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Abstract

In this paper, a three-species food chain model is proposed and studied. It is assumed that there are
fear costs in the first two-level due to predation risk and there exists an alternative source of food
for a top predator. Holling’s disc function is adopted to describe the food transition throughout the
chain. All the solution properties are discussed. The conditions of local stability and persistence
of the model are established. The Lyapunov function is used to specify the basin of attraction for
each equilibrium. Local bifurcation analyses are studied. The global dynamics of the model are
investigated numerically. Different bifurcation diagrams and attractors are obtained. It is obtained
that the system is rich in dynamics that include chaos.
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1. Introduction

It is well known that the most important biological processes in ecology and population biology
are the interactions among organisms and their environment, and the evolution of species. Math-
ematical modeling is a strong tool for studying the above biological processes, and hence various
kinds of mathematical models have been suggested and studied [I1]. These mathematical models
are classified as deterministic models and can be written using nonlinear ordinary differential equa-
tions. Prey-predator interaction is a focal subject in ecology and evolutionary biology. It has been
extensively investigated by many researchers throughout the past few decades using mathematical
models, which included different biological factors. In fact, these models have played an important
role in understanding the effect of various biological factors. Most of the existing prey-predator
models are based upon the framework of the classical Lotka—Volterra model. The Lotka-Volterra
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models assumed that the predators can influence the prey population directly by killing them. How-
ever, the existence of a predator may significantly change the behavior in addition to the existence
of prey [1 [§]. Later on, the Lotka-Volterra model was thereafter modified by including a logistic
growth for the prey and a Holling type-II functional response for the predator [7]. Such a model
was investigated extensively by Rosenzweig and MacArthur [I5] as a more realistic representation of
a prey-predator system. Other modifications with different types of functional responses have been
studied extensively in the tri-trophic food chains and food webs [6, B, 12, [I8]. Different, types of
complex dynamical behavior have been obtained in these models, including periodic, and chaos.

On the other hand, the preys face predation risk by using a variety of anti-predator responses such
as changes in the habitat, foraging, vigilance, and different physiological [, [14]. So, due to fear of
predation risk, the prey population can change its feeding area to a safer place and sacrifice their
highest intake rate areas, increase their vigilance, regulate their strategies for reproductive, etc. Con-
sequently, the reproduction of the shocking prey decreases. Keeping the above in view, although the
known fact is that predators can influence prey population through direct killing only, recent works
showed that indirect effect on prey population can be seriously stronger than the direct effect, and
hence manipulation of fear is strong enough to influence the population dynamics of ecological sys-
tems [21], 17, 19]. Although all the types of functional responses consider the direct killing of the
prey no matter the impact of fear, many prey-predator models using different types of functional
responses have been proposed and studied [5], [0, 4], and references therein. The first mathematical
model that considers into account the prey population reduction due to the impact of fear of the
predation risk was proposed by Wang et al [19]. They observed that high levels of fear can stabilize
the prey-predator system. However, comparatively low levels of fear can induce multiple limit cycles,
leading to a bi-stability phenomenon. On the other hand, they noted that for the prey-predator
model with the linear functional response, the cost of fear does not change the dynamic behaviors of
the model and a unique positive equilibrium is still globally asymptotically stable. After this work,
many authors proposed and studied varieties of prey-predator models by using the impact of fear in
prey reproduction.

Wang and Zou [20] proposed a prey-predator model with age structure in prey population and al-
lowing adaptive avoidance of predators. They observed that both strong adaptation of adult prey
and the large cost of fear have a destabilizing effect on the dynamics of the system, but when the
predator population is large, it has a stabilizing effect. Panday et al [I3] proposed a three-species
food chain model, where the growth rate of each species decreases due to the fear of predation risk
by upper-level species. They obtained that fear can stabilize a chaotic system. Sasmal [16] proposed
an eco-epidemiological model with a strong Allee effect and cost of fear in prey reproduction. he
showed that fear can stabilize the system at the interior equilibrium, where all the three populations
coexist, or it can create the oscillatory coexistence of all the three populations. Zhang et al [22]
proposed and investigated the influence of anti-predator behavior due to the fear of predators with a
Holling-type-II prey-predator model incorporating a prey refuge. They concluded that the fear effect
can not only reduce the population density of predators at the positive equilibrium but also stabilize
the system by excluding the existence of periodic solutions. Later on, Fakhry and Naji [2] proposed
and studied a prey-predator system with a square root response function and the prey’s fear. They
showed that the effect of fear reduces the population density of predators at the positive equilibrium
and also stabilizes the system. Recently, Liu et al [9] proposed a time-delayed prey-predator model
with Holling-type II functional response that incorporates the gestation period and the cost of fear
into prey reproduction. They showed that high levels of fear have a stabilizing effect while relatively
low levels of fear have a destabilizing effect on the predator-prey interactions which lead to limit-cycle
oscillations.
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The present paper, a three-species food chain model with the influence of fear of predation in the
first two-level that incorporates an alternative resource of food for a top predator is proposed and
studied. The Holling’s disc (or Holling type II) functions are used to describe the transferring of the
food throughout the food chain. The rest of the paper is organized as follows. In the next section,
the formulation of the model is carried out. In the following section, the local stability of equilibrium
points is studied. In section [4] the persistence conditions of the model are established. Section
Bl treats the global stability analysis. However, local bifurcation analysis is discussed in section [6]
Section 7] involves the numerical simulation of the model. Finally, section [§ gives the conclusion of
this study.

2. Mathematical Model

In the present section, the real-world food chain system is formulated mathematically. It is
assumed that the real-world system consisting of a tri-trophic food chain in which the prey at the
lower level grows logistically and the top predator at the upper level has alternative resource for food
in case of lacking of their preferred prey at the middle level. Let the variables X (7'), Y(7T'), and Z(T')
represent at the time 7' the prey, intermediate predator, and top predator respectively. It is assumed
that due to fear of predation process, the growth rates of prey at the lower level and the growth
rate of intermediate predator at the middle level are reduced, so that the growth rate of the prey in
the lower level and the growth rate of the intermediate predator at the middle level are monotonic
decreasing functions of both ¢; with Y and ¢y with Z respectively. Moreover, the food transferees
throughout the levels of the food chain according to the Holling’s disc functions. Keeping the above
assumptions in view, the dynamics of the food-chain system can be describe using the following set
of first order differential equations.

dX:( rX )(1_5) alXY:Fl(X,Y,Z),

dT 1+cY K) b+X

dY elalXY CLQAYZ

— = — —d\Y = Fy(X,Y,2), 2.1
AT~ (1+eZ)(bi+X)  by+Y 2 ) (2.1)
dz . GQQQAYZ

— = 1-A)BZ —dyZ =F;(X,Y,Z
dT bg—i-Y +( ) d2 3( s Ly )7

where X (0) >0, Y(0) > 0, and Z(0) > 0. It is assumed that all the parameters in the model (2.1
are positive and can be described in the following table.

Table 1: Parameters description

Parameter Description
r Intrinsic growth rate in the absence of predator
K Carrying capacity of the prey
c1 and ¢ Fear coefficients from intermediate predator and top predator respectively
a; and as Maximum attack rates for the prey and intermediate predator respectively
by and by  Half saturation constants for the intermediate predator and top predator respectively
e; and ey Conversion rates for the intermediate predator and top predator respectively
di and ds Natural death rates for the intermediate predator and top predator respectively
A Probability of feeding on the intermediate predator

B Growth rate from alternative resource
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Clearly, the functions g, (c1,Y) = 1+i1y and ga(cp, Z) = ﬁ, which describe the fear factors in the
lower and middle levels respectively satisfy that:
. : 0 0
91(0,Y) = g1(c1,0) =1, C}gﬂoogl(chy) = Ylg%ogl(a,Y) =0 and g—“zi <0, aain <0
92(0, Z) = ga(c2,0) = 1, Clgﬂooéh(@,z) = ZhjlgOQQ(CLZ) =0 and 8—‘2 <0, 5_922 <0

Observe that, the interaction functions Fj;i = 1,2, 3 are continuous functions and have a continuous
partial derivatives. Therefore, they are Lipschitz functions. Accordingly, the solution of the model
(2.1]) is exists and is unique.

Now, in order to simplify the analysis of the model and generalize the results, the following
dimensionless variables and parameters are used:

X Y Z
T ) 'r K? y K? K’
aq b1 €1a1 CLQA bQ dl GQCLQA
wy =K, we=— w3 =, wy=——, w5 = K, wg = ——, wr = =, wg = —, Wy = ;
r r r K r r
(1-A)B do
W10 = , , W11 = ?
Then the non-dimensional form of model ({2.1)) can be written as:
dx [ 1—=x Wy
dt—$-1+w1y_w3+x:|_xf1<x7yaz)7
dy i W4T We2 }
_— = —_ — W = x, ,Z 5 22
dt y_(1+w5z)(w3+x) wr +y 3 yfo(r,y,2) (2.2)
J -
d_j =z _wtugfy + wyp — wn} = z2f3(z,y,2),

with 2(0) > 0, y(0) > 0, and z(0) > 0. Moreover, in the following theorem the invariant region and
positivity of the solution of the model ([2.2)) is established.

Theorem 2.1. The model (2.2) with non-negative initial condition in R has a positive invariant

solution in the region Q = {(x,y, z) € Ri : %x(t) +y(t) + %z(t) < ﬂ}
Wao Wy Wa

Proof . From the first equation of model (2.2)) we have

dz x Way
- 2T +
dt 1+wy w3+

By solving the above differential inequality and using given initial condition, it is obtain
2(t) > 2(0)e b [t > o
Using similar arguments on other equations gives
t| wgz

(1) > y(o)e BLETL >

z(t) > 2(0)e "t >0
Accordingly, all the solutions of the model (2.2)) are feasible. Now to investigate the boundedness of

. Wy We . . .
the solutions, define P(t) = —x(t) + y(t) + — Z(t), then the time derivative of p(t) gives
Wa Wy

dp  wy We Wa Wy We
— < —z(l—z)— - = — < = =t t) + —z(t
< a1 =) — sy — 2w — o) < 2 — g Eha(t) +y(0) + 220
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where 1 = min {1, ws, w13 — wio}. Therefore, it is obtain that for ¢ — oo

w
lim sup p(t) < —. Thus, the proof is complete. [

3. Local Behavior of the Model

This section treats the study of the local behavior of the solution of the model . It is observed
that model has at most six non-negative equilibrium points. The conditions that guarantee the
existence of these points are described as follows.

The vanishing equilibrium point, so = (0,0, 0) always exists.
The first axial equilibrium point s; = (1,0, 0) always exists.
The second axial equilibrium point ss = (0,0, 2), where Z > 0 any real number belongs to (2, exists
under the condition
W10 = W11 (31)

The top predator-free equilibrium point, s3 = (7,7, 0) where

[wa—ws(1+ws)]

_ wgwsz  _ W \/w% + dwiwawswy (wa—ws)?
Wy — Wy 2w wa 2w Wy

exists provided that the following condition holds
ws (1 + ws) < wy (3.3)

The intermediate predator-free equilibrium point, s4 = (1,0, 2), where 2 > 0 any real number belongs
to €, exists under the condition (3.1)).
Finally, the coexistence equilibrium point, s5 = (Z, 7, Z), where

—Y1 4+ \/E 4 4y
2

w7(w11 - wlo) . —0ds 1
. E= —— 4+ ——1/02 + 46,03, 3.4
W9 — (’wn — ’wlo) 261 2(51 2 178 ( )

¥ = . =
where 71 = w3z — 1, 72 = w3 — wey(1 + w1y), 01 = wews(wsz + ), 02 = (w3 + T) [we + wsws(wr + Y)],
63 = [U)4Lf — ’LUg(’LUg + .f)] (U)7 + gj)

Here the constant solutions & and Z are the positive roots of the following two quadratic equations
respectively.

2%+ (w3 — D)o — ws + wo(1 +wiy) =0 (3.5a)
wews (ws + 7)2% + (w3 + Z) [we + wsws(wr + 7)) 2
- [’LU4ZZ‘ — U)g(w3 -+ [f)] (’lU7 + g]) =0 (35b)

Obviously, the equations (3.5al) and (3.5b]) have unique positive roots provided the following condi-
tions hold.

Wy (1 + w1 y) < ws, (3.6a)
wg(ws + &) < wyl. (3.6b)
While, the constant solution ¢ is positive under the following condition:

0 < (w11 —wyg) < wy. (3.6¢)
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Now, to study the local behavior near the above equilibrium points, the Jacobian matrix is computed
at general point (x,y, z) by:

x%@%— fi ax% x%
J = yg—f; yaiyza}{— fa 8}1{% , (3.7)
zge 25 2t fs
8f1 . —1 waY 8f1 . —w1(1 —.Z') Wa 8f1 .
where — = + Y - S
or 14wy (wsz+x)? 0y (I1+wy)? ws+ax 0z
% _ W3aWy % _ we2 % _—ws WAW5T
Or  (ws+z)*(1+wsz) dy  (wr+y)? 0z wr+y (wy+x)(1+wsz)?
Ofs _ 9fs _ _wwe Ofs
ox Oy (wrty)? 0z '
Therefore, the Jacobian matrix at the vanishing equilibrium point, sy = (0,0,0) can be written as:
1 0 0
J(So) =10 —Ws 0 . (38)
0 O w19 — W11
Clearly, the eigenvalues are \g; = 1, A\g2 = —wg and \g3 = w9 — wq1. Thus, the point sy is a saddle
point.
The Jacobian matrix for the first axial equilibrium point s; = (1,0,0) can be written as
e
w’w?, + 1
J(s1)=1 0 L wyg 0 : (3.9)
ws —f- 1
0 0 Wip — W11
Here the eigenvalues of J(s1) are given by A3 = —1, Ajp = wj‘L T~ Ws and A3 = wyp — wry.
w3
Therefore, the point s; is locally asymptotically stable if and only if the following conditions hold:
Wy
< 3.10
ws + 1 s ( a)
wio < Wiy (3.10b)
The Jacobian matrix for the second axial equilibrium point is given by:
1 0 0
6 .
T(s9) = | “ws W UL (3.11)
1077109 A
0 52 0
wy
Clearly, the eigenvalues are Aoy = 1, Aoy = —%73 — wg and o3 = 0. Thus, the point s, is unstable
Wy

non-hyperbolic point due to existence of zero eigenvalue.
The Jacobian matrix at the top predator-free equilibrium point, s3 = (7,7, 0) can be written as

-T WoT —unT(l —7) _ weT 0
l+wy (w3 +72)* (1+wy*)? w3+7T B L
W3WaY WeY WaWsT Y
J(s3) = —_— 0 — — 3.12
(s3) (ws +T)? wr+y  wz+7T (3.12)
w
0 0 gy_ + Wi — W11

wr +y
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Therefore, the eigenvalues of J(s3) are determined as

+ /07 —4 ++/Bi—4 Woy
Ay = B §1 527)\32 _ I §1 52,/\33 _ 9Y (3‘13)

+ w19 — W11,

wr +Y

-z WeT Y w1 T(1 —7T) WoT ] { W3W4Y ] ,
where = — + s = — — ——|. Straightforward com-
& IL+wy (ws+7T)? & 1+wy)?  ws+7] | (ws+7T)? s
putation shows that all the eigenvalues in equation have negative real parts, and hence the point

sz is locally asymptotically stable if and only if the following two conditions are satisfied.

wgy 1

< 3.14
(w3 +7T)?2 14wy’ (3.14a)
w—gg + wig < W11. (314b)
wry

Now, the Jacobian matrix at the intermediate predator-free equilibrium point, s4 = (1,0, 2) is deter-
mined by:

-1 S 0
ws + 1 .
Wy We2
J(s4) At wd)ws+ 1) wr 8 : (3.15)
0 L% 0
wr
Consequently, the eigenvalues of J(s4) are given by
A =—1, Ao = —~ — D% g A = 0. (3.16)

(1 + w573)(w3 —+ 1) wy

Therefore, the existence of the zero eigenvalues makes the point s, non-hyperbolic point, and hence
the stability type cannot studied through the linearization method and we may study their stability
using Lyapunov method.

Finally, the local stability conditions for the coexistence equilibrium points are established in the
following theorem.

Theorem 3.1. The coezistence equilibrium point of the model (2.2)) is locally asymptotically stable
if and only if the following conditions are satisfied.

wyd Ay A2 4+ weyz A A2 < 3 AZA2 (3.17a)
(waﬁjzg?A} —Vwﬁj:ngig) N wiwsw,F(1 —Vf)gj/lvg + w2w4§:g21§) 0, (3.17h)
A A3A ATA3A
FAZAZ — woy AL A2 — weyz AL A3 WowedY?2A; — wedyz A3
() ()
(wlwgwm(l - .7ch)gj42v+ w2w3w4j:yA%)] . (w6w7fu9g22) (wﬁg)AgA; —|: wvg,UJ5.i'gA3) (3.17¢)
A2A34, Al Ay A5 A2 C

where
Alzl—i—wlgj, AQIU}3+.TVJ, A3:w7—|—z] CLndA4:1+U)52.
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Proof . Direct computation shows that the Jacobian matrix at the coexistence equilibrium point
ss = (Z,7, 2) is determined as:

—x U)Qii'g U)lilv'}(l — j}) U)Qf'

1A Bz A !
1 1o 2 .. 2 . .
waway WeY 2 WgYy  W3W5TY
J —= = = = i - < < — P’L 318
<S5) A%A;L A% ) Ag AQA?L ( ]) ( )
WrW9 2
0 /1% 0

Therefore, the characteristic equation of J(s5) can be determined as:
A+ O+ 0N + 03 =0, (3.19)

where ©1 = —(p11 + pa22), ©2 = P11P22 — P12Pa1 — PasPs2, O3 = Di1Paspse, while the value of

A =010y — O3 = —(p11 + pa2) [P11P22 — P12P21] + P22P2spso.
Now, the proof is follows if all the eigenvalues of J(s5) have negative real parts, which is satisfied

if and only if the coefficients of the characteristic equation (3.19) satisfy that ©; > 0, ©3 > 0 and
A > 0.

Simple calculations show that condition (3.17a)) guaranties that p;; < 0, ©; > 0, and O3 > 0, while
conditions (3.17b)) and (3.17¢)) guarantee that A > 0. Hence, the proof is complete. [

4. The Persistence

It is well known that persistence represents a global property of a dynamic system. It depends

upon solution behavior near extinction boundaries rather than the interior solution space. Biologi-
cally, the persistence of a system means the survival of all populations of the system in future times.
On the other hand, mathematically it means that strictly positive solutions do not have an omega
limit set on the boundary of the non-negative cone. Accordingly, if the dynamic system does not
persist, then the dynamic system faces extinction.
Now, before examining the persistence of the food chain model using the method of average Lya-
punov function, we need to study the global dynamics in the boundary planes. The food chain
system represented by the model , has two subsystems in the boundary planes zy-plane and
xz-plane respectively. These two subsystems can be written as follows:

d 1-—

a2 = Ni(ay)

dt 1+ w1y w3 +x (4 1a)
dy W4T No(z, 1) '
—= = —wg| = x

dt Y ws +x 8 ALY

While the second subsystem is given by:

dx
pri (1 —x) = N3(z,v),
(4.1b)

dz

— = z(wig — wi1) = Ny, y).

dt
Furthermore, these subsystems have unique interior coexistence points in the positive quadrant of zy-
plane and xz-plane respectively, which represented by a projection of the boundary planar equilibrium
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points (Z,7) and (1, 2) of the model (2.2]).
Now, define the function Bi(x,y) = —, which is a continuously differential function in the interior
ry

of positive quadrant of xy-plane.
8 8 —1 (105

Az,y) = %(31]\71) + 8_y<BlN2) = y(1+ wiy) T (w3 + x)%

Clearly A(x,y) don’t identically zero and does not change sign provided that

1 < Wa
y(14+wy)  (ws+2)*

(4.2)

Therefore, the subsystem has no periodic dynamics in the interior of positive quadrant of
zy-plane. In fact the interior point (7,7) is a globally asymptotically stable whenever it exists and
locally stable. Similarly, it is observed that the subsystem has no periodic dynamics in the
interior of the positive quadrant of the xz-plane.

Theorem 4.1. Assume that, the boundary planes of the model (2.2) have no periodic dynamics,
then model (2.2)) is uniformly persistent provided that the following conditions hold.

Wy >
w
w3 =+ 1 8
or (4.3a)
Wyp > W11
Wyl
+ wig > w11. 4.3b
P 10 11 (4.3b)
W4y wﬁé
— > + wg. 4.3¢
I+ ws2)(ws +1) ~ wy (4:3¢)
Proof . Consider the following function §(z,y,2) = xy®2% where d;,;i = 1,2,3 are posi-

tive constants. Obviously, d(z,y,2z) is a non-negative continuously differentiable function so that
d(z,y, z) — 0 if any one of the variables x, y, or z approach zero.
Furthermore, it is observed that:

§(z,y, 2
V(z,y,2) = 5(<a:—52)> =dif1 +dafa +dsfs,
where the functions f;,i = 1,2,3, are given in the model (2.2). Accordingly, we have

1—=x Way WYL We2 }
V(xr,y,z)=d — +d — —w
(#:9,2) = di L+ wy wS+fE] 2[(1+w52)(W3+93) wr+y

w
+d3|: oY —|—w10—w11:|.
wr +y

Thus, it is obtained that

\IJ(SQ) = dl[l] = dQ[—wg] + d3[w10 — wll]

Clearly by choosing the constant d; > 0 sufficiently large with respect to the positive constants ds
and ds, it is obtain that W(sy) > 0.

wgg:@[ w4)—m}+@mm—mﬂ

(w3+1
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Clearly, for suitable chose of constants ds and dz with the condition (4.3a)) it is obtain that W(s;) > 0.
Now,

\11(82) = dl[l] + d2 [—% - w8:| .
Wwr
Similarly, for suitable chose of constants d; and dy, we get W(sy) > 0. Moreover,
Wyl
) =d + — )
(83) 3 LU7 Y7 Wio wn}

Clearly, W(s3) > 0 under the condition (4.3)). Finally, we have

Wy wﬁé
U(sy) =d — — ws| .
(54) = d» {(1 +wsd)(ws+1) wr ws}

Again, condition (4.3c)) guarantees that W(s,) > 0. Therefore, due to the average Lyapunov method,
model (2.2)) is uniformly persistent. [J

5. Global Dynamics

In this section, the global dynamics of all the equilibrium points of the model (2.2)), which are
locally asymptotically stable is investigated using Lyapunov function.

Theorem 5.1. Assume that, the first azial equilibrium point, s; = (1,0,0), of the model ({2.2)) is
locally asymptotically stable in Ri then it is a globally asymptotically stable provided that the following
conditions hold:

% < ws. (51&)
w3
wip < Wiy (5.1b)

Proof . Consider the positive definite function:
My=(@x—-1-Inz)+y+=x

Straightforward computation gives:

dM1< (x —1)2 Ty [ ] Wo
— — Wo — Wy| — Yy |wg — —
dt — 14wy wz+zx 2 LA wWs
| ] — 2] ]
— we — Wo| — z[wi — wip].
—— 6 9 11 10

Therefore, due to the biological meaning of the parameters, it is obtain:

dM —1)?
! < — (.’L’ ) |:’LU8 — —w2:| — z[wn — wlo].
w3

M
L is negative definite due to conditions (5.1a)) and (5.1b). This, M, is a

strong Lyapunove function that is readily unbounded. Hence, s; is a globally asymptotically stable.
O

Therefore, the function
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Theorem 5.2. Assume that, the top predator-free equilibrium point, s3 = (Z,7,0), of the model
(2.2) is locally asymptotically stable, then the basin of attraction of s3 is a sunset of Q that satisfies
the following sufficient conditions.

wgy 1
— < —, 5.2

AA, A (5.22)
[M %_ﬂr@{i_ w_y} (5.2b)

A1A1 AQ A2A2A4 Al AQAQ
W10 + —wﬂi&x Y + %@ < Wiy (520)

AQ wry

_—2<[ _ __’L%Wﬂ—} | 5.2
(?/ y) w11 — Wio a, w7y Y ( )

where
Al =14wy, Ai=14+wy, As=ws+z, Ay =w3+7, A3 =wr;+vy, and Ay =1+ wsz.

Proof . Consider the positive definite function:

Vo= (s-z-7m(2))+ (v~

Straightforward computation gives:

<
I
<
5
TN
SUES
~—
S~
+
N

dM, 1 way —\2 —\2
I P [P . L — —(y —
|t w-m-w-v

[ =7) %_M] N7

{ AT A AL (z—7)(y —7)

WW5T Y Weg

— (W —wi — ——= —yly+ (y —y)*
[11 10 a1 w7y}y (y ?J)

Now, by using the conditions (5.2a))-([5.2b]), it is obtain that

2
dM2 1 ’wgg _ _
< — [ — —
dt - A1 A2A2 (x x) + (y y)]
WAWsT Y We_ 9
— — - — — + (y — .
[wu wig 1 o y} y+(y—7)

dM.
Therefore, using the conditions ([5.2¢)-(5.2d)), it is obtain that, the derivative dt2 is negative definite

in the interior of sub region of ) that satisfies the given sufficient conditions. Hence, this sub region
represents a basin of attraction for s3, and the proof is complete [

Theorem 5.3. Assume that, the intermediate predator-free equilibrium point, sy = (1,0, 2), of the
model ([2.2)) exists, then it is a globally asymptotically stable in R% provided that the condition (5.1al)
holds.
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Proof . Consider the positive definite function:
M= (z—1—1Inz)+y+ (z—z—zln@)).
z

Straightforward computation gives:

dM3<_(9c—1)2_ Ty
dt — 14wy wz+x
Yz
Cwrty

Woy 2
wr +y

[we — wy] —

Therefore, due to the biological meaning of the parameters, it is obtain:

_1)2
dMg < (ZL’ ].) |:U)8 _ wgl y

dt __1+w1y_ w_3

dM.
Clearly, the derivative 73’ is negative semi definite under the condition (5.1a)). Hence, so by the

Lyapunov-Lasalle’s invariance principle [Lasalle 1976], the intermediate predator-free equilibrium
point is a globally asymptotically stable. [

Theorem 5.4. Assume that, the coexistence equilibrium point s5 = (Z,7, %) of the model (2.2)) is
locally asymptotically stable, then the basin of attraction of s5 is a subset of €2 that satisfies the

following sufficient conditions.
U}Qg 1

< —, 5.3
A4, A (5.32)
[M+%_ W3t ]2<2[i— w2y ] {waz ] : (5.3b)
A1A1 AQ A2A2A4 Al A2A2 'lU7A3
-« 2 -
W4 W5 T We WrWg Wez
= — + — — = <2 — |, 5.3
{A2A4A4 As A3A3] [U)?Aa] ( C)
2
UJGZV’ “\2 wﬁé \2 U}GZ . U)@Z .
2 - - + = - < = — )+ < — . 5.3d
— (y—9) v (2 —2) 2w (v —9) - (2 2)] (5.3d)

Proof . Consider the positive definite function:

M= (o-a=amn(2)) 4 (y-g-gm (1) )+ (-2 2m(3)).

Accordingly, the derivative of M, with respect to time can be written as:

dM, 1wy o w1
L G [P J — —
dt — {Al A2A2} (x x)

T) N wy  wswy
A1 A Ay AyA A

|-a-0

B [w4w5§: %_U}7w9:| (y— )z — ) — weZ (v — )
12121441214 As A3/13 vy w7/13 vy
T Ml 7 B P L
wyAs wrAs wr A3



The impact of alternative resources and fear ...; 12 (2021) No. 2, 2207-2234 2219
Therefore, using the conditions ((5.3a))-(5.3c]) gives that:

dM4§_

ng - ) + 'l,UGé -~
J— = x J— x — J—
A2A2 211)7143 Y Y

—[ W6ty — )+ | (2 - 2)

2UJ7A3 ’lU7A3
wﬁé “\2 wﬁé <\ 2
+2——(y — + —(z —2)".
Oy~ 0) (2 =)

dM
Therefore, using the condition (5.3d)), it is clear that, the derivative s negative definite in

the interior of sub region of ) that satisfies the given sufficient conditions. Hence, this sub region
represents a basin of attraction for s5, and the proof is complete. [

6. Bifurcation Analysis

This section interests how the equilibrium configurations of model depend on the parameters
that characterize the model. Indeed, it may occur that as one of the parameters crosses a specific
value, the solution will tend toward another equilibrium position. The aim of this section is to study
the bifurcation of the model that may occur with the varying of the values of parameters.
Rewrite the model in the form:

% = F(X), where X = (z,y.2)", and F(z) = (zf1,yfs, 2f3)"

Therefore, the second derivative of F'(X), with respect to the vector X can be written as
D*F(X) = (U,0) = [calsx, (6.1)

where:

2w2w3y 5 2wy (1 — 2z) 2wiz(l —z)]
3|71 T Lz | 2 (1 4 i a3 |2
(14 wyy) (w3 + ) (1+wy)

+

2W3w4wWsY wez(wr — y) WeZz 9
1V3 + 3 5|V

(@ ws)2(1 4 ws2)? (y + wr) (y + wr)

2WaWsx 2wgwy

— Vo3 +
(wy + ) (1 + ws2)? (y+w7)2] 2 {($+w3)(1+w5z

+

l 2wow,y } 2 [ 25w, }
v V1V
(z +ws)3(1 +wsz)| (z +wsy)2(1 +wsz)| °

{ 2w wg 2 } ) [ Qw7 wo }
c31 = |————=| v —_
. (y+wr)3]| 2 (

With U = (v, v2,v3) be a non-zero real vector.

Theorem 6.1. Assume that condition (3.10b]) holds, then the model (2.2) at the first axial equilib-

rium point s1 = (1,0,0) possesses a transcritical bifurcation when the parameter ws satisfies that
Wy «
wsg = (= wg)

U)3+1
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Proof . It is easy to verify that the Jacobian matrix of the (2.2)) at the first axial equilibrium point
with wg = w§ can be written in the form:
Wa

] 0
. w
J(s1,wg) = [ g 0 0
0

0

W10 — W11

Obviously, due to condition the eigenvalues of J(s1,wy) are given by \j; = —1 < 0, A}, =0,

and /\T3 = wyy — w1 < 0.

Let £1 = ({11,012, /13)T represents the eigenvector corresponding to A%, = 0. Then direct computation
Wa

ws + 1

Let H; = (hi1, hia, his)” represents the eigenvector corresponding to Af; = 0 for the [J(s1,w})]”.

Then, direct computation gives that H; = (0, hy2,0)T, where hi5 # 0 any real number.

Accordingly, the following is obtained:

T
gives that £, = (— li9, 019, 0) , where (15 # 0 any real number.

oF
—— = F, = (0,—y,0)" = H] Fy(s1,w5) = 0.
8w8
0 0 O
DF,(X)= |0 —1 0| = H|{DF,,(s1,w})Ly = —l1h15 # 0.
0 0 O
Wa Wa 2
-2 l
w3+1 (w3—|—1 +w1> 12
D*F(s1,w§)(Ly, £1) = _ 2wawswy
(1 + UJ3>3 12
0
This gives that:
2wWowsw
Hi D*F(s1,wg) (L1, L1) = —ﬁﬁzhlz # 0.

Therefore, in the sense of Sotomayor’s theorem, the model possesses a transcritical bifurcation and
the proof is complete. [J

Theorem 6.2. Assume that condition (3.14a)) holds, then the model (2.2)) at the top predator-free

equilibrium point, s3 = (T,7,0) possesses a transcritical bifurcation when the parameter wy; satisfies

that wy; = + wip(= wyy)-

wr
Proof . Note that the Jacobian matrix of the model (2.2)) at (s3,w];) can be written in the form:

= w, Ty  —wiZ(l —7T) WoT

—+ — —5 — — 0

L+wy (ws+7)* (1+wy)? w3 + T 3 o
J(s3,wy;) = w3way 0 L wey  wawsT Y | = (0y5).

(w3 +7)? wr+Yy  ws+T

0 0 0

Therefore, the eigenvalues of J(s3,w];) are determined as
* Bl+ 52_452 * ﬁl+ 52_462 *
>\31 = 21 ) )‘32 = 21 ) )\33 =0,
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where (3; and (3, are given in equation @ Clearly, due to condition (3.14al) the eigenvalues A}, and
A3 have negative real parts, while the third one is zero. Thus the top predator free equilibrium point

becomes non-hyperbolic point.
Define L£5(£91, o2, l23)T represents the eigenvector corresponding to A33 = 0. Then direct computation

T
gives that £, = (—%623, o923 U3, 623> , where fo3 # 0 any real number.
021 012021
Let Ho = (hat, hao, hos)” represents the eigenvector corresponding to Asz = 0 for the [J(s3,w};)]”.
Then, direct computation gives that Hy = (0,0, hoz)T, where hoz # 0 any real number.
Accordingly, the following is obtained:
oF
= lel = (07 07 Z)T :> 7-ngFlLvll (83’ le) = O'
8w11
000
DFw11 (X) =10 0 0| = HgDFwH(Sg,le)EQ = 623h23 7’é 0.
0 0 1
C11
DQF(S:),, wikl)([,g, ﬁg) = | Ca1 )
C31
where
_ 1 'U)gwgy w1(1 — 2?) 011 w%x(l — f) 011 2 093 2 9
cii=2||— — + — | T |\ |t m T o= | = — ) £,
(1 +w1y) (’U)g +x) (1 +’LU1y) 012 (1 +w1y) 012 0921

e ([ad] (2) - [ (2) (2) - el (2)
(T 4+ w3)?| \on (T 4+ w3)? | o 012 (T 4+ ws)?| o
B { WAWsT L Wewr } (011023) N [w4w§f yD 2
(ws+7) (Y+wr)?| \ 01202 (T + w3) =
oy = { _2w7w9 } (011023) 633
(U +wr)? ] \o1200

Therefore, it is obtained that:

27w 0110
HgDzF(sg,wfl)(ﬁg,Eg):{ 9 1 ( 11723

(¥ + wr)? | \ 012021

) s £ 0

Thus, in the sense of Sotomayor’s theorem, the model possesses a transcritical bifurcation and the
proof is complete. [

Theorem 6.3. The model (2.2) undergoes a saddle node bifurcation near the coexistence equilibrium

A2
point as the parameter we passes through the value wj = %

YA
Proof . From the Jacobian matrix J(s5) of the model (2.2)) at s5 = (&, 7, ) that given in equation
(3.18)), the determinant of it is determined by O3 = p;1p23ps2, which given in equation (3.19)). Clearly,
p11(w3) = 0, hence ©3 = 0. Therefore, the characteristic equation of J(s5) has a zero eigenvalue, and
hence the coexistence equilibrium point becomes a non-hyperbolic point. Furthermore, the Jacobian
matrix at (ss,ws;) is written as:

J* = J(s5,w3) = [pij]axs,
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where p;;, for all ¢,j = 1,2,3 are the same as given in equation (3.18)) except pi1(wj) = 0. Now
define L3 = ({13,032, ¢33)7, where L3 represents the eigenvector corresponding to A%;. Then direct
P2
P23
Let Hz = (hay, haa, hsz)T be the eigenvector corresponding to Af; = 0 for J " Then direct computa-
e

P32
Accordingly, the following is obtained:

T
computation gives that £3 = (631, 0,— 631) , where f3; # 0 any real number.

T
tion gives that Ho = | hs1, 0, hgl) , where hg; # 0 any real number.

OF xy ’ Ty
a :Fw = __7();0 :> TFw 3 5 :_Th O.
Ows 2 ( A ) HQ 11(85 wz) A, 31 7&
Using the eigenvector L£3 and (s, w3) in (6.1) gives that:

DQF(35,w§)(£3,£3) = [cir(s5,w3)]3x1,

where:

. 2 W
011(85711]2) = ATl |:—1 + ATZ:| E%l

2wiway | o {2w3w4w5ﬂ ( p21) 9
C S ,'LU* = — S é — | —_— g
21( 5 2) |: A%A4 :| 31 A%AZ Da3 31

2~ 2
2w wz Ty D1\ o
A Aj D23

c31(s5,wy) = 0.

Hence, it is obtain that:

2
HgD2F<S5,w§>(£3,£3) = Av—

—1+T}€ hs.
1[ A, ]

Since, % < 1, then HID?F(s5,w3})(L3, L3) # 0. Hence the model (2.2) undergoes a saddle node

2
bifurcation in the sense of Sotomayor. [

7. Numerical Simulation

In this section, the global dynamics of model are studied numerically. Model is solved
numerically for different sets of parameters and different sets of initial conditions. The objective is
to understand the global dynamic behavior of model when the parameter values are varying. It
is observed that, for the following set of hypothetical parameter values, the trajectory of the model
approaches asymptotically to the chaotic attractor, as shown in figure and figure .

w1 = 02, Wy = 05, W3 = 02, Wy = 04, Wy = 01, We = 04, (7 1)
W7 = 057 wg = 0157 W9 = 02, Wi = 01, w11 = 0.15. '

Clearly, figures and figure show the existence of a strange attractor in the model (2.2))
with their projection on the boundary planes and their time series for the data given in equation
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(a) (b}

1.5

Figure 1: The trajectory of the model (2.2)) approaches asymptotically to a chaotic attractor for data (7.1)).
(a) 3D strange attractor. (b) Projection of the attractor in xy-plane. (c¢) Projection of the attractor in
xz-plane. (d) Projection of the attractor in yz-plane.
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Figure 2: Time series of the chaotic attractor at data (7.1). (a) Time series of the strange attractor. (b)
Time series in xy-plane. (c) Time series in xz-plane. (d) Time series in yz-plane.
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Figure 3: Sensitivity to initial points for data . (a) Trajectories of the prey: blue starts at 0.8, green starts
at 0.81, red starts at 0.79. (b) Trajectories of the intermediate predator: blue starts at 0.7, green starts at
0.71, red starts at 0.69. (c) Trajectories of the top predator: blue starts at 0.6, green starts at 0.61, red
starts at 0.59.
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(7.1). It is well known that the most important characteristic property for chaotic dynamics is their
sensitivity to slight changes in the initial points. Therefore, figure explains the sensitivity of the
changing in initial point, so that changing the initial point by (0.01) leads to a huge change in the
trajectories of the model , which means the existence of chaos.

According to the above, the effects of the changing of the parameters of the model are inves-
tigated using the bifurcation diagram, which shows the attractors approached asymptotically (fixed
points, periodic attractors, or strange attractors) of a model as a function of a bifurcation parameter
in the model. Therefore, in the following figures According to the above bifurcation diagram

Figure 4: Bifurcation diagram as a function of wy in the range 0.01 < wy < 1.

Figure 5: Bifurcation diagram as a function of ws in the range 0.01 < wy < 1.

figures —, It is clear that model is rich in their dynamics and there are ranges of chaotic
dynamics in between there are windows of periodic dynamics that leading to chaos. Regarding the
fear rates parameters, it is observed from the bifurcation diagrams given in figures , and their
extended for values above the upper limit in these figures that there is a gradual reduction to the
chaotic region and the solution of model stabilize at a periodic dynamics as shown in the figure
for typical values of fear rates. Regarding the bifurcation diagrams given by figures and @[),
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Figure 6: Bifurcation diagram as a function of ws in the range 0.1 < ws < 0.5.

i i i
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Figure 7: Bifurcation diagram as a function of wy in the range 0.2 < wy < 0.5.

Figure 8: Bifurcation diagram as a function of ws in the range 0.01 < ws < 1.
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Figure 11: Bifurcation diagram as a function of wg in the ranges 0.01 < wg < 0.35.
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Figure 12: Bifurcation
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Figure 14: Bifurcation diagram as a function of wy1 in the

ranges 0.1 < wy; < 0.25.



The impact of alternative resources and fear ...; 12 (2021) No. 2, 2207-2234 2229

() 1=}
1
Q214 [N | | | ||
§°°| ff SRRRRRRRRRAR
w 014 = |
A | |F 5
: i k
0124 & nafl :
a1 , S AR i
02 4
e~ o | UL LA LRI )
"~ e |||"I| ST T
02 i W
— 0 o LU
., 21 04 o 035 1 13 Z

Figure 15: The trajectory of the model (2.2)) approaches asymptotically to a periodic attractor for data (|7.1))
with wy = 6 and ws = 3. (a) 3D periodic attractor. (b) Time series of the attractor in (a).

it is observed that model approaches to chaotic attractor as the parameters wy and wg varying
in the ranges wq € (0,1) and wg € (0, 1) respectively through a cascade of periodic doubling as shown
in the figure for a selected value of wy. However, increasing these parameters causes extinction
in top predators and the trajectory approaches periodic dynamics in the xy-plane as shown in figure
(17). Regarding the bifurcation diagrams given by figures @ and , it is observed that model
is rich in their dynamics in the ranges ws € (0,0.5) and w; € (0, 1.4) respectively including the
chaotic region in between there are periodic regions. However, increasing these parameters leads to
stabilizing the system first at a simple periodic attractor and then at a coexistence equilibrium point
as shown in figure for typical values of these parameters. Obviously, according to the figures
(18| ¢) and d) model approaches to coexistence equilibrium point given by (0.85,0.43,0.25)
as the parameters w3 and w; increase above specific values. Regarding the bifurcation diagrams
given by figures @ and , it is observed that model is rich in their dynamics in the ranges
wy € (0.1,0.5) and wg € (0,0.4) respectively including the chaotic region in between there are peri-
odic regions. However, decreasing these parameters leads to stabilizing the system first at a simple
periodic attractor in 3D space, periodic in the interior of xy-plane, and then at top predator-free
equilibrium point as shown in figure for typical values of these parameters. However, increasing
these parameters above specific values leads to reduce the chaotic region and the model approaches
periodic dynamics in the interior of 3D space. From the bifurcation diagrams given by figures
and (14)), it is observed that model is rich in their dynamics in the ranges wg € (0,0.35)
and wy; € (0,0.24) respectively including the chaotic region in between there are periodic regions.
However, increasing these parameters leads to extinction in intermediate or top predator and the
trajectory approach asymptotically either to periodic or to the boundary equilibrium points.

On the other hand, from the bifurcation diagram given by figure in the range 0.01 < wyy < 0.16,
Clearly, figure b) shows the existence of intermediate predator-free equilibrium point when the
condition (3.1)) is satisfied.
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Figure 16: The route to chaos for the trajectory of the model (2.2) using data (7.1) with different values of
wa. (a) period—3 when wy = 0.73. (b) long periodic when wy = 0.8. (c) Strange attractor when we = 0.85.
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Figure 17: Trajectory of model (2.2)) using data (7.1)) with wy =1 and wy = 1. (a) Periodic attractor in
the zy-plane. (b) Time series of the trajectory in (a).
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Figure 18: The trajectory of model (2.2) using data (7.1) with different values of ws and wy. (a) Periodic
attractor in 3D when ws = 0.75 and wy = 1. (b) Time series of the periodic attractor. (c) Asymptotically
stable coexistence equilibrium point when ws = 0.75 and wy; = 1.3. (d) Time series of the coexistence point
attractor.
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Figure 19: The trajectory of the model using data (7.1)) with different values of w4 and wy. (a)
Approaches to top predator-free stable equilibrium point when wy = 0.2 and wg = 0.1. (b) Approaches to
periodic attractor in xy-plane when wy = 0.25 and wg = 0.1.. (¢) Approaches to periodic attractor in 3D
space when wy = 0.25 and wg = 0.15.
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Figure 20: The trajectory of the model (2.2) using data (7.1)) with different values of wig. (a) Approaches
to periodic attractor in xy-plane when wig = 0.05. (¢) Approaches to intermediate predator-free equilibrium
point in the xz-plane when wig = 0.15.

8. Conclusion and Discussion

In this work, a food chain model with fear in the first and second levels is proposed and analyzed.
The effect of alternative food resources for the top predator is also included. The transition of food
throughout the food chain is depending on Holling’s disc functional response. The properties of
the solution of the model are discussed. The equilibrium points of the model are found and then
their local stability is performed using the Linearization technique. The persistence conditions are
determined. The stability regions for each equilibrium point are determined with the help of the
Lyapunov method. Local bifurcation of the model is also studied using the Sotomayer theorem.
Finally, the model is numerically simulated in order to understand the global dynamics of the model.
Different bifurcation diagrams are drawn to study the effects of varying these parameters on the
dynamical behavior of the model. It is observed that the model has different types of dynamics
including chaos. Moreover, it is observed that increasing the fear rates in a model works as a
reduction factor of the chaotic regions and the solution of model stabilizes periodic dynamics
in the 3D space. On the other hand, increasing the maximum attach rates of predators in the model
above a specific level causes loss of persistence and the trajectory approaches periodic dynamics
in the zy-plane. However, increasing the half-saturation constants for the intermediate predator
and top predator controls the chaotic regions by approaching the periodic attractor first and then
the trajectory approaches a coexistence equilibrium point. Also, decreasing the conversion rates of
the model reduces the chaos and the solution transfer to periodic first, then the model loses their
persistence and the solution approaches to periodic in the interior of xy-plane. Finally, the solution
approaches the top predator-free equilibrium point. However, increasing these parameters above
specific values leads to periodic dynamics in the interior of 3D space. Finally, it is observed that
decreasing the alternative resource coefficient leads to extinction in top predator and the trajectory
approaches periodic dynamics in the zy-plane. While increasing this coefficient leads to extinction
in intermediate predator and the solution approaches to the intermediate predator-free equilibrium
point.
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