﬁ), of system (1.2)) is globally asymptotically stable in

that satisfies the next condition

(4.7)

h>2+(s—§)2.

dw — - - N2 (ug —u h
7;:_(p_pf—(ul—uﬁ)ps—<u1—u6)ps+(u1—u6)<ps+p8)—(h—h> —(zw—ﬁip
—w)h —u) — —\2 ph h
_ (e Zwg)ph (s — i) U (s u15)pv+(h—h> +ug [~ 2
ug +p us +p us +p Uy +p  UgFp
~ ~ ~ ~ h oh ~
+u3{ po pv~]_m5[ P pv~]_u P P s —3)(h-h)
Us+p Us+p Us+p Us+p us +p  us+p s
h ~
R b U R GRS CR S CR o

Vv



2102 Kadhim,Majeed

Now, by the biological facts uy > ug,us > uyz and ug > uys with the condition (4.7) and (4.8)) we
get:

2

dWs
dt

U7h

—:(8—5)—<h—%>

2
<—(-p) - o

-9~ W(v—mr

[ . . }
3 + =~
us +p us+p
h oh
p 4 p |
us +p us+p

ph N ph
Ug+p us+p

~\ 2 pU DU
+(h—h>+s—82—u { + —| —u
( Aj 1 Us + P Us + P 13

+ (u1 — ug) (5 + ps) + ug

Thus, % < 0 under condition (4.9) and hence % s negative definite.

Thus, E5 s globally asymptotically stable. [

5. Numerical Simulation

Right now, in any dynamical system, the appropriate numerical test to the entire analytical calcu-
lations is the most benefited methods to support the analytic results. Here, model represented
an epidemic model in prey-predator populations. Actually, the other benefit is to understand the
influence of mutable values of parameters. Runge-Kutta with Predictor corrector strategy to get
output with the parameters in the structure of system , by using Matlab the obtained numer-
ical results to outline drawings for system arrangements. Instead of natural data the hypothetical
theoretical arrangement is used here:

uy = 0.4, Uy = 0.4, us = 0.033, ug = 0.5, us = 0.015
ug = 0.001, uy = 0.085, us = 0.85, ug =0.001,  wujo=0.0001,  (5.1)
up = 0.00001,  wpe =0.0001, w3 =0.0001,  wy=0.001,  wuy = 0.0008.

From Eq.(5.1)) which represent the set of data starting from various initial values, it is observed the
solution of system (1.2]) approaches asymptotically to a positive equilibrium point
Es = (0.822, 0.1, 0.402, 0.396), which illustrated in Figure 1(a-d)

Figure 1: The time series of system beginning with different initial points (3.5,0.2,0.3,0.4),(2.5,0.3,0.2,0.4) ,
(1.5,0.3,0.2,0.4) and (0.4,0.1,0.4,0.4), for the data given in eq. (24). The solution approaches asymptotically to the
positive equilibrium point Fs = (0.822, 0.1, 0.402, 0.396) , (a) trajectory of (p) as a function of time, (b) trajectory
of (s) as a function of time, (c) trajectory of ( h) as a function of time, (d) trajectory of (v) as a function of time.
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To discuss importance of the parameters values of system on the dynamical behavior of the
proposed ecological system, the numerical solution for the data given in Eq. with varying one
or more than parameter at each time and the obtained results are given below.

Note that when 0 < u; < 2, the solution of system as yet approaches FEjs, as illustrated in

Figure 2, for typical value u; = 0.5.

i3

i
T

pop o 1s

Figure 2: The Time series of the solution of system (1.2)) which approach to Fs = (0.811, 0.1, 0.401, 0.396)

Now, Table 1, illustrated the study of the residue of the parameters in the numerical results of
and their effect on the ecological model.

Table 1: Numerical behavior of the system (1.2)) at each time when changing one factor for the data it’s provide

Eq..

Range of parameters Behavior of solution
04 <uy <1.26 Approach to Ej
0.033 <wuz <04 Approach to Ejs

ug >0 Approach to FEs

us > 0 Approach to Ej

0 <wug<0.16 Approach to Ej
0.1 <ug <2 Approach to Ej
0 <wug <0.12 Approach to Es
0<wup<0.1 Approach to Ej
0<wup; <01 Approach to FEs
0 < w3 <0.027 Approach to Ej
0<wus <0.3 Approach to Ej

When 0.01 < u; < 0.47 the solution of system (1.2)) remain approaches FEj, as illustrated in
Figure(3a), for typical value u; = 0.3, while 0.47 < u; < 1 the solution of system (1.2)) approach to
E,, as illustrated in Figure (3b), for typical value u; = 0.9.
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Figure 3: (a) Time series of the solution of system (1.2)) for the data given in Eq. (5.1) with u; = 0.3 which approach
to E5 = (0.756, 0.353, 0.154, 0.408). (b) Time series of the solution of system (1.2]) for the data given in Eq. (4.9)
with w7 = 0.9 which approach to E, = (0.725, 0.511, 0, 0.416)

Note that, when 0 < w5 < 0.07 the solution of system (|1.2) remain approaches to FEs, as
illustrated in Figure (4a), for typical value u;o = 0.01, while 0.07 < w35 < 1 the solution of system
(1.2)) approach to Ejy, as illustrated in Figure (4b), for typical value u5 = 0.99.
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Figure 4: (a) Time series of the solution of system (1.2)) for the data given in Eq.(4.9) with w2 = 0.01 which approach
to Es = (0.891, 0.1, 0.151, 0.396). (b) Time series of the solution of system (1.2)) for the data given in Eq. (5.1)
with w12 = 0.99 which approach to E4 = (0.894, 0.182, 0, 0.4).

In the range of 0 < uy4 < 1, note that when 0 < w4 < 0.088 the solution of system (|1.2)) remain
approach to Fs, as illustrated in Figure (4a), for typical value u;4 = 0.01, furthermore 0.088 < uyy < 1
the solution of system (|1.2)) approach to Ej, as illustrated in Figure(4b), for typical value u4 = 0.9.
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Figure 5: (a) Time series of the solution of system (|1.2]) for the data given in eq. (19) with u14 = 0.01 which approach
to Es = (0.821, 0.1, 0.403, 0.161). (b) Time series of the solution of system (|1.2)) for the data given in Eq. (5.1
with u14 = 0.9 which approach to E5 = (0.827, 0.1, 0.405, 0).

Now, when varying two parameters u;5 and uy4) in the same time, in the range of 0.07 < uy5 < 1
and 0.088 < wuyy < 1 the solution of system (|1.2)) approach to Fs, as illustrated in Fig.(5), for typical
values 119 = 0.07 and w4 = 0.088.

a5 T T T T T T T T

(5]
1

pop o s

] E

Figure 6: Time series of the solution of system (|1.2) for the data given in Eq. (5.1 with w5 = 0.07 and w14 = 0.088
which approach to E; = (0.946, 0.106, 0, 0).

Also varying three parameters ui, u,5 and uy4) in the same time , in the range of 0 < uy; < 1,
0.07 < ugp < 1 and 0.088 < uyy < 1 the solution of system ([1.2) approach to Fi, as illustrated in
Figure 6, for typical values uy; = 1, w15 = 0.9 and u4 = 0.99.
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Figure 7: Time series of the solution of system (1.2)) for the data given in Eq. (5.1) with u;; = 1, u12 = 0.9 and
u14 = 0.99 which approach to E; = (1, 0, 0, 0).

6. Discussion and Conclusions

In this paper, eco-epidemiological model has been proposed for study. Which includes SI disease
in predator transmitted by an external source and vertically from mothers to offspring also SIS disease
in predator species which is spread horizontally, by explicit contact between infected individuals and
susceptible individuals. The two diseases cannot be transmitted from predator to prey by predation
or by contact. Two types of functional response, linear and Holling type-II for depicting the predation
as well as linear incidence for depicting the transition of diseases are used; the model is proposed and
analyzed, and system has been solved numerically for four initial points and the hypothetical
set of parameters given by Eq. and the following observation are obtained.

(i) No periodic solution is present through a set of hypothetical parameters in Eq. in the
system (|1.2)).

(ii) Varying of the parameters u; , i = 1,2,3,4,5,6,8,9,10,11, 13,15, at each time and keeping
the rest of parameters fixed as data given in Eq. do not have any effect on the dynamical
behavior of system and the solution approach to Es.

(iii) One of the most important results, the whole ecosystem cannot disappear altogether in the
same species or with prey in the presence of the two diseases in the same time.

(iv) The parameters uz, uj1, u12 and wui4 play a vital role in this eco-epidemiological system.
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